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Abstract The evolution of next-generation wireless net-
works has accelerated the development of the low-altitude
economy (LAE). To support this emerging paradigm while
maintaining compatibility with existing network architec-
tures, integrated sensing and communication (ISAC) based
on 5G New Radio (NR) signals has been regarded as a
promising solution. However, the direct use of standard 5G
NR signals, such as the Synchronization Signal and PBCH
Block (SSB), suffers from inherent limitations in sensing res-
olution. To address this challenge, this paper proposes a two-
stage coarse-to-fine sensing framework for high-precision un-
manned aerial vehicle (UAV) sensing, which exploits stan-
dard 5G NR initial access signals augmented with a custom-
designed sparse pilot structure (SPS). In Stage I, informa-
tion from the SSB, Type0-PDCCH, and System Information
Block 1 (SIB1) is jointly fused to enable robust target de-
tection. In Stage II, a refined estimation algorithm is devel-
oped to overcome the resolution limitations of these stan-
dard signals. Inspired by sparse array theory, this stage in-
troduces a novel SPS inserted into selected resource blocks
(RBs) within the CORESET#0 bandwidth. To accurately es-
timate off-grid range and velocity parameters from the sparse
pilots, we further develop a high-resolution algorithm based
on the weighted unwrapped phase (WUP) technique and a
RELAX-based iterative method. Finally, the Density-Based
Spatial Clustering of Applications with Noise (DBSCAN)
algorithm is employed to eliminate redundant detections
caused by beam overlap. Comprehensive simulation results
demonstrate that the proposed framework achieves superior
estimation accuracy and computational efficiency compared
with existing techniques.
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1 Introduction
The evolution of future sixth-generation (6G) wireless net-
works is driven by the demands of emerging applications,
with the low-altitude economy (LAE) at the forefront [1]. As
a new economic form, the LAE utilizes low-altitude airspace
to conduct diverse flying activities, which promises to deliver
revolutionary productivity advancements in sectors such as
logistics delivery, environmental monitoring, and intelligent
inspection [2, 3]. As this large-scale economic activity is
expected to involve millions of aircraft [4], the supporting
network needs to provide a dual capability: massive, real-
time data exchange for communication and continuous, high-
precision sensing for safe and uniform regulation [5, 6].

To address these converging requirements, integrated sens-
ing and communication (ISAC) has emerged as a critical
enabling technology [7, 8]. By multiplexing 5G-Advanced
(5G-A) or future 6G communication signals, ISAC can si-
multaneously support high-speed data transmission for un-
manned aerial vehicles (UAVs) and provide effective flight
supervision. Specifically, the seamless coverage provided by
the communication network is leveraged for the effective per-
ception, localization, and surveillance of UAVs. This capabil-
ity, in turn, assists in UAV navigation, path planning, and
airspace management, which is essential for the prosperity
of the LAE [1, 4].

Building on this motivation, considerable research has fo-
cused on the sensing of UAVs utilizing terrestrial base sta-
tions (BSs) to support the LAE. In monostatic scenarios, for
example, the authors of [9] proposed a practical ISAC frame-
work for cluttered environments and addressed the power al-
location between communication and sensing beams. In ad-
dition, the authors of [10] introduced an efficient algorithm
for jointly angle, velocity, and range estimation in the orthog-
onal frequency-division multiplexing (OFDM)-based ISAC
system, which includes a pruning algorithm for redundant
target points. In multistatic scenarios, [11] investigated the
UAV parameter estimation by employing the tensor decom-
position technique and proposed a minimum spanning tree
(MST)-based multi-BS data association scheme. Moreover,
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an extended Kalman filter (EKF) framework was introduced
in [12] to predict the UAV’s movement and developed a cor-
responding handover strategy.

Notably, the aforementioned research often operates with-
out considering the practical constraints of standardized pro-
tocols like 5G New Radio (5G NR) [13–16] or Wi-Fi [17],
focusing instead on theoretical aspects such as beamforming
or parameter extraction. To foster practical deployment, both
academia and industry have begun to focus on implementing
sensing within these protocol frameworks, and the investiga-
tions generally fall into two categories: data-based and pilot-
based sensing.

In monostatic data-based sensing scenarios, BS’s a priori
knowledge of transmitted data can be used to estimate UAV
parameter estimation via techniques such as matched filter-
ing and data cancellation, while beamforming can steer en-
ergy toward potential targets [18]. This principle can be ap-
plied within the 5G NR standard, where several downlink
channels serve as potential signals of opportunity for wire-
less sensing. Early studies have explored the feasibility of
using data-centric channels, such as the Physical Downlink
Control Channel (PDCCH), the Physical Downlink Shared
Channel (PDSCH), and the associated Demodulation Ref-
erence Signals (DMRS) [18]. For instance, the theoretical
ambiguity functions of PDCCH and PDSCH were analyzed
in [19]. However, such approaches are fundamentally depen-
dent on active downlink data transmissions, rendering the
sensing capability opportunistic rather than persistent. In ad-
dition, leveraging user-centric data channels like PDSCH for
sensing poses significant privacy risks, as sensitive user in-
formation could be exposed to malicious eavesdroppers.

To overcome the reliance on user data and the associated
privacy concerns, research has shifted towards dedicated ref-
erence signals that are independent of communication traf-
fic. The Positioning Reference Signal (PRS) and the Chan-
nel State Information Reference Signal (CSI-RS) are poten-
tial candidates, as they are specifically designed for position-
ing and channel estimation. The work in [20] investigated
the application of the PRS for radar sensing by proposing a
multi-frame estimation scheme and deriving its Cramér-Rao
lower bounds. In addition, [21] introduced a novel irregular
resource pattern to suppress the inherent range-velocity am-
biguities of the comb-like PRS structure. Despite the advan-
tages, the dedicated signals like PRS and CSI-RS are typi-
cally transmitted only upon specific network configuration
and are not always-on in most operational networks, which
limits their ubiquitous applicability for persistent sensing.

In contrast, the Synchronization Signal and Physical

Broadcast Channel (PBCH) Block (SSB) is a fundamental
component of the 5G NR frame structure that is broadcast
periodically, which enables it an ideal and highly reliable
signal of opportunity. Consequently, SSB-based sensing has
been extensively investigated [22–27]. For instance, the au-
thors of [22] leveraged the beam-sweeping nature of the SSB,
utilizing reference signal received power (RSRP) measure-
ments at the user equipment (UE) to achieve spatial environ-
ment mapping. Similarly, [23] exploited the periodicity of
the SSB for passive coherent location (PCL). However, the
study also highlighted that the maximum unambiguous veloc-
ity of PCL is severely constrained by the SSB’s long transmis-
sion periodicity (e.g., 10 ms minimum). While the study in
[24] addressed UAV detection using the SSB, its performance
was limited: angular resolution is constrained by the wide
beamwidth of the SSB, and velocity estimation accuracy is
limited by the short duration of the per-beam OFDM trans-
mission. To further address these limitations, the work in [28]
proposed to combine the SSB with downlink control informa-
tion (DCI) and System Information Block 1 (SIB1) signals to
mitigate the radar ambiguity problem. Notably, while the 5G
NR standard allocates a downlink bandwidth part (DL BWP)
ofNDL,BWP

RB resource blocks (RBs) for PDSCH carrying SIB1,
the PDSCH itself often occupies only a fraction of this po-
tential bandwidth [14–16, 28]. Since the PDSCH frequency
allocation is mandated to use Downlink Resource Allocation
Type 1 (i.e., a contiguous set of RBs), the requirement cre-
ates an opportunity to insert auxiliary pilots into the unused
portions of the NDL,BWP

RB RBs [16]. These pilots can, in turn,
further enhance sensing performance and assist the DMRS
within the PDSCH for more effective channel estimation.¬

The design of the aforementioned auxiliary pilots is
closely related to the placement of pilot or reference signals
(RSs) in OFDM systems, which is essential for improving
ISAC performance [29]. To optimize RS utilization, existing
research has primarily evolved along two directions: dynamic
resource allocation and geometric pattern design. In resource
allocation, recent studies have investigated sensing-oriented
adaptive schemes for OFDM-ISAC systems to balance delay-
Doppler resolution, sidelobe suppression, sensing signal-to-
noise ratio (SNR), and communication quality of service
(QoS) [30]. In the domain of pattern design, early work pri-
marily focused on the optimization of uniformly spaced pi-
lot patterns [31]. However, equidistant placement inherently
limits the maximum unambiguous range and velocity. To

¬ The use of auxiliary pilots for enhanced channel estimation is beyond the
scope of this paper, which primarily focuses on their benefit to sensing per-
formance.
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mitigate the ambiguity induced by sparse and periodic sam-
pling, more advanced RS patterns have subsequently been
developed. For example, [32] introduced a sensing pattern
composed of multiple comb-type RS structures, in which the
comb sizes of the constituent structures are coprime. Follow-
ing a similar principle, [33] employed coprime intervals be-
tween RSs to resolve ambiguity. In addition, [34] proposed
insertion criteria for OFDM RS patterns to maximize the ex-
tended ambiguity property (EAP), and this principle was fur-
ther incorporated into super-resolution methods, such as two-
dimensional multiple signal classification (2D-MUSIC) [35]
and two-dimensional iterative adaptive approach (2D-IAA)
[36, 37]. Nevertheless, these studies mainly focused on en-
larging the interference-free detection region, whereas the
practical accuracy of range and velocity estimation was not
directly evaluated.

More recently, the pattern design has also been investi-
gated from the perspective of array design. Along this di-
rection, [38] first reformulated the design of RS pattern as
a two-dimensional array design problem and developed an
ISAC frame structure that reduces sensing overhead while
maintaining comparable sensing performance. Building on
this idea, [39] further proposed a multi-tier structured array-
based sensing pilot design, in which the resulting sparse pilot
scheme achieves the same unambiguous range and peak side-
lobe level (PSL) as those of uniform pilot placement while
substantially reducing the number of required resource ele-
ments (REs). However, existing sparse or non-uniform ISAC
frame designs are still mainly developed at a generic OFDM-
ISAC level, rather than being embedded into practical and
standard-compliant 5G NR communication systems. In par-
ticular, the integration of sparse or non-uniform sensing re-
sources with concrete NR initial-access structures, such as
the SSB, Type0-PDCCH, SIB1, and control resource set
(CORESET)#0, as well as the associated constraints on re-
source mapping, signaling compatibility, and range-velocity
estimation, remains insufficiently explored.

Motivated by the above findings, this paper proposes
a novel two-stage coarse-to-fine estimation framework¬ to
leverage 5G NR broadcast signals and newly designed sparse
pilots for high-precision UAV sensing. Specifically, this
framework is designed to operate within the constraints of
the 5G NR protocol while overcoming the inherent limita-
tions of standard signals. The main contributions of this pa-
per are summarized as follows:

¬ The source code and simulation data are publicly available at https://github.c
om/OnePieceofCakeforYou/A-Two-Stage-ISAC-Framework-for-Low-A
ltitude-Economy-Based-on-5G-NR-Signals.

• First, we establish a coarse estimation stage (Stage I)
that fuses information from multiple 5G NR initial ac-
cess signals. By combining the range-Doppler maps
(RDMs) derived from the SSB and SIB1 with the high-
resolution range profile from the Type#0-PDCCH, this
stage provides robust initial target detection by utilizing
the area-based combination constant false-alarm rate
(ABC-CFAR) algorithm.

• Second, to overcome the resolution limitations of stan-
dard signals, we design a novel sparse pilot structure
(SPS) inspired by sparse array theory. The SPS is strate-
gically inserted into the CORESET#0 bandwidth. We
then develop a corresponding high-resolution refine-
ment algorithm (Stage II), which employs the weighted
unwrapped phase (WUP) estimator and a RELAX-
based iterative method to accurately extract off-grid
range and velocity parameters from these sparse pilots.

• Furthermore, we introduce a density-based spatial clus-
tering of applications with noise (DBSCAN)-based al-
gorithm that operates in the joint range-velocity-angle
domain. This method effectively identifies and prunes
redundant detections of a single target that arise from
the intentional overlap of adjacent beams during the
SSB/SIB1 sweep.

• Finally, comprehensive simulation results are presented
to validate the effectiveness of the proposed framework.
The results demonstrate that our two-stage approach
achieves superior estimation accuracy. Notably, the pro-
posed WUP-based refinement algorithm significantly
outperforms conventional benchmark methods, includ-
ing two-dimensional fast Fourier transform (2D-FFT),
2D-MUSIC, and two-dimensional compressed-sensing
atomic norm (2D CS-AN), particularly under the chal-
lenging conditions imposed by the sparse pilot configu-
ration.

Notations: Lowercase letters, boldface lowercase letters,
boldface uppercase letters, and calligraphy letters denote the
scalars, vectors, matrices, and sets, respectively, i.e., a, a,
A, and A. The operators (·)T and (·)H represent the trans-
pose and Hermitian transpose, respectively. The operator ⊙
denotes the Hadamard (element-wise) product. R and C de-
note the sets of real and complex numbers. [A]i,l denotes the
element in the i-th row and l-th column of matrix A. | · |
represents the absolute value of a scalar or the cardinality of
a set. ∠(·) denotes the angle of a complex number. Diag(·)
returns a diagonal matrix. vecl(·) stacks the strict lower tri-
angular elements of a matrix into a vector. round(·) rounds
to the nearest integer. ∪ denotes the set union operation.
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2 SYSTEM MODEL
In this paper, we consider a mono-static multiple-input
multiple-output (MIMO)-OFDM ISAC system designed for
simultaneous downlink communication and radar parameter
estimation. The BS is equipped with separate uniform linear
arrays (ULAs), consisting of Nt transmit and Nr receive an-
tennas, respectively.¬ As illustrated in Fig. 1, the BS first
transmits SSB beams to scan the coverage area, immediately
followed by Type#0-PDCCH and SIB1 signals with the same
beam pattern. According to the prior studies [19, 28], these
broadcast signals are utilized for a dual role. On one hand,
they deliver the information necessary for uplink random ac-
cess channel (RACH) procedures. On the flip side, they are
adopted as sensing signals.

2.1 Transmitted Signal Model
Let l ∈ {0, 1, . . . , Ns − 1} and i ∈ {0, 1, . . . , Nc − 1} de-
note the indices of the OFDM symbols and subcarriers, re-
spectively. Under the frequency-flat assumption, the signal
vector transmitted during the l-th symbol on the i-th subcar-
rier is modeled as­

[X]i,l = w[l][S]i,l, (1)

where S ∈ CNc×Ns is the transmitted symbol matrix, and
w[l] ∈ CNt is the precoding vector for the l-th symbol.
Specifically, the vector w[l] is selected from a predefined
codebook W to steer the transmitted signal toward a specific
direction. This codebook is constructed from an oversampled
discrete Fourier transform (DFT) grid to achieve fine-grained
angular coverage. In particular, given an integer oversam-
pling factor O, the codebook is defined as W = {wq}Ncb−1

q=0 ,
where Ncb = ONt, and the q-th beamforming vector is given
by

wq =
1√
Nt

[
ej2πmq/Ncb

]Nt−1

m=0
. (2)

Subsequently, after the inverse fast Fourier transform (IFFT)
operation at the transmitter, the time-domain baseband
OFDM signal is expressed as

x(t) =
Ns−1∑
l=0

Nc−1∑
i=0

[X]i,l e
j2πi∆ft r(t− lT ) ∈ CNt , (3)

where ∆f is the subcarrier spacing, r(t) denotes the rectan-
gular pulse, and T = Tc + Tcp is the total duration of an
OFDM symbol. Here, Tc is the duration of the OFDM sym-
bol, and Tcp is the duration of the cyclic prefix (CP).

¬ We assume that the BS operates under an advanced full-duplex regime,
where self-interference (SI) at the receive antennas is effectively canceled.

­ Following [40], the signal bandwidth in this work is assumed to be confined
to a single subband. Consequently, a common precoding vector is applied
across all subcarriers for each OFDM symbol.

2.2 Sensing Signal Model

Let ~y(t) ∈ CNr×1 denote the received echoes from Ntarget

unknown targets. The received signal model can be written
as

~y(t) =
Ntarget∑
n=1

βne
j2πfD,ntbr(θn)aHt (θn)x(t−τn)+z(t), (4)

where the components are defined as follows:
• ~y(t) = [ỹ(1, t), . . . , ỹ(Nr, t)]

T ∈ CNr is the received
signal vector at the Nr receive antennas.

• τn = 2Rn/c is the round-trip propagation delay for the
n-th target.

• x(t) ∈ CNt×1 is the vector of transmitted baseband sig-
nals from the Nt transmit antennas.

• at(θn) ∈ CNt×1 is the transmit array steering vec-
tor towards the direction θn, with [ar(θn)]m =

e−j2π(m−1)dt sin(θn)/λc .
• br(θn) ∈ CNr×1 is the receive array steering

vector for the direction θn, with [br(θn)]m =

e−j2π(m−1)dr sin(θn)/λc .
• z(t) = [z(1, t), . . . , z(Nr, t)]

T ∈ CNr is the additive
white Gaussian noise (AWGN) vector.

After the analog-to-digital conversion (ADC) with a sam-
pling frequency ofFs and the subsequent CP removal, the dis-
crete echo signal vector for the l-th symbol ŷ(j, l) ∈ CNr×1

is obtained as

ŷ(j, l) ≜ ~y(lT + j/Fs + TCP). (5)

Subsequently, following serial-to-parallel conversion, an Nc-
point FFT is applied to ŷ(j, l) along the sample index di-
mension. As derived in Appendix A, the resulting frequency-
domain OFDM symbol y(i, l) is given by®

y(i, l) =
Ntarget∑
n=1

βnaHt (θn)[X]i,l e
jiωr(Rn)ejlωv(vn)br(θn)

+ z(i, l),
(6)

where ωr(Rn) ≜ −4π∆fRn/c and ωv(vn) ≜ 2πfD,nT are
the normalized frequencies corresponding to the range and
velocity of the n-th target, respectively. The notation z(i, l)
denotes the noise term, which is approximated as AWGN [10,
43].

® This frequency-domain model assumes circular convolution after CP re-
moval. Hence, the maximum round-trip delay should satisfy τmax ⩽ Tcp,min,
where Tcp,min is the shortest CP duration among the sensing OFDM sym-
bols. For the monostatic case, this gives the conservative CP-limited range
Rmax

CP = cTcp,min/2. Otherwise, insufficient CP induces ISI/ICI and requires
explicit modeling or compensation [41, 42].
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Fig. 1 Frame structure and algorithm flow for the proposed two-stage sensing framework.

3 Stage I: Coarse Target Detection and Pa-
rameter Estimation

In this section, we elaborate on the utilization of the SSB
signal for target detection and coarse parameter estimation.
Specifically, each SSB block occupies 20 RBs and four con-
secutive OFDM symbols in the time-frequency domain and
is broadcast periodically, as illustrated in Fig. 1. We exploit
the inherent beam-sweeping nature of SSB to obtain coarse
estimates of the target’s angular, range, and velocity parame-
ters.

3.1 Angular Spectral Analysis

We begin by addressing the angular estimation. To perform
Direction of Arrival (DoA) estimation for targets within the
k-th SSB beam centered at θk, we employ the high-resolution
MUSIC algorithm [10]. Firstly, we average the outer product
of y(i, l) across all available subcarriers and OFDM symbols

R̂ =
1

|Rk,SSB|
∑

{(i,l)}∈Rk,SSB

y(i, l)y(i, l)H , (7)

where Rk,SSB is the set of REs for the k-th SSB beam and
|Rk,SSB| denotes the cardinality of this set.

Then, we perform the eigenvalue decomposition as

R̂ = U�UH , (8)

where U = [u1, . . . , uNr
] is the matrix of eigenvectors and

� = Diag(λ1 ⩾ λ2 ⩾ . . . ⩾ λNr ) is the diagonal matrix con-
taining the corresponding eigenvalues, sorted in descending
order.

Based on the auto-correlation coefficient matrix algo-
rithm [44], the number of potential UAVs Nθk can be effec-
tively determined¬. Once Nθk is estimated, the noise sub-
space matrix Ū is constructed as Ū = [uNθk

+1, . . . , uNr
].

Then, by exploiting the orthogonality between the array steer-
ing vectors and the noise subspace, the DoA of the potential
UAVs in the current beam is given by

{θ̂n}
Nθk
n=1 = argpeak

θ

(
1

bH
r (θ)ŪŪHbr(θ)

, Nθk

)
, (9)

where the search window θ ∈ [θk−∆θ, θk+∆θ], with∆θ ≈
85◦/(Nt cos(θk)) denoting the approximate half-beamwidth
of the ULA at the suppression level -10 dB [46]­. The oper-
ator argpeak(·, N) finds the locations of the N largest peaks.

3.2 Spatial Filtering

For each estimated DoA θ̂n′ ∈ {θ̂n}
Nθk
n=1 obtained from

the preceding angular spectral analysis, we first perform
the spatial filtering and remove the signal-dependent coeffi-
cients aHt (θ̂n′)[X]i,l[47]. The resulting 2D channel response
[Hθ̂n′ ]i,l is given in (10), which is shown at the top of this
page. In this model, Kn′ represents the index set of targets

¬ Unlike the ideal assumption in [10, 11], the limited samples per SSB beam
cause information-theoretic criteria to perform poorly; minimum descrip-
tion length (MDL) [45] becomes inaccurate while the Akaike information
criterion (AIC) tends to overestimate. We therefore employ the more robust
auto-correlation coefficient matrix method. The interested reader is referred
to [44] for further details.

­ The overlap between the half-power beamwidths of adjacent SSB beams
may cause a single target to be detected multiple times. However, the clus-
tering method is introduced in Section 5.4 to prune redundant detections and
enhance the overall estimation accuracy.
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whose DoAs are clustered around the estimated angle θ̂n′ .
Due to the SNR gains introduced by the spatial filter, both

the interference from other target clusters (n /∈ Kn′ ) and the
noise term are significantly suppressed. Thus, the model in
(10) can be approximated by its dominant signal components

[Hθ̂n′ ]i,l ≈
∑

k∈Kn′

αke
jiωr(Rk)ejlωv(vk), (11)

where αk = Gn′,kβk is the effective complex amplitude of
the k-th target within Kn′ .

Remark1: In practical systems, the half-power
beamwidths of adjacent beams overlap to ensure
effective user coverage. Consequently, the re-
source set for estimation can be expanded, e.g.,
Rext

k,SSB = Rk−1,SSB ∪ Rk,SSB ∪ Rk+1,SSB. The expan-
sion introduces a trade-off: a larger resource set provides
more samples but suffers from lower beamforming gain at
the periphery. The reduced beamforming gain aHt (θ̂n′)[X]i,l
increases the relative power of the interference and the noise
terms in (10). Therefore, the estimation window must be
judiciously configured to balance the number of samples
against the degradation in effective signal to interference
plus noise ratio (SINR).¬

3.3 Preliminary Range and Velocity Estimation
Before detailing our estimation algorithm, we first clarify two
primary limitations inherent to the SSB’s structure.

1) Limited Velocity Estimation Fidelity: The achievable
velocity resolution is fundamentally limited by the short
observation interval, as a UAV target is typically illumi-
nated by only a few four-symbol SSB blocks.

2) Limited Bandwidth and Range Resolution: The spec-
tral bandwidth of the SSB is confined to 240 subcarriers.
This restricted bandwidth inherently limits the achiev-
able range resolution.

To address these limitations, we further leverage the Type#0-
PDCCH and SIB1 broadcasting signals, which offer a more
extended observation interval and wider bandwidth than
SSB, to enhance velocity estimation and range resolution.
Firstly, the RDM of the SSB is generated by performing 2D-
FFT on the approximated channel matrix Hθ̂n′ as

[Rθ̂n′
SSB]p,q =

∣∣∣∣∣∣
∑

(i,l)∈Rext
k,SSB

[H]
θ̂n′
i,l e

−j 2πpi
Nr e

−j 2πql
Nd

∣∣∣∣∣∣ , (12)

where Nr and Nd are the FFT points for the range and
doppler dimensions, respectively, with zero-padding applied

¬ Due to the beam sweeping of the SSB, a target is only coherently illuminated
during a subset of OFDM symbols. Processing the entire set of symbols
would incorporate noise from irrelevant time instances where the beam was
pointing elsewhere, thereby degrading the effective SNR.

to improve resolution. Similarly, we obtain the RDM of SIB1
as Rθ̂n′

SIB1. The wider-bandwidth PDCCH, in turn, yields a
high-resolution range profile, defined as the vector pθ̂n′

PDCCH.
These components are then fused to form the combined RDM
as

Rθ̂n′
comb = Rθ̂n′

SSB ⊙ Rθ̂n′
SIB1 ⊙ Pθ̂n′

PDCCH, (13)

where Pθ̂n′
PDCCH = pθ̂n′

PDCCH1TNd
, with 1TNd

denoting a row vec-
tor of Nd ones. To visualize the combined RDM, Fig. 2 il-
lustrates the combined RDM obtained with different num-
bers of beams used for angular estimation. It is clear that the
3-beam combination (Fig. 2b) achieves superior resolution
over the single-beam case (Fig. 2a), while avoiding the noise-
floor degradation apparent in the 5-beam scenario (Fig. 2c).
Additionally, inaccuracies in the initial angle estimation of-
ten cause the energy of a point-based UAV target to disperse
across a certain area in the RDM. Therefore, rather than a cell-
average CFAR detector, we employ the ABC-CFAR frame-
work [48] for target detection. The resulting set of estimated
ranges and velocities for the detected targets can be expressed
as

Dθ̂n′ = {(R̂m, v̂m, θ̂n′)}Ndet
m=1, (14)

where Ndet is the total number of detected targets and
(R̂m, v̂m, θ̂n′) represents the estimated range-velocity-angle
pair for the m-th target.

4 Sparse Pilot Structure for Refined Estima-
tion

In this section, we present the necessary definitions and
common structures of the SPS. The design of this SPS is
directly motivated by Third Generation Partnership Project
(3GPP) specifications [13–16] and [28], which indicate that
the PDSCH carrying SIB1 typically occupies only a por-
tion of the CORESET#0 bandwidth. This characteristic, com-
bined with inspiration from 1D sparse array theory [49],
leads to our phase-tracking reference signal (PT-RS)-like
SPS configuration where pilots are sparsely arranged in the
frequency domain. The approach yields two key advantages:
i) spanning a wide effective bandwidth to improve range res-
olution; ii) multiplexing communication pilots to facilitate
initial access. We now introduce the necessary definitions
for this SPS.

4.1 Pilots Signal Structure

We first introduce the structure of the pilots, which are
sparsely arranged in the frequency domain as illustrated in
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A two-stage ISAC framework for low-altitude economy based on 5G NR signals 7

[Hθ̂n′ ]i,l =
bH

r (θ̂n′)y(i, l)
aHt (θ̂n′)[X]i,l

=
bH

r (θ̂n′)
(∑Ntarget

n=1 βnaHt (θn)[X]i,le
jiωr(Rn)ejlωv(vn)br(θn) + z(i, l)

)
aHt (θ̂n′)[X]i,l

(10)

=
∑

k∈Kn′

Gn′,kβke
jiωr(Rk)ejlωv(vk)

︸ ︷︷ ︸
Desired Signals from Target Cluster

+
∑

n/∈Kn′

βn
aHt (θn)[X]i,l

aHt (θ̂n′)[X]i,l

(
bH

r (θ̂n′)br(θn)
)
ejiωr(Rn)ejlωv(vn)

︸ ︷︷ ︸
Interference from Other Targets

+
bH

r (θ̂n′)z(i, l)
aHt (θ̂n′)[X]i,l︸ ︷︷ ︸

Noise
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Fig. 2 RDMs with different numbers of beams: (a) 1 beams, (b) 3
beams, and (c) 5 beams.

Fig. 3.­

Definition 1 (Frequency-Domain Sparse Pilot Struc-
ture): For a set Sf of subcarrier indices where pilots are
placed, let Df denote the corresponding Difference Co-
spectrum (DCS);Uf denote the virtual uniform spectrum and
C(k) denote all pilot pairs contributing to the frequency lag
k,

Sf = {p1, p2, . . . , pNp
},

Df = {pi − pj | pi, pj ∈ Sf},
Uf = [−Lu, . . . , Lu] ⊆ Df ,

Cf (k) = {(pi, pj) | pi − pj = k; pi, pj ∈ Sf}.

(15)

Here, each pm ∈ Sf , m = 1, . . . , Np, represents an individ-
ual subcarrier index, and Lu is the maximum one-sided lag
of the DCS Uf . Then, |Df |, 2Lu+1, and |Cf (k)| are referred
to the degrees of freedom (DoF), the uniform DoF (uDoF),
and the weight function w(k) w.r.t. the Sf respectively. Sim-
ilar to their roles in the DoA estimation problem, it will be
shown in the subsequent analysis that the DoF, uDoF, and

­ According to the 3GPP TS-38 series specifications, for a 120 kHz subcar-
rier spacing (SCS), CORESET#0 can be configured with a bandwidth of
either 24 or 48 RBs, corresponding to 288 or 576 subcarriers, respectively.
For illustrative purposes, this figure depicts a case where 11 subcarriers are
occupied for sensing.

Fig. 3 Example of the Sparse Pilot Structure.

weight function of our sparse sensing scheme are instrumen-
tal in the performance of time-delay estimation.

Definition 2 (Augmented Nested Array with two levels
and two-sided extensions (ANAII-2) Sparse Pilot Struc-
ture) [50]: For a given total of N sensors, the ANAII-2 struc-
ture is defined by the set of sensor positions S . First, the in-
termediate parameters L and M are determined from N as

L = round(N/6), M = N − 4L. (16)

The set S is then constructed as the union of the following
five sub-sets, S = SL11 ∪SL12 ∪SM ∪SR21 ∪SR22, where
each sub-set is explicitly defined by
SM =

{
2L2 + L+ 4Ll | l ∈ {0, . . . ,M}

}
,

SL12 =
{
2L2 + L− (2L+ 1)l | l ∈ {0, . . . , L− 1}

}
,

SL11 = {2L+ 1− l | l ∈ {0, 2, . . . , 2L} ∪ {2L+ 1}} ,
SR21 =

{
2L2 + L+ 4LM + (2L− 1)l | l ∈ {0, . . . , L− 1}

}
,

SR22 =

{
4L2 − 2L+ 1 + 4LM + l |
l ∈ {0} ∪ {1, 3, . . . , 2L− 1}

}
.

(17)
The resulting set S is normalized such that its minimum ele-
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Fig. 4 Integration of SPS and SIB1.

ment is 0.
Definition 3 (Uniform Fitting 4-Block-Level (UF-4BL)

Sparse Pilot Structure) [51]: For a total of N sensors, the
UF-4BL structure is defined by the set of sensor positions S .
The structure is determined by two intermediate parameters,
Nb and Nu, which are derived from N as:

Nb = ⌊(N − 8)/8⌋, Nu = N − 4Nb − 6. (18)

For compact notation, let Ib = {0, 1, . . . , Nb − 1}, Iu =

{0, 1, . . . , Nu − 1}, and A = 4NuNb + 7Nu. Then, the final
set of frequency positions S is constructed as the union of
eight distinct sub-ULAs, S =

⋃8
i=1 Si, where each sub-array

is explicitly defined by (19).
S1 = {3l | l ∈ {0, 1}},
S2 = {7 + 4l | l ∈ Ib},
S3 = {4Nb + 8 + l | l ∈ {0, 1}},
S4 = {4Nb + 15 + 4l | l ∈ Ib},
S5 = {8Nb + 19 + (4Nb + 7)l | l ∈ Iu},
S6 = {A+ 4Nb + 19 + 4l | l ∈ Ib},
S7 = {A+ 8Nb + 18 + 2l | l ∈ {0, 1}},
S8 = {A+ 8Nb + 25 + 4l | l ∈ Ib}.

(19)

Table 1 Comparison of Weight Functions and uDoF for Different
Arrays
Array Type w(1) w(2) w(3) uDoF
ANAII-2 [50] 2 N/3 2 O(2N2/3)

MISC [52] 1 2⌊N/4⌋ − 2 1/2 O(N2/2 + 3N)

TSENA [53] N1 − 6 N1 − 8 N1 − 9 O(N2/2 + 3.5N)

UF-3BL [51] 1 1 3Nb − 1 O(N2/2 + 2N)

UF-4BL [51] 1 1 2 O(N2/2 + 2N)

Note: For the TS-ENA array, the parameter N1 = 2⌊(N + 3)/4⌋. For UF-
3BL, the parameter Nb = ⌊(N − 5)/6⌋.

Based on the comparison in Table 1, the SPS selection
should not be interpreted as a purely empirical choice. In-

stead, the adopted pattern should jointly optimize local es-
timation efficiency and global ambiguity control. From this
perspective, the UF-4BL structure is preferred for the 24RB
configuration, whereas ANAII-2 is selected for the 48RB
configuration. The underlying estimation-theoretic rationale
is discussed next.

4.2 An Estimation-Theoretic Perspective on SPS De-
sign

To connect the sparse-array metrics in Table 1 with range-
estimation performance more explicitly, we briefly examine
the single-target range Cramér-Rao lower bound (CRLB) in-
duced by the sparse frequency allocation. Let Sf,combined =

{p1, . . . , pN} denote the selected subcarrier indices, where
N = |Sf,combined|. For a target at range Rk, the correspond-
ing delay steering vector can be written as

aτ (Rk) = ᾱk

[
ejp1ωr(Rk), . . . , ejpNωr(Rk)

]T
,

whereωr(Rk) = −4π∆fRk/c. Differentiating aτ (Rk)with
respect toRk and substituting the result into the scalar CRLB
expression yields

CRLB(Rk) =
σ2
zc

2

32π2∆f2|ᾱk|2N var(p) ,

where σ2
z denotes the noise variance and

var(p) = 1

N

N∑
n=1

p2n −

(
1

N

N∑
n=1

pn

)2

is the variance of the selected subcarrier indices. This re-
sult shows that a larger effective aperture and a more widely
spread index set improve the local estimation bound through
the factor N var(p).

However, minimizing the CRLB alone is insufficient for
SPS design. It is noted that optimizing solely for N var(p)
tends to push the selected pilots toward the band edges.
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A two-stage ISAC framework for low-altitude economy based on 5G NR signals 9

While such edge-spread allocations enlarge the effective aper-
ture, they introduce large spectral gaps and sparse lag struc-
tures, which restrict the ambiguity-free range and elevate
sidelobes. Consequently, UF-4BL and ANAII-2 are selected
as they provide the optimal trade-off between these compet-
ing objectives under their respective resource budgets. In
the 24-RB case, UF-4BL preserves a competitive effective
aperture while maintaining light short-lag coupling, striking
a favorable balance between CRLB reduction and sidelobe
control. In the 48-RB case, ANAII-2 yields a substantially
longer contiguous virtual spectrum, where the gains in iden-
tifiability and ambiguity suppression outweigh the increased
low-order coupling. Ultimately, these adopted SPS patterns
represent a principled trade-off between local estimation ef-
ficiency and global ambiguity suppression.

4.3 Integration of Sensing Pilots and SIB1

In this subsection, we describe how the proposed SPS is inte-
grated into the SIB1 block. Let SSIB1, Ssen ∈ CNc,SIB1×Ns,SIB1

denote the SIB1 data symbol matrix and the sparse sens-
ing pilot matrix, respectively. Their physical resource al-
locations are governed by the respective binary masks
Lk,SIB1,Lk,sen ∈ {0, 1}Nc,SIB1×Ns,SIB1 . For the sensing pilot
mask Lk,sen, we adopt a configuration analogous to the PT-
RS in 5G NR. Specifically, the sensing pilots span all OFDM
symbols within the SIB1 block but are restricted to a sparse
set of subcarrier indices Sf , as detailed in Section 4.1.

To ensure communication reliability, SIB1 symbols are
prioritized over sensing pilots on any overlapping REs.
Consequently, the final transmitted signal matrix Stx ∈
CNc,SIB1×Ns,SIB1 is synthesized as

Stx = SSIB1 + Ssen ⊙ (J −Lk,SIB1), (20)

where J ∈ CNc,SIB1×Ns,SIB1 is an all-ones matrix. This priority-
based insertion mechanism, where SIB1 symbols strictly su-
persede sensing pilots, is illustrated in Fig. 4.

Remark 2: Equation (20) should be interpreted as a
priority-based orthogonal insertion rule rather than a literal
symbol superposition. The SIB1/PDSCH allocation is deter-
mined first, and the SPS is then mapped only onto the re-
maining communication-idle REs within the same CORE-
SET#0 span, so the SIB1 payload and its associated DMRS
remain untouched. Moreover, under the monostatic architec-
ture, the BS knows the complete transmitted waveform a pri-
ori; hence, the SIB1-occupied REs also remain valid sens-
ing observations. Therefore, increasing the SIB1 occupancy
only changes the ratio between sparse pilots and known data
symbols, without reducing the total number of valid sensing

observations. In the sequel, Sf,combined denotes the union of
all subcarrier indices whose transmitted symbols are known
at the BS and jointly utilized for the refined sensing stage.

5 Stage II: Refined Parameter Estimation
with Sparse Pilot Symbols

To alleviate the off-grid errors induced by the finite grid res-
olution and the active-RE mask in Stage I, we introduce a
refinement stage based on a proposed RELAX-based WUP
algorithm. Inspired by the phase-unwrapping refinement
method for non-uniform sensing resources in [29], WUP ex-
ploits the continuous phase variations across active REs to re-
fine the coarse estimates beyond the FFT grid. The RELAX
framework [54, 55] is further incorporated to iteratively de-
couple multi-target components and refine their individual
parameters. Subsequently, the refined range and velocity es-
timates are paired to identify the most probable target asso-
ciations, followed by DBSCAN-based clustering to remove
redundant and spurious detections. Finally, the clustered es-
timates are regarded as the high-resolution target estimates.

5.1 WUP Velocity Estimation

Let Ns ≜ Ns,SIB1 and fix a subcarrier index i ∈ Sf,combined.
For the angle bin θ̂n′ , we assume that the corresponding chan-
nel response is dominated by the k-th target. The Doppler-
domain row response can be written as

hi,k ≜
[
Hθ̂n′

]
i,:

= ᾱkaD(ωk), (21)

where ωk ≜ ωv(vk) and aD(ω) ≜ [1, ejω, . . . , ej(Ns−1)ω].
The Doppler correlation matrix associated with this response
is

RfD
i,k = hH

i,khi,k

= |ᾱk|2aHD(ωk)aD(ωk),
(22)

with its (p, q)-th entry
[
RfD

i,k

]
p,q

= |ᾱk|2ej(q−p)ωk , 1 ⩽
p, q ⩽ Ns.

To remove the diagonal entries and retain only the positive
Doppler lags, we define vecu(·) as the row-wise vectorization
of the strictly upper triangular part of a matrix. The Doppler
correlation vector is then constructed as

rfDi,k = vecu

(
RfD

i,k

)
∈ CNvec×1, (23)

where Nvec = Ns(Ns − 1)/2. Let (pn, qn), 1 ⩽ pn < qn ⩽
Ns, denote the index pair associated with the n-th entry of
rfDi,k under the row-wise upper-triangular ordering. The cor-
responding Doppler lag is defined as dn ≜ qn − pn. Then,[

rfDi,k
]
n
= |ᾱk|2ejdnωk , n = 1, . . . , Nvec. (24)
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10 Haisu Wu et al.

Accordingly, the wrapped phase vector is defined as pi,k ≜
∠rfDi,k ∈ RNvec×1, whose n-th entry satisfies [pi,k]n =

wrap2π(dnωk). Based on the coarse velocity estimate vFFT

obtained in Section 3, we construct the reference unwrapped
phase vector pFFT ∈ RNvec×1, with [pFFT]n = dnωv(vFFT).
The integer wrap vector κ is then estimated as

κ = round
(

pFFT − pi,k

2π

)
, (25)

where round(·) is applied element-wise. The unwrapped
phase vector is recovered as

p̃i,k = pi,k + 2πκ. (26)

Finally, the Doppler angular frequency is estimated by fitting
the unwrapped phases to the Doppler lags. In the WUP esti-
mator, each unwrapped phase observation is weighted by its
corresponding Doppler lag dn, yielding

ω̂v(vk) =

∑Nvec
n=1 dn[p̃i,k]n∑Nvec

n=1 d
2
n

. (27)

Remark 3: Observing (22), we note an analogy between the
phase differences captured by the cross-correlation operation
and the virtual difference co-arrays exploited in DoA esti-
mation [50, 55]. As depicted in Fig. 3, the considered PT-
RS style reference signal structure, which is dense across
OFDM symbols, is analogous to the ULA. Furthermore,
the weighted unwrapped estimator in (27) inherently assigns
higher weights to phase differences corresponding to larger
effective time separations (i.e., larger Doppler lags dn), as
these generally provide finer velocity resolution. This weight-
ing strategy aligns conceptually with the objectives in the
non-ULA design, which often aims for higher DoF and lower
mutual coupling.

5.2 RELAX-Based Multi-Target Velocity Estimation

We now extend the estimation framework to the multi-target
scenario, where multiple targets may share the same angle
bin θ̂n′ . In this case, the i-th row of the channel response
matrix is the superposition of |Kn′ | signals :

[Hθ̂n′ ]i,: =

|Kn′ |∑
k=1

αkaD(ωv(vk)). (28)

To estimate the parameters of each target individually, we
adopt the estimate-subtract strategy inspired by the RELAX
algorithm [54, 55]. This iterative method estimates the pa-
rameters of one target at a time while treating the others as
interference. Specifically, assuming that the parameters of
Q − 1 targets have already been estimated in Hθ̂n′ , the sig-
nal component corresponding to the k-th target (k ⩽ Q) is

Algorithm 1 RELAX-Based Iterative Velocity Esti-
mation

1: Input: sfD = [Hθ̂n′ ]i,:, |Kn′ |, εrelax.
2: Initialization: Obtain initial estimates {ω̂v(vk)}

|Kn′ |
k=1 , {α̂k}

|Kn′ |
k=1 ,

∆ =∞, y1 = sfD .
3: for Q = 1 to |Kn′ | do
4: Estimate ω̂v(vQ) from yQ using the WUP estimator in (27).
5: Estimate α̂Q from yQ and ω̂v(vQ) according to (30).
6: Reset convergence check ∆ =∞.
7: while ∆ ⩾ εrelax do
8: Jprev =

∥∥∥sfD −
∑Q

k̄=1
α̂k̄aD(ω̂v(vk̄))

∥∥∥2
2

9: for k = 1 to Q do
10: yrefine

k = sfD −
∑Q

k̄=1,k̄ ̸=k
α̂k̄aD(ω̂v(vk̄))

11: Jold =
∥∥yrefine

k − α̂kaD(ω̂v(vk))
∥∥2
2

12: Estimate candidate ω̃v(vk) from yrefine
k using the WUP

estimator in (27).
13: Estimate candidate α̃k from yrefine

k and ω̃v(vk) according to
(30).

14: Jcand =
∥∥yrefine

k − α̃kaD(ω̃v(vk))
∥∥2
2

15: if Jcand < Jold then
16: Accept update: ω̂v(vk)← ω̃v(vk), α̂k ← α̃k

17: end if
18: end for
19: Jcurr =

∥∥∥sfD −
∑Q

k̄=1
α̂k̄aD(ω̂v(vk̄))

∥∥∥2
2

20: ∆ = |Jprev − Jcurr|/Jprev
21: end while
22: Prepare residual for the next target’s initial estimation
23: yQ+1 = sfD −

∑Q

k̄=1
α̂k̄aD(ω̂v(vk̄))

24: end for
25: Output: Estimated velocities {ω̂v(vk)}

|Kn′ |
k=1 .

extracted as

s(k)fD
=
[
Hθ̂n′

]
i,:

−
∑

k̄∈Q\{k}

α̂k̄aD(ω̂v(vk̄)) . (29)

where Q = {1, . . . , Q} denotes the current target index set,
and α̂k̄ and ω̂v(vk̄) are the current estimates for the other tar-
gets. The Doppler frequency ω̂v(vk) is then estimated from
s(k)fD

using the WUP method described previously. Subse-
quently, the complex amplitude αk can be estimated as

α̂k =
aD(ω̂v(vk))

∗s(k)fD

Ns
. (30)

where aD(ω̂v(vk)) is the estimated Doppler vector for the
k-th target’s Doppler frequency. This process is iterated, re-
fining the estimates for all targets until all Q = |Kn′ | targets
have been identified. The final algorithm is summarized in
Algorithm 1.

Remark 4: Convergence Behavior and Local Minima
Risks. The proposed RELAX-based refinement operates as
a coordinate-wise estimate-and-subtract procedure. By hold-
ing the parameters of the remaining Q−1 targets fixed, each
inner iteration reoptimizes the current target based on its cor-
responding residual signal, thereby directly reducing the lo-
cal residual cost. Consequently, the overall residual energy
forms a monotonically non-increasing sequence across the it-

Ju
st

 A
cc

ep
te

d



A two-stage ISAC framework for low-altitude economy based on 5G NR signals 11

erations and, being lower-bounded by zero, is guaranteed to
converge. Nevertheless, due to the highly non-convex nature
of the joint multi-target estimation problem, an inadequate
initialization or insufficient target separation may still trap
the algorithm in a local minimum. Therefore, the quality of
the Stage-I initialization is crucial, and its practical impact is
numerically evaluated in Section 6.3.

5.3 Range Estimation and Parameter Pairing

Drawing inspiration from research in the non-ULA design,
we adopt the SPS for the pilots, as detailed in Section 4. Let
Sf,combined = {p1, . . . , p|Sf,combined|} denote this sparse set of
subcarrier indices. Assuming a single target k, we define the
delay vector aτ (Rk) ∈ C|Sf,combined|×1 by extracting the chan-
nel response at the sparse subcarrier indices over a specific
OFDM symbol l

aτ (Rk) ≈ ᾱk[e
jp1ωr(Rk), . . . , e

jp|Sf,combined|ωr(Rk)]T . (31)

Following the WUP estimator framework proposed in Sec-
tions 5.1 and 5.2, the delay covariance vector rτ is con-
structed as

rτ = vecl(aτ (Rk)aτ (Rk)
H). (32)

Then, the corresponding unwrapped phase vector p̃τ can be
expressed as

p̃τ = vecl(Rτ )ωr(Rk), (33)

where [Rτ ]i,j = pi − pj , with pi and pj being the i-th and j-
th frequency indices from Sf,combined, respectively. Notably,
the vector vecl(Rτ ) contains the frequency index differences
corresponding to the DCS, which is detailed in Definition 1.
The subsequent steps for ωr(Rk) proceed analogously to the
velocity estimation.

Using the above range and velocity estimators, we ob-
tain the sets of estimated normalized range frequencies
{ω̂r(Rk)}|Kn′ |

k=1 and Doppler frequencies {ω̂v(vk)}|Kn′ |
k=1 . Pa-

rameter pairing is then performed to associate the correct
range and velocity estimates for each target. To this end, we
first constructΓ containing all possible |Kn′ |2 range-velocity
pairings

Γ = {(ω̂r(Ri), ω̂v(vj))}|Kn′ |
i,j=1, (34)

where for each pair (ω̂r(Ri), ω̂v(vj)) ∈ Γ, the matching
score is calculated as

S
θ̂n′
ω̂r(Ri),ω̂v(vj)

=
∣∣∣aτ (R̂i)

HHθ̂n′ aD(v̂j)
∣∣∣ . (35)

Subsequently, by identifying the |Kn′ | pairs in Γ that yield
the highest matching scores, the final setΞθ̂n′ of paired range

and velocity parameters for the |Kn′ | targets is given by

Ξθ̂n′ = {(R̂k, v̂k)}|Kn′ |
k=1 . (36)

5.4 DBSCAN-based Repeated Targets Pruning

In order to maintain continuous energy coverage, the half-
power beamwidths of adjacent beams typically overlap dur-
ing SSB and SIB1 beam sweeping. Consequently, a single
UAV target may be detected by multiple beams. To address
this redundancy, we employ the DBSCAN algorithm [56] to
cluster the detected targets in the range-velocity-angle space.
To mitigate the impact of spurious noise detections, the min-
imum number of points Nmin in a cluster is set to 2.

As a prerequisite for clustering, we define the detected tar-
gets set Ξ across all detected angles {θ̂n′} as

Ξ =
⋃
θ̂n′

{(R̂k, v̂k, θ̂n′) | (R̂k, v̂k) ∈ Ξθ̂n′ }, (37)

where each element s ∈ Ξ is a tuple s = (R̂, v̂, θ̂). Next,
we define the weighting matrix W = Diag(wR, wv, wθ),
where the weights reflect the inverse squared resolutions:
wR = (2Nc,SIB1∆f/c)2, wv = (2Ns,SIB1Tsym/λ)

2 and
wθ ∝ N2

R. Then, the weighted distance d(s1, s2) between
two points s1, s2 ∈ Ξ is calculated as

d(s1, s2) =
(
(s1 − s2)T W(s1 − s2)

)1/2
, (38)

where (s1−s2) represents the element-wise difference vector.
Following the classical density-based clustering practice,

the neighborhood radius dmin (i.e., ϵ in standard DBSCAN
terminology) can be selected with the aid of a sorted nearest-
neighbor-distance graph [56], where the neighbor order is de-
noted by ζ, rather than being chosen solely by trial and error.
Related hierarchical density-based clustering methods also
exploit the density structure of the point cloud to improve
robustness under varying local densities [57]. After applying
DBSCAN with the weighted distance metric and the selected
radius dmin, the algorithm groups the points in Ξ into clus-
ters. Each resulting cluster ideally corresponds to multiple
detections of a single, unique UAV target, while points clas-
sified as noise by DBSCAN are discarded. Specifically for
each cluster Cm identified by DBSCAN, the final estimate
(R̂final

m , v̂final
m , θ̂final

m ) for the m-th target is obtained as

(R̂final
m , v̂final

m , θ̂final
m ) =

∑
s∈Cm

S θ̂
ω̂r(R),ω̂v(v)

· s∑
s∈Cm

S θ̂
ω̂r(R),ω̂v(v)

, (39)

where the summation and division are performed element-
wise for the tuple s = (R̂, v̂, θ̂). This process yields the final
pruned set of detected UAV parameters.
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6 Numerical Results
In this section, simulation results are presented to evaluate
the performance of the proposed sensing framework. Firstly,
we provide the simulation parameter settings. Next, we verify
the practical communication compatibility of the proposed
SPS insertion using a 5G NR link-level simulation. Then,
we compare the performance of our proposed RELAX-based
WUP algorithm with conventional techniques in a single-
target scenario. Furthermore, we also evaluate the impact
of SPS configurations. Finally, we compare our DBSCAN-
based clustering algorithm with the benchmark pruning
method in the multi-target scenario.

6.1 Simulation Settings

Unless otherwise specified, the default simulation param-
eters are set as follows. We consider a monostatic dual-
function radar-communication (DFRC) base station (BS) op-
erating at a carrier frequency of fc = 30 GHz with a sub-
carrier spacing of ∆f = 120 kHz. The BS employs separate
half-wavelength transmit and receive uniform linear arrays
(ULAs) equipped with Nt = 32 and Nr = 64 antennas, re-
spectively. For a normal CP configuration, the CP durations
are Tcp ≈ 1.107 µs for the 0-th and 7-th OFDM symbols,
and Tcp,min ≈ 0.586 µs for the remaining 12 symbols. For
the 5G NR normal-CP numerology with ∆f = 120 kHz,
the minimum CP duration is Tcp,min ≈ 0.586 µs. Under the
echo-model validity condition τmax ⩽ Tcp,min in Section 2.2,
the monostatic round-trip delay imposes a CP-limited sens-
ing range of RCP

max = cTcp,min/2 ≈ 87.9 m. Accordingly,
all simulated targets are placed within this range: the target
range is set to 50m in the single-target scenario, and all target
ranges are below 85 m in the multi-target scenario. The radar
cross section (RCS) of the target is set to σ = 0.05 m2. The
two-stage sequential sensing protocol first sweeps 64 SSB
beams within the angular sector from−45◦ to 45◦ to perform
coarse detection. Subsequently, it transmits SPS-augmented
PDCCH and SIB1 signals to facilitate simultaneous access
for the UE and refined parameter estimation. To evaluate the
communication performance, a standard-compliant 5G NR
initial-access link-level simulation is conducted. In this sim-
ulation, the SPS is exclusively mapped to communication-
idle REs, whereas the REs allocated for SIB1 are preserved
for data demodulation at the UE and inherently reused by the
BS as known sensing waveforms. All the presented results
are averaged over 200 Monte Carlo trials.

6.2 5G NR Link-Level Verification of the SPS Inser-
tion

The detailed link-level settings used for Fig. 5 are summa-
rized in Table 2.
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Fig. 5 SIB1 decoding success rate versus average active-interval
total transmit power for the pure-communication baseline (‘None’)
and the proposed SPS-assisted transmission (‘Sparse’).

Fig. 5 illustrates the success rate of SIB1 decoding versus
the average transmit power. Here, ‘None’ represents the base-
line of pure-communication initial access, whereas ‘Sparse’
denotes the proposed SPS-assisted transmission scheme. A
trial is considered successful only if the BCH, DCI, and SIB1
are all decoded correctly. It is observed that the insertion of
SPS impacts the access performance of SIB1 solely in the
low-transmit-power regime (i.e., below −20 dBm), where
a marginal degradation occurs. In contrast, within the prac-
tically relevant operating region above −20 dBm, the two
curves are nearly indistinguishable. This demonstrates that
the proposed SPS insertion does not compromise the reliabil-
ity of the initial-access procedure under practical deployment
conditions.

These results should be analyzed in conjunction with the
monostatic signal model presented in Section 4.3. Because
the BS has full knowledge of the transmitted waveform, the
REs occupied by SIB1 can still be leveraged for sensing,
even though they are unavailable for SPS placement. Conse-
quently, variations in the occupancy of SIB1 do not reduce
the number of effective observations in the frequency domain
within the proposed framework. Rather, the practical role of
the SPS is to expand the usable aperture in the frequency do-
main by occupying the communication-idle REs. This effec-
tively improves the performance of range estimation without
sacrificing the functionality of communication.
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Table 2 Link-level simulation parameters for the 5G NR initial-access verification in Section 6.2.
Parameter Setting
Carrier and waveform fc = 30 GHz, 100 MHz channel bandwidth, 120 kHz common SCS, SSB block pattern

Case D
Initial-access resource region CORESET#0 with 24 RBs; Type-0 common search space (CSS) with duration 2 OFDM

symbols; PDCCH aggregation level 8
SIB1/PDSCH allocation 8 RBs, Mapping Type A with (S,L,K0) = (3, 11, 0)

Modulation and DMRS quadrature phase shift keying (QPSK), single layer, DMRS Type A, position 3, configuration
type 1

Channel and propagation 3GPP urban micro line-of-sight (UMi-LOS) path loss and single-input single-output (SISO)
tapped-delay-line D (TDL-D) fading channel with root-mean-square (RMS) delay spread 30
ns; shadow fading enabled with standard deviation 4 dB

Geometry and mobility BS height 10 m, UE height 1.5 m, horizontal distance 20 m; UE speed 3.6 km/h with maxi-
mum Doppler about 83 Hz

Beam sweeping model 32-antenna BS panel with 0.5λ spacing; beam sweeping implemented through a time-
varying sample-domain gain mask

Power sweep and averaging Average active-interval total transmit power from −30 dBm to 10 dBm in steps of 5 dB,
with 200 Monte Carlo trials per point

Receiver chain primary synchronization signal (PSS)-based coarse carrier frequency offset (CFO) correc-
tion, timing synchronization, secondary synchronization signal (SSS) search, PBCH DMRS
detection, broadcast channel/master information block (BCH/MIB) decoding, DCI blind de-
coding, and SIB1 PDSCH recovery

Success criterion A trial is counted as successful only if BCH, DCI, and SIB1 are all decoded correctly

6.3 Estimation Accuracy and Computational Cost for
Single Target

We first evaluate the performance of our proposed algorithm
in the single-target scenario by comparing it against three
benchmark methods: 2D-FFT [10], 2D-MUSIC [35], 2D
CS-AN [58]. These benchmarks represent the periodogram,
subspace-based and compressed sensing methods, respec-
tively. It is noted that the benchmark methods, namely 2D-
FFT, 2D-MUSIC, and 2D CS-AN, are applied directly to
the SPS-augmented PDCCH/SIB1 resources, bypassing the
SSB. This baseline setup is justified by the limited dura-
tion and bandwidth of the SSB, which restrict the achievable
Doppler and range resolutions. In contrast, the proposed al-
gorithm explicitly leverages the SSB for coarse target estima-
tion before refining the parameters over the SPS-augmented
PDCCH/SIB1 resources. For this simulation, the range, ra-
dial velocity, and angle of the single target are set to (50 m,
25 m/s, 15◦).

Fig. 6 compares the range RMSE performance versus SNR
for different algorithms. We can observe that the 2D-FFT
method exhibits a nearly constant RMSE, limited by band-
width resolution and unaffected by the number of beams. In
contrast, both 2D-MUSIC and CS-AN show performance
gains as SNR increases; however, their grid-based search
leads to eventual error floors. Among these, CS-AN provides
better range estimation than 2D-MUSIC. The proposed WUP
algorithm significantly outperforms all benchmarks, achiev-
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Fig. 6 Root mean squared error (RMSE) of range estimation ver-
sus SNR.

ing the lowest RMSE and highlighting its effective off-grid
estimation capability under challenging sparse pilot condi-
tions.

Fig. 7 presents the velocity RMSE versus SNR for differ-
ent algorithms. A key observation is that utilizing multiple
beams significantly enhances velocity estimation accuracy
for all algorithms by extending the effective observation in-
terval and thus improving velocity resolution. Notably, this
performance gain is markedly stronger than that observed for
range estimation. In contrast to the range estimation results, it
is noted that the 2D-MUSIC slightly outperforms CS-AN in
velocity estimation under the sparse frequency configuration.
Furthermore, the proposed WUP algorithm demonstrates su-
perior performance, consistently achieving the lowest RMSE

Ju
st

 A
cc

ep
te

d



14 Haisu Wu et al.

-20 -15 -10 -5 0 5
SNR (dB)

10-4

10-3

10-2

10-1

100

101
V
el

o
ci

ty
 R

M
S
E
 (

m
/s

)
WUP Algorithm
MUSIC
CS-AN
2D FFT
CRB

Beam 1
Beam 3

Fig. 7 RMSE of velocity estimation versus SNR.

across the entire simulated SNR range.
Table 3 summarizes the dominant asymptotic complexi-

ties of the evaluated algorithms in the single-target setting.
In this context, Ns ≜ Ns,SIB1 and Nf ≜ |Sf,combined| denote
the dimensions of the SPS-augmented resources. For the SSB
signal, the corresponding symbol and subcarrier dimensions
are given by Ns,SSB and Nf,SSB, with their product defined as
NSSB ≜ Nf,SSBNs,SSB. Furthermore, γos represents the FFT
oversampling factor for the coarse grid, and B denotes the
number of processed beams. The complexity of the proposed
algorithm stems from the oversampled SSB-based coarse es-
timation, followed by the WUP-based parameter refinement.
In contrast, the benchmark algorithms operate directly on
the SPS-augmented resources and bypass the SSB initializa-
tion entirely. Despite the initial coarse-estimation overhead,
the proposed algorithm achieves a substantially lower overall
complexity than 2D-MUSIC and 2D CS-AN, owing to the ef-
ficient WUP-based refinement.

Table 3 Asymptotic complexity comparison for the single-target
refinement and benchmark algorithms.
Method Dominant complexity
Proposed algorithm O

(
γ2

osBNSSB log(γ2
osBNSSB)

+BNfNs

)
2D-FFT O(BNfNs log(BNfNs))
2D-MUSIC O

(
B[(NfNs)

3 +GfGs(NfNs)
2]
)

2D CS-AN O
(
B(NfNs)

4.5
)

Fig. 8 demonstrates the average processing time of the
proposed algorithm against benchmark methods under dif-
ferent beam configurations. The results reveal a clear com-
putational hierarchy, with 2D-FFT exhibiting the lowest pro-
cessing time and the proposed method following closely. In
contrast, 2D-MUSIC incurs a noticeably higher computa-
tional burden, while 2D CS-AN is the most time-consuming
method. Although the processing time increases with the

Fig. 8 Computational time comparison .

number of beams, the proposed algorithm maintains a low
computational cost comparable to 2D-FFT and remains sub-
stantially more efficient than 2D-MUSIC and CS-AN. This
advantage demonstrates its favorable scalability under differ-
ent beam configurations.
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Fig. 9 Impact of the Stage-I oversampling factor on the robustness
of the refined estimation.

To evaluate the sensitivity of the refinement stage to the
initialization quality provided by Stage I, Fig. 9 compares
the final estimation performance using the standard 2D-FFT
initialization (γos = 1) versus the oversampled initialization
adopted in this work (γos = 2). The oversampled approach
yields a noticeably more concentrated error distribution and
significantly mitigates severe estimation outliers, particularly
in the low-to-moderate SNR regime. These results confirm
that the zero-padded Stage-I RDM establishes a robust start-
ing point for the subsequent RELAX-based WUP refinement.

Fig. 10 illustrates the performance of range estimation
versus transmit power under different array layouts, where
Fig. 10(a) and Fig. 10(b) correspond to the 24RB and
48RB CORESET#0 configurations, respectively. Since the
frequency-domain pattern mainly affects the delay structure,
only the ranging RMSE is evaluated. The observed ranking
is consistent with the design rationale in Section 4.2. For the
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((a)) ((b))

Fig. 10 RMSE of range estimation versus transmit power with dif-
ferent CORESET#0 configurations: (a) 24RBs, (b) 48RBs

24RB configuration, the UF-4BL scheme achieves the best
performance because it preserves a sufficiently large effec-
tive aperture while keeping the short-lag weights and cou-
pling relatively small, thereby providing a favorable trade-
off between the CRLB term N var(p) and sidelobe suppres-
sion. For the 48RB configuration, ANAII-2 provides the
highest accuracy because its substantially larger contiguous
uDoF improves identifiability and stabilizes the delay esti-
mate, even though its low-order coupling is higher. Further-
more, for a given transmit power, increasing the bandwidth
from 24RBs to 48RBs does not necessarily improve sensing
performance, because the SNR per RE decreases as the total
power is distributed over a larger number of REs.

6.4 Comparison with Existing Pilot Patterns
Recent ISAC sensing pilot designs are typically tightly
coupled with specific estimators or tailored ambiguity-
elimination mechanisms (e.g., the high-resolution MUSIC
algorithm). However, the strict 20 ms SSB scanning cycle in
our framework precludes the use of the computationally pro-
hibitive subspace-based algorithms. Therefore, to ensure a
fair and practically viable comparison, we evaluate represen-
tative pilot patterns under a unified, low-complexity receiver
architecture. Specifically, all candidate schemes are forced
to employ the identical two-stage estimator proposed in this
work (Stage-I coarse estimation followed by WUP-based re-
finement), and the total BS transmit power budget is main-
tained strictly constant. We compare three schemes: the pro-
posed SPS, a frequency-domain coprime pilot pattern [33],
and a ‘Full’ baseline that activates all available REs within

the CORESET#0 frequency span.
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Fig. 11 Comparison of range estimation RMSE among different
sensing pilot patterns under a constant total BS transmit power bud-
get, utilizing the proposed two-stage estimator.

As illustrated in Fig. 11, the Full scheme exhibits the poor-
est range RMSE. This confirms that, under a fixed trans-
mit power constraint, simply increasing the pilot density is
counterproductive; the power allocated to each individual
RE is severely diluted, leading to an inadequately low per-
pilot SNR. By concentrating power on fewer REs, the co-
prime scheme [33] successfully mitigates this power dilu-
tion and outperforms the Full baseline, yet it remains infe-
rior to the proposed SPS. The fundamental reason is that the
coprime pattern was originally tailored for high-complexity
algorithms like MUSIC. When evaluated using the WUP-
based estimator dictated by the latency constraint, its specific
RE placement becomes highly suboptimal for the phase un-
wrapping mechanism. In contrast, the proposed SPS strategi-
cally concentrates power on a carefully selected set of sparse
REs that are co-designed with the WUP estimator. Conse-
quently, it inherently maximizes the per-pilot SNR while op-
timally aligning with the phase unwrapping logic, thereby
achieving the lowest range RMSE across all evaluated power
levels under strict latency constraints.

6.5 Estimation Accuracy for Multiple Targets

To evaluate the multi-target performance, we employ the op-
timal sub-pattern assignment (OSPA) metric [10], which pro-
vides a unified performance assessment by jointly capturing
both localization and cardinality errors (i.e., the difference
between the true and estimated number of targets) in a single
value.

Given the ground truth set of L target positions P =

{p1, . . . , pL}, and the estimated set of L̂ positions P̂ =

{p̂1, . . . , p̂L̂}, the distance between any true position p and
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estimated position p̂ is defined as

d(p, p̂; c̄) = min{c̄, ||p− p̂||2}, (40)

where c̄ > 0 is the cutoff parameter that determines how the
metric penalizes cardinality error with respect to the localiza-
tion error. For the case L ⩽ L̂, the OSPA metric of order q
is defined as [59]
dq(P, P̂ ; c̄)

=

(
1

L̂

(
min
π∈ΠL̂

L∑
l=1

(
d(pl, p̂π(l); c̄)

)q
+ c̄q(L̂− L)

))1/q

,

(41)
whereΠL̂ is the set of permutations of {1, 2, . . . , L̂} and π(l)
is the index of the estimated point in P̂ assigned to the l-th
true point pl under a specific permutation π ∈ ΠL̂. In partic-
ular, the metric is computed symmetrically as dq(P, P̂ ; c̄) =

dq(P̂ , P ; c̄) if L > L̂. Moreover, the order q determines the
sensitivity to outliers, while the cutoff c̄ balances the local-
ization and cardinality error penalties. In our simulations,
we follow the recommendations in [59] and set q = 2 and
c̄ = 10 m to ensure a proper balance between these error
components. Specifically, we consider L = 5 targets, whose
parameters are randomly drawn from uniform distributions:
ranges in [5, 85] m, velocities in [−35, 35] m/s, and angles
in [−35◦, 35◦]. We employ this setup to validate the perfor-
mance of our proposed two-stage detection scheme in a multi-
target environment.

Fig. 12 Sorted 3D nearest-neighbor-distance statistics of the
weighted point cloud used for DBSCAN-based fusion. The marked
elbows indicate the candidate dmin values obtained for neighbor or-
ders ζ = 3, 4, 5. Here, ζ denotes the neighbor order, i.e., each
point’s ζ-distance is its weighted distance to the ζ-th nearest neigh-
bor.

To complement the fixed-threshold analysis, Fig. 12 plots
the sorted 3D nearest-neighbor-distance statistics under the
adopted weighted metric. Following the standard DBSCAN

heuristic [56], the curves for ζ = 3, 4, 5 exhibit a consistent
elbow around dmin ≈ 1.6–1.8. This indicates that repeated
detections of the same UAV form compact local groups in the
weighted space, providing a practical, data-driven guideline
for threshold selection.

Fig. 13 Sensitivity of the OSPA distance to the DBSCAN mini-
mum distance threshold dmin.

Furthermore, Fig. 13 evaluates the sensitivity of the OSPA
metric to dmin. For comparison, the baseline Pruning algo-
rithm [10] is configured with its optimal parameters ϵr = ∆r

and ϵv = 3∆v, and its mean performance is plotted as the
black dashed line. For the proposed method, the mean, 20th,
and 80th percentile OSPA curves are reported. The curve ex-
hibits a U-shaped trend, reflecting the trade-off between over-
and under-segmentation. Specifically, an overly small dmin

fails to merge detections of the same target across adjacent
beams, thereby inflating the cardinality; conversely, an ex-
cessively large dmin incorrectly merges distinct nearby targets,
degrading both localization and cardinality accuracy. The op-
timal performance is attained at dmin ≈ 1.7, which perfectly
aligns with the nearest-neighbor-distance elbow in Fig. 12.

            

        

 

 

 

 

 

 

 

 

 

 

  

 
 
 
 
  
  
  
 
 
 
  
 
 

                     

                  

                        

                        

                   

                         

                         

Fig. 14 OSPA distance versus SNR.

Ju
st

 A
cc

ep
te

d



A two-stage ISAC framework for low-altitude economy based on 5G NR signals 17

Fig. 14 depicts the OSPA distance versus SNR for the
proposed DBSCAN-based fusion algorithm and the Prun-
ing benchmark [10]. The proposed algorithm consistently
achieves better accuracy and greater robustness across the en-
tire SNR range. This improved robustness is reflected in the
narrower spread between its 20th and 80th percentile curves
around the mean. In contrast, the Pruning algorithm exhibits
larger performance fluctuations, which can be attributed to
its selection mechanism: it retains only the single target can-
didate with the maximum matching score. The clustering na-
ture of DBSCAN, however, inherently suppresses such vari-
ability by aggregating the regional detections, resulting in
more stable and reliable performance.

7 CONCLUSION
This paper proposed a two-stage ISAC framework designed
to support the emerging LAE by leveraging 5G NR net-
works. Specifically, the framework addressed the fundamen-
tal sensing resolution limitations of standard broadcast sig-
nals. In Stage I, we first fused RDMs from the SSB, Type#0-
PDCCH, and SIB1 for robust initial detection. In Stage II,
we employed the novel SPS, inspired by sparse array the-
ory and inserted into unused SIB1 resources, to overcome
the resolution limitations. To this end, a corresponding high-
resolution algorithm based on the WUP estimator and the
RELAX-based iterative method was developed to accurately
extract off-grid range and velocity parameters from these
sparse pilots. Finally, the DBSCAN-based clustering scheme
was employed to prune redundant detections. Comprehen-
sive simulation results demonstrated that the proposed frame-
work achieves superior estimation accuracy at a significantly
lower computational cost compared to conventional bench-
mark methods. In addition, the 5G NR link-level verifica-
tion showed that the priority-based SPS insertion preserves
the practical initial-access reliability, while the monostatic
architecture ensures that the SIB1-occupied REs remain ex-
ploitable for sensing. Moreover, the controlled comparison
against a representative coprime pilot pattern under the same
BS transmit-power budget and the same two-stage estima-
tor confirmed that the proposed SPS is better matched to the
latency-constrained coarse-to-fine architecture than both the
coprime and full-RE baselines. Future work will focus on in-
vestigating the framework’s performance in more complex,
dense multi-target scenarios and exploring further optimiza-
tion of the SPS patterns in 5G NR.

A Frequency-Domain Signal Model Deriva-
tion

In this appendix, we derive the received frequency-domain
signal model for a MIMO-OFDM system as presented in the
main text. We begin with the continuous-time baseband sig-
nal models and proceed through the steps of sampling, CP-
removal, and DFT.

Substituting (5) into (3), and assuming a sufficiently long
CP such that ISI is eliminated, the sampled signal from the
l-th transmitted symbol is

ŷ(j, l) ≈
Ntarget∑
n=1

βne
j2πfD,ntj,lbr(θn)aH(θn)

×
Nc−1∑
i=0

[X]i,le
j2πi∆f(tj,l−τn), (42)

where tj,l = lT + j/Fs + TCP and the noise term is omitted
for clarity.

An Nc-point DFT is then applied to ŷ(j, l) along the index
j to obtain the frequency-domain signal y(k, l):

y(k, l) =
Nc−1∑
j=0

ŷ(j, l)e−j2πkj/Nc

≈
Nc−1∑
j=0

Ntarget∑
n=1

βne
j2πfD,ntj,lbr(θn)aH(θn)

×
Nc−1∑
i=0

[X]i,le
j2πi∆f(tj,l−τn)e−j2πkj/Nc . (43)

By rearranging the summations and substituting the defini-
tion of tj,l, (43) can be written as

y(k, l) ≈
Ntarget∑
n=1

βnbr(θn)aH(θn)

Nc−1∑
i=0

[X]i,le
−j2πi∆fτn

×

Nc−1∑
j=0

ej2π(fD,n+i∆f)tj,le−j2πkj/Nc

 .

(44)

The summation over j can be simplified. First, we expand tj,l
and factor out the term that is constant with respect to j:

Nc−1∑
j=0

ej2π(fD,n+i∆f)(lT+TCP+j/Fs)e−j2πkj/Nc

= ej2π(fD,n+i∆f)(lT+TCP )

×
Nc−1∑
j=0

ej2π(fD,n+i∆f)(j/Fs)e−j2πkj/Nc . (45)

Using the standard OFDM relation Fs = Nc∆f , the summa-

Ju
st

 A
cc

ep
te

d



18 Haisu Wu et al.

tion term in (45) becomes
Nc−1∑
j=0

ej2π
j

Nc
(i−k+fD,n/∆f). (46)

For scenarios where the Doppler shift is much smaller than
the subcarrier spacing (fD,n ≪ ∆f ), we can approximate
fD,n/∆f ≈ 0. This approximation neglects ICI. Under this
condition, (46) simplifies to the delta function

Nc−1∑
j=0

ej2π
j

Nc
(i−k) = Nc · δi,k. (47)

Substituting (47) back into (44) causes the summation over i
to collapse to a single term where i = k:

y(k, l) ≈
Ntarget∑
n=1

βnbr(θn)aH(θn)[X]k,le
−j2πk∆fτn

× ej2π(fD,n+k∆f)(lT+TCP ) ·Nc. (48)

After compensating for the known phase component
ej2πk∆f(lT+TCP ) and neglecting the negligible term
ej2πfD,nTCP and the constant Nc, (48) simplifies to

y(k, l) =
Ntarget∑
n=1

βnaHt (θn)[X]k,le
jkωr(Rn)ejlωv(vn)

× br(θn) + z(k, l),
(49)

where ωr(Rn) ≜ −4π∆fRn/c and ωv(vn) ≜ 2πfD,nT

respectively.

B CRLB Derivation for the MIMO-OFDM
Signal Model

B.1 Stacking Order Convention

To facilitate the joint estimation of all target parameters, we
aggregate the observations from all receive antennas. First,
for each receive antenna p, we form a data vector bp =

vec(Yp) ∈ CMN×1 , where [Yp]i,l = [y(i, l)]p. Then the
total observation vector b ∈ CNrMN×1 is expressed as:

b =


b0

b1

...
bNr−1

 . (50)

B.2 Contribution of the n-th Target

For then-th target, we define the time-frequency phase vector
sn ∈ CMN×1 with elements arranged in column-major order
as

[sn]i+lM = aHt (θn)[X]i,le
jiωr(Rn)ejlωv(vn),

0 ⩽ i ⩽ M − 1, 0 ⩽ l ⩽ N − 1.
(51)

The contribution of the n-th target to the complete received
vector is given by

yn = βnbr(θn)⊗ sn
= βnbr(θn)⊗

[
TT a∗t (θn)

⊙ (av(vn)⊗ ar(Rn))]

(52)

where ar(Rn) = [1, ejωr(Rn), . . . , ej(M−1)ωr(Rn)]T ∈
CM×1, av(vn) = [1, ejωv(vn), . . . , ej(N−1)ωv(vn)]T ∈
CN×1 and T ∈ CNt×MN is formed by stacking [X]i,l in
column-major order.

B.3 Complete Signal Model

The full received signal is the superposition of all target con-
tributions plus noise

y =

Ntarget∑
n=1

βn

(
br(θn)⊗

[(
TT a∗t (θn)

)
⊙ (av(vn)⊗ ar(Rn))]) + z.

(53)

Denoting the joint steering vector for the n-th target as
an = br(θn)⊗

[(
TT a∗t (θn)

)
⊙ (av(vn)⊗ ar(Rn))] ,

(54)

the model can then be written in the matrix form

y = Aβ + z, (55)

where A = [a1, a2, . . . , aNtarget ] and β =

[β1, β2, . . . , βNtarget ]
T .

Substituting these results back, the final expression for the
partial derivative of the joint steering vector with respect to
the angle θn is:

∂an
∂θn

= (Jbrbr(θn))⊗ sn

− br(θn)⊗
[(

TT Jata∗t (θn)
)

⊙ (av(vn)⊗ ar(Rn))] . (56)

∂an
∂ωr(Rn)

= br(θn)⊗
[(

TT a∗t (θn)
)

⊙ (av(vn)⊗ (Jrar(Rn)))] , (57)

∂an
∂ωv(vn)

= br(θn)⊗
[(

TT a∗t (θn)
)

⊙ ((Jvav(vn))⊗ ar(Rn))] . (58)

where Jbr, Jat, Jr and Jv are diagonal matrices. [Jbr]i,i =

−j2π(i − 1)dr cos θn/λc and [Jat]i,i = −j2π(i −
1)dt cos θn/λc, Jr = j · diag(0, 1, 2, . . . ,M − 1), and Jv =

j · diag(0, 1, 2, . . . , N − 1).
Based on Theorem 1 in [60], the CRLB w.r.t. Θ =
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[
θT ,ωT

r ,ω
T
v

]T can be given as

CRLB(Θ) =
σ2
v

2

[
Re
{

B̃H
(
ĀHP⊥

A Ā
)

×B̃
}]−1

,

(59)

where

Ā =

[{
∂an
∂θn

}Ntarget

n=1

,

{
∂an

∂ωr(Rn)

}Ntarget

n=1

,{
∂an

∂ωv(vn)

}Ntarget

n=1

]
.

(60)

P⊥
A = I − A

(
AHA

)−1 AH , (61)

and

B̃ = I3 ⊗ diag(β). (62)
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