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Abstract This paper investigates an uncertain Moving-
Target Traveling Salesman Problem (MT-TSP), in which the
future motion trajectories of targets are uncertain. The ob-
jective is to maximize the number of visited targets within a
bounded region while minimizing the total travel distance.
To address the challenges introduced by dynamic target ma-
neuvers, we propose a two-level online solution framework,
termed PaE (Plan and Execute), which leverages the current
observations of targets to solve the problem in real time. The
high-level module plans the next target to visit, while the
low-level module executes the corresponding access process.
We develop a deep reinforcement learning–based algorithm
at the high level, which employs an attention-based model
to effectively exploit both the current environment state and
historical visiting information when selecting the next tar-
get. At the low level, rapid target access is achieved through
a lightweight prediction mechanism with continuous state
updates. Extensive experiments in simulated environments
demonstrate that PaE is capable of extracting key problem
features to capture dynamic changes, leveraging rich contex-
tual information to guide decision-making, and generating
high-quality solutions within extremely short computation
times.

Keywords moving-target traveling salesman problem, deep
reinforcement learning, online solving, uncertain target tra-
jectory

1 Introduction
The Moving-Target Traveling Salesman Problem (MT-TSP)
[1] is a generalization of the classical TSP in which targets are
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Fig. 1 Illustration of the MT-TSP.

no longer stationary but move continuously. An agent typically
travels faster than the targets in order to visit or intercept
them as illustrated in Fig. 1. This problem arises in many
real-world scenarios, including surveillance and monitoring
[2, 3], disaster response [4, 5], marine harvesting [6, 7], and
missile defense [8]. Target mobility makes the travel cost
between cities dependent on the current city distribution or
on the elapsed time after the tour begins, which significantly
increases the problem’s complexity.

Previous studies have proposed approximation algorithms
[1, 9], exact algorithms [10, 11], and various heuristic methods
[12–15] to address the MT-TSP. Reference [16] performed
quantitative and qualitative comparisons of three different
heuristic algorithms. The results showed that the genetic
algorithm performed best in solution quality and computation
time, compared with the simulated annealing and ant colony
algorithm. However, in these studies, targets generally move
along straight trajectories with constant velocities, or their
trajectories are assumed to be known in advance. In practical
settings, by contrast, target motion is often uncertain or
difficult to predict.

Because the uncertain MT-TSP more closely reflects real-
world scenarios, it has substantial research value, yet it re-
mains relatively underexplored. Reference [17] modelled the
uncertain MT-TSP as a two-stage stochastic programming
problem and proposed an iterative randomized dynamic pro-
gramming algorithm that converges to the global optimum
with probability one. By pre-sampling a finite set of stochas-

Ju
st

 A
cc

ep
te

d



2

tic scenarios and their associated probabilities, this method
optimizes the expected objective and can handle system uncer-
tainty. However, such approaches typically require significant
computation time and rely on pre-sampled stochastic sce-
narios of targets that behave passively and non-adversarially.
This limitation reduces their ability to respond in real time
to dynamic stochastic environments. When targets exhibit
adversarial behavior, their abrupt maneuvers invalidate the
pre-sampled stochastic scenarios. Consequently, during exe-
cution, it becomes essential to rapidly capture system changes
and dynamically optimize the routing strategy to address
real-time target motion.

Recently, integrating Reinforcement Learning (RL) with
Deep Neural Networks (DNNs) has emerged as a promising
approach for addressing complex online decision-making
problems involving uncertainty and dynamism [18–20]. RL
learns decision policies directly from reward feedback through
continuous interaction with the environment, while DNNs
provide powerful function approximation and representation
learning capabilities. This Deep Reinforcement Learning
(DRL) paradigm enables the learned policies to adapt to envi-
ronmental uncertainty and dynamic changes without relying
on accurate prior models, while optimizing long-term cumula-
tive performance. Consequently, in dynamic routing problems,
by formulating node selection as a sequential decision-making
process, DRL methods can be naturally applied to achieve
online and adaptive optimization. Reference [21] highlighted
the potential of RL methods to effectively tackle dynamic
Vehicle Routing Problems (VRPs) by leveraging stochastic
information. Once trained, RL-based approaches can generate
online tours within a short computation time. [22] proposed a
neural network model with an encoder–decoder architecture
for solving the Dynamic Traveling Salesman Problem with
Time-Dependent (DTSP-TD).

This paper is the first to explore solving the uncertain
MT-TSP online using DRL method. We propose a two-level
online solution framework, termed PaE (Plan and Execute),
as illustrated in Fig. 2. The high-level module selects the next
target to visit, while the low-level module executes the access
to that target. At the high level, we modify the Group Relative
Policy Optimization (GRPO) algorithm [23] and train an
encoder–decoder model based on attention mechanism to
decide which target should be visited next. Because targets
are moving, the agent does not know the exact interception
point even after receiving a high-level instruction. Therefore,
the low-level module is responsible for carrying out the
instruction by predicting target motion and updating the
plan in real time. We implement rapid target access through

Fig. 2 Illustration of PaE. The high-level module selects the next
target to visit, while the low-level module executes the access to that
target.

a lightweight prediction mechanism with continuous state
updates.

Our main contributions are summarized as follows:
(1) We propose a two-level online solution for real-time

decision-making in the uncertain MT-TSP, where the
high-level module plans the target sequence and the
low-level module executes the corresponding access.

(2) We design an encoder–decoder architecture based on
attention mechanism and enhance it with a Long Short-
Term Memory (LSTM) network to better capture histor-
ical trajectory context.

(3) We modify the GRPO algorithm by removing the KL-
divergence penalty term and incorporating an entropy
regularization term to encourage early-stage exploration,
which enables more effective training of the proposed
model.

(4) We develop a surrogate model to approximate
the outcomes of target-selection decisions during
agent–environment interactions, thereby significantly
accelerating the training process.

The remainder of this paper is organized as follows. Section
2 formulates the problem as a Markov Decision Process
(MDP). Section 3 details the models and specifics in PaE.
Section 4 describes the reinforcement learning framework.
Section 5 reports the numerical experimental results. Finally,
Section 6 concludes the paper and discusses future work.

2 Problem Formulation in MDP
This paper investigates the uncertain MT-TSP. A set of targets
{1, 2, ..., n} enter a bounded region with side length Br,
move within it for a period of time, and eventually leave.
Their trajectories inside the region are uncertain. An agent
departs from a depot, intercepts the targets, and then returns
to the depot. The objective is to maximize the number of
accessed targets while minimizing the total travel distance.
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PaE: A deep reinforcement learning-based two-level online solution for uncertain moving-target traveling salesman problems3

We assume that the agent can observe target positions in real
time, and that only the 10 most recent trajectory points of
each target with an interval of ∆τ are stored. We formulate
the uncertain MT-TSP as an MDP [24] with multiple decision
steps, defined as follows.

• Current state st. The current state includes
(1) real-time observations of target positions mate-

rialized as updated historical trajectories xi =

[L−9
i , L−8

i , ..., L0
i , Di], where Li represents the

stored historical coordinates of target i and Di

represents the distance that target i will move to
reach the boundary at its current speed;

(2) the dynamically growing set of historical access
points {l0, l1, ..., lc} visited by the agent;

(3) the visitation status of all targets, represented as a
mask indicating which targets have already been
visited.

• Action aπt . The action is the next target to visit selected
by policy π.

• State transition. The transition from the current state st
to the next state st+1 corresponds to the execution of the
selected action. In our PaE framework, this is realized
by the low-level module carrying out the high-level
decision.

• Objective function. The objective is to maximize the
number of accessed targets while minimizing the total
travel distance. Since the number of accessed targets
is significantly more important, we combine the two
objectives through a weighted format.

max
π

E

[
n−1∑
t=0

(Nt − 1/Br × Lt)

]
. (1)

where Nt and Lt represent the access score and travel
distance, respectively, after the state transition at the t-th
decision step. If the visit is successful, Nt is 1; otherwise,
it is 0. The episodic reward is defined accordingly. With
the weight 1/Br, the reward contribution of success-
fully accessing one target is approximately equivalent
to traversing a distance equal to the side length of the
region. Since the region size is significantly larger than
inter-target distances, this scaling encourages the agent
to prioritize visiting more targets rather than excessively
minimizing travel distance.

By modeling the uncertain MT-TSP as an MDP, we can
apply reinforcement learning to learn a near-optimal policy
that generates decisions in real time, thereby enabling an
online solution to this problem.

Fig. 3 Structure of our encoder–decoder model. The encoder
processes the input node states through N attention layers to generate
a graph embedding. Historical visitation information is encoded by
an LSTM to produce a context embedding. These two embeddings
are then combined and fed into the decoder, which outputs the
selection probabilities for all nodes.

3 Models and Specifics in PaE
This section provides a detailed description of the PaE frame-
work. Section 3.1 presents the encoder–decoder model used
in the high-level module, while Section 3.2 introduces the
execution process implemented in the low-level module.

3.1 Encoder–decoder model in the high-level module

We define a problem instance q as a graph containingn targets,
where each target i is associated with a feature vector xi rep-
resenting its historical trajectory coordinates, as described in
Section 2. A tour a = {a0, ..., an−1} is defined as an ordered
sequence of targets. Our attention-based encoder–decoder
model specifies a stochastic policy π(a|q) that generates a
tour a given an instance q. The policy is parameterized by θ

and, by the chain rule, can be expressed as the product of the
conditional probabilities at each decision step.

πθ(a|q) =
n−1∏
t=0

πθ(at|q, a0:t−1). (2)

The structure of the encoder–decoder model is illustrated
in Fig. 3. Following the architecture used in [25], the encoder
first generates initial feature embeddings for all input nodes
based on the current observations of the targets through a
learned linear projection with parameters WX and bX .

h1
i = WXxi + bX . (3)

These embeddings are then processed through N attention
layers, each consisting of a multi-head attention (MHA) layer
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followed by a feed-forward (FF) layer, with a skip connection
and a batch normalization (BN) applied after each component.
We denote with hl

i the node embeddings produced by layer
l ∈ {1, ..., N}.

ĥl
i = BNl(hl

i + MHAl
i(h

l
1, ..., h

l
n)). (4)

hl+1
i = BNl(ĥl

i + FFl(ĥl
i)). (5)

The final node embeddings are averaged to produce a graph
embedding, which is passed to the decoder.

h̄ =
1

n

n∑
i=1

hi. (6)

For the decoder input, we also incorporate the agent’s
historical visited points to provide contextual information
and enrich the state representation. Since the set of visited
points grows as the decision process progresses, we employ
an LSTM network [26] to cope with this variable-length
sequence and capture long-range temporal dependencies.
At each decision step, the LSTM takes as input the agent’s
current position (i.e., the location reached after the previous
access, or the depot at the first step) and updates its hidden
and cell states to produce a context embedding. This context
embedding is then combined with the graph embedding to
form a query vector qc.

qc = h̄+ LSTM(l0, ..., lc). (7)

A multi-head attention layer processes this query to generate
a new query vector qc+1, which is similar to the glimpse
described by [27].

qc+1 = MHAc(qc). (8)

Then we use the qc+1 to compute compatibility score ui

for each target. Because previously visited targets cannot be
selected again and do not affect future decisions, we mask out
all visited nodes. The result is clipped within [−C,C] using
tanh.

ui =

{
−∞, if masked

C · tanh
(

qTc+1ki√
dk

)
, otherwise.

(9)

where ki is the key and dk is the dimension of key. Finally,
a softmax layer transforms the compatibility scores into a
probability distribution pi over the unvisited targets, from
which the next target is selected either greedily or by sampling.

pi = πθ(at = i|st, a0:t−1) =
eui∑
i e

ui
. (10)

3.2 Execution process in the low-level module

After the high-level module selects a target, the low-level
module begins executing the access process to that target.

The low-level module also receives real-time observations
of targets. We adopt a lightweight prediction–update mech-
anism that enables rapid target access. We found that this
approach performs well and effectively handles uncertain and
dynamically maneuvering target trajectories.

Assume that the low-level module is instructed to access
target i. At this moment, the observation xi contains the
most recent 10 trajectory points of target i. We compute the
velocity at each recorded time vi = [v−8

i , ..., v0i ] by taking
the difference of xi and dividing by the time interval ∆τ .

vi = diff(xi)/∆τ. (11)

We assign a weight wi = [w−8
i , ..., w0

i ] to each velocity to
reflect its relative importance at different time steps. Since
more recent velocities carry greater influence on future mo-
tion, we assign higher weights to them. A weighted sum of
these velocities yields the predicted velocity of the target.

v̂i = sum(viwi). (12)

We then assume that the target i will continue moving linearly
with this predicted velocity v̂i, while the agent moves along
the fastest interception path. Following the prediction process
based on dynamics as described in [5], given the current
positions of both the target and the agent (L0

i and L0
a), the

predicted target velocity v̂i, and the agent’s constant speed va,
we solve the following equation to obtain the moving time τ .

(||v̂i||22−v2a)τ2+||L0
i−L0

a||22+2(v̂i·(L0
i−L0

a))τ = 0. (13)

Then, we can compute the predicted access point

L̂τ
a = L0

i + v̂iτ. (14)

we can obtain the unit direction vector towards the predicted
access point L̂τ

a.

u0
a =

L̂τ
a − L0

a

||L̂τ
a − L0

a||2
. (15)

The agent moves along this direction vector for a duration of
∆τ and arrives at a new position

L1
a = L0

a + u0
ava∆τ. (16)

The agent then updates its observation xi and repeats the
prediction–update cycle until the target enters the capture
radius and is successfully visited. Note that if the target leaves
the bounded region, the access process is terminated early.
Whether the access succeeds directly affects the access score
Nt for the current decision step.

Executing the access process for the selected target com-
pletes the state transition described in Section 2, after which
the system proceeds to the next state and the high-level module
selects the next target. After the entire tour a is completed,
the PaE outputs the total access score and the total travel
distance.
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PaE: A deep reinforcement learning-based two-level online solution for uncertain moving-target traveling salesman problems5

4 Reinforcement Learning Algorithm
4.1 Modified GRPO

To address the substantial memory and computational burden
caused by training another value model in Proximal Policy
Optimization (PPO) [28], DeepSeek introduced GRPO [23],
which eliminates the need for additional value function ap-
proximation. Instead, it uses the average reward of multiple
sampled outputs in response to the same question as a base-
line. Their rationale is that in the training of Large Language
Model (LLM), rewards are often assigned only after the final
token is generated, making it difficult to train a value model
that accurately estimates each token. This setting is similar to
ours, where the final reward (Equation (1)) is obtained only
after an entire tour is completed.

Specifically, for each problem instance q, GRPO samples a
group of tours {a1,a2, ...,aG} from the old policy πθold and
then optimizes the policy model by maximizing the following
objective:

JGRPO(θ) = E{ag}G
g=1∼πθold

(a|q)
1

G

G∑
g=1

1

n

n−1∑
t=0

{
min

[
rg,tÂg,t, clip(rg,t, 1− ϵ, 1 + ϵ)Âg,t

]
− βDKL[πθ||πref ]

}
.

(17)

rg,t =
πθ(ag,t|q, ag,0:t−1)

πθold(ag,t|q, ag,0:t−1)
. (18)

where ϵ and β are hyper-parameters. rg,t represents the
likelihood ratio between the new and old policies (i.e., the im-
portance sampling weight). GRPO uses the clipping operation
on it following PPO to prevent excessively large updates. Âg,t

denotes the relative advantage computed from the rewards of
sampled outputs in each group. DKL is the KL divergence
between the trained model and a reference model, used to
prevent over-optimization. In GRPO, the reference model
πref is the initial supervised fine-tuned (SFT) model.

In our setting, however, no reference policy exists since
there is no SFT stage, so the KL penalty is removed. Unlike
Reinforcement Learning from Human Feedback (RLHF) [29]
scenarios where KL penalty prevents policy collapse, our
task uses a well-defined reward and low-dimensional action
space, and stability is ensured via GRPO’s clipped objective
and reward normalization, allowing safe exploration without
KL constraints. Empirically, prior work [30] has reported that
GRPO without KL penalty can achieve better performance,
suggesting that greater freedom in parameter updates may
help the policy explore more effective solutions. Additionally,
we include an entropy regularization term with an adaptive

coefficient λ to further encourage exploration during early
training. λ varies linearly with the training epochs as

λ = λmax − (λmax − λmin)× (ei/eI), (19)

where λmax and λmin denote the maximum and minimum
values of λ, respectively; ei denotes the current epoch, and
eI denotes the total number of epochs. Consequently, we
maximize the following modified objective:

J ′
GRPO(θ) = E{ag}G

g=1∼πθold
(a|q)

1

G

G∑
g=1

1

n

n−1∑
t=0

{
min

[
rg,tÂg,t, clip(rg,t, 1− ϵ, 1 + ϵ)Âg,t

]
− λπθlog(πθ)

}
.

(20)
For computing group-relative advantages, we found that

outcome supervision performs better than process supervision
[23]. Concretely, for each problem q, we sample a group of
tours {a1,a2, ...,aG} from the old policy and compute their
rewards r = {r1, r2, ..., rG} using Equation (1) correspond-
ingly. These rewards are normalized by subtracting the group
mean and dividing by the group standard deviation. Outcome
supervision provides a normalized reward only after a tour
is completed, and assigns the same advantage value to all
decision steps within that tour.

Âg,t = r̃g =
rg −mean(r)

std(r)
, ∀t ∈ {0, ..., n− 1}. (21)

The modified GRPO training procedure is summarized in
Algorithm 1. At each step, the old model πθold is updated, and
a batch of problem instances Db is sampled from problem set
D. For each problem q, a group of tours {a1,a2, ...,aG} is
generated using the old policy. Rewards r for all sampled tours
are computed using Equation (1). Group-relative advantages
Âg,t are then assigned to each decision ag,t. The policy model
is updated by maximizing the modified GRPO objective in
Equation (20). After training for I epochs, the final policy
model πθ is obtained.

4.2 Surrogate model approximation

During the RL training process, each state transition after
a decision step requires executing the target access process
via the low-level module, as described in Section 2. This
interaction with the environment is time-consuming and
difficult to parallelize, since the time required to access
different targets varies across environments. To address this
issue, we construct a surrogate model to approximate the
environment interaction outcomes and thereby accelerate
training. However, for validation and evaluation, we still
achieve real-time target access through the low-level module
introduced in Section 3.2.
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Algorithm 1 Modified GRPO
Input: initial policy model πθinit

; problems D;
hyper-parameters ϵ, λ, µ

Output: πθ

1: policy model πθ ← πθinit
;

2: for epoch = 0,...,I do
3: for step = 0,...,M do
4: Update the old policy model πθold ← πθ;
5: Sample a batch problems Db from D;
6: Sample G tours {ag}Gg=1 ∼ πθold(·|q) for each

problem q ∈ Db;
7: Compute rewards {rg}Gg=1 for each sampled tour

ag using Equation (1);
8: Compute advantages Âg,t for each ag through

group relative advantage estimation;
9: for update = 0,...,µ do

10: Update the policy model πθ by maximizing the
modified GRPO objective in Equation (20);

11: end for
12: end for
13: end for

The surrogate model takes as input the agent’s current
position (2D), scalar speed (1D), and the target’s trajectory
observation (20D). These components are concatenated into
a 23-dimensional input vector oi. The model consists of three
hidden layers with 64, 128, and 64 dimension, respectively.
Each layer uses ReLU activation and applies batch normal-
ization and dropout. The model outputs the agent’s updated
position (2D) after completing the target access process.

It is worth noting that, to maintain generality and avoid
introducing environment-specific assumptions, the distance-
to-boundary term Di is not used in the surrogate model or
during the training interaction loop. The training process
relies on the surrogate model to approximate environment in-
teraction, and the final transition outcomes are computed after
the surrogate prediction. This design ensures that omitting
Di from the surrogate input does not affect training fidelity,
while preserving the generality and efficiency of the surrogate
approximation.

We collect a large amount of simulation data to train the
surrogate model. Specifically, for each sample, we randomly
select a goal from the problem set D and randomly initialize
the agent’s position within the bounded region. Then, we
execute the low-level module described in Section 3.2 to visit
the target. After completion, we record the input data and the
corresponding labels. In total, we obtain 400k samples, which
are split into training, validation, and test sets. The surrogate

model is trained using the mean squared error (MSE) loss.
Fig. A1 in Appendix A illustrates the iteration curve of the
training and validation losses during the training process. The
model parameters eventually converge to a satisfactory level.

The trained surrogate model is used to replace the low-
level module in the RL training process. When the high-level
module selects a target, the corresponding input vector oi is
fed into the surrogate model to obtain the agent’s updated
position. The distance between the old and new positions
yields the traveled length Lt. Dividing Lt by the agent’s speed
gives the moving time τ , and we determine whether the target
reaches its terminal state within this interval τ to compute
the access score Nt. This process completes the approximate
state transition step.

In practice, the surrogate model may introduce approxima-
tion errors. However, such errors can be interpreted as a form
of environmental noise during training. From a reinforcement
learning perspective, moderate noise in state transitions does
not necessarily degrade performance; instead, it can improve
the robustness and generalization ability of the learned policy
by preventing overfitting to a deterministic environment.

Moreover, the final state transition outcomes, including
the travel distance Lt and the access score Nt, are computed
after the surrogate inference step based on physically mean-
ingful rules. This further mitigates the impact of surrogate
approximation errors on the reward signal.

Importantly, the surrogate model significantly accelerates
the training process by replacing the computationally ex-
pensive low-level simulation, enabling efficient large-scale
training that would otherwise be impractical. Empirically, we
observe that the trained policy maintains strong performance
when evaluated using the true environment dynamics.

5 Experiments
We conduct numerical experiments based on the benchmark
dataset generated in Section 5.1 to evaluate the performance
of our PaE and baseline algorithms. In the RL training with
modified GRPO, we set the learning rate to 1e-6, the batch
size to 256, the group size to 32, and the number of update
iterations to 10. λmax and λmin are set to 0.1 and 0.01,
respectively. Our PaE is programmed with Pytorch, which is
executed on a workstation with Intel(R) Xeon(R) Gold 6258R
CPU at 2.70 GHz and NVIDIA GeForce RTX 4090 GPU.

5.1 Benchmark dataset

To evaluate the performance of the proposed methods, we
construct an MT-TSP benchmark dataset. This dataset contains
curve trajectory points of numerous targets moving within
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PaE: A deep reinforcement learning-based two-level online solution for uncertain moving-target traveling salesman problems7

Table 1 Experimental results of different methods at different problem scales on the test set T00.
Method Gurobi ALNS NN AM PaE-D PaE-LSTM PaE-ER PaE

10
Obj. 7.72 7.25 6.91 6.96 6.95 7.08 6.95 7.16
Gap (%) 0.00 -6.11 -10.43 -9.80 -9.90 -8.31 -9.96 -7.15
Time (s) 335 523 0.05 0.06 0.06 0.06 0.06 0.06

30
Obj. 18.47 13.70 19.28 19.01 19.82 21.18 22.07 22.07
Gap (%) -16.31 -37.94 -12.67 -13.89 -10.20 -4.04 0.00 0.00
Time (s) 1017 1261

50
Obj. 21.16 15.26 30.06 29.98 30.81 33.46 34.11 34.21
Gap (%) -38.14 -55.39 -12.12 -12.35 -9.95 -2.18 -0.29 0.00
Time (s) 2524 1515

a 10 × 10km2 area. Fig. B1 in Appendix B illustrates the
trajectories of 10 targets. Appendix B details the construction
process of the dataset.

We divide the dataset into a training set and a test set.
The training set contains trajectory data for 10k targets,
while the test set T00 includes 100 targets simulating pre-
recorded trajectory data. To further simulate real-world target
maneuvers, we rotate the latter portion of each trajectory in the
test set T30, T60, and T90 by 30°, 60°, and 90°, respectively,
as shown in Fig. B2 in Appendix B. All problem instances
used in our experiments are sampled from the above datasets.

5.2 Baseline algorithms

To the best of our knowledge, no existing method directly
addresses the uncertain MT-TSP. We therefore introduce two
offline and four online baseline algorithms to compare against
our PaE framework.
(1) Commercial solver (Gurobi): Gurobi is a state-of-the-art

mathematical programming solver. For the pre-recorded
test set T00, we use Gurobi to obtain offline optimal or
near-optimal solutions.

(2) Adaptive Large Neighborhood Search (ALNS) [5]:
ALNS is a state-of-the-art heuristic method for solving
MT-TSP. We replace its motion prediction component
with our low-level module (Section 3.2) to compute
solution fitness. ALNS is applied to the pre-recorded
test instances in an offline manner.

(3) Online-Prediction Gurobi (Gurobi-OP): For the test sets
(T30, T60, and T90) simulating real-world dynamics,
we develop an online version of Gurobi. Whenever the
next target must be selected, Gurobi-OP runs Gurobi
under a time limit to produce a future visiting sequence,
and only the next target in the sequence is executed. The
process is then repeated in a rolling-horizon manner.
Since Gurobi-OP cannot observe the true future target
trajectories, it relies solely on the agent’s observations.

The future target positions are predicted using Equations
(11) and (12) to evaluate solution quality.

(4) Online-Prediction ALNS (ALNS-OP): Similar to
Gurobi-OP, we develop an online version of ALNS
that operates in a rolling-horizon manner to handle
real-world test instances.

(5) Nearest Neighbor (NN): NN is a simple greedy online
heuristic that selects, at each step, the nearest unvisited
target as the next destination.

(6) Attention Model (AM) [25]: AM is a state-of-the-art
DRL-based model capable of solving online routing
problems such as TSP and Capacitated Vehicle Routing
Problem (CVRP).

In addition, to demonstrate the effectiveness of our en-
coder–decoder model and training algorithm, we construct
three ablation baselines by removing specific components:
(1) PaE-D: removes the distance-to-boundary feature Di

from the target input representation xi.
(2) PaE-LSTM: replaces the LSTM context encoder with the

commonly used embedding formed in some references
[22, 25] by concatenating the first and last access points.

(3) PaE-ER: removes the entropy regularization term from
the modified GRPO objective (Equation (20)).

5.3 Experimental results

We first conduct experiments on the test set T00. Since T00
simulates pre-recorded trajectories representing the most
likely target motions, sufficient time is available for offline
optimization. Table 1 reports the results of two offline methods
(Gurobi and ALNS), the online heuristic NN, and other DRL-
based approaches. The objective value corresponds to the
average of Equation (1) over 50 different instances. The
percentage gap relative to the best-performing method is
calculated. For online methods, we report only a single line of
computation time, as the time required to output the next target
is approximately constant and independent of the problem
scale.
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Table 2 Experimental results of different methods at different problem scales on the test set T30, T60, and T90.
Method Gurobi ALNS Gurobi-OP ALNS-OP NN AM PaE-D PaE-LSTM PaE-ER PaE
Time (s) 3.92 0.79 0.04 0.06 0.06 0.06 0.06 0.06

10

T30 Obj. 7.26 5.90 5.81 6.58 6.12 6.39 6.38 6.57 6.57 6.60
Gap (%) 0.00 -18.82 -20.07 -9.38 -15.71 -12.05 -12.12 -9.55 -9.58 -9.12

T60 Obj. 5.51 3.95 4.88 5.35 5.19 5.20 5.27 5.62 5.77 5.79
Gap (%) -4.72 -31.80 -15.74 -7.56 -10.33 -10.19 -9.01 -2.85 -0.37 0.00

T90 Obj. 3.60 2.82 4.21 4.17 4.08 3.92 4.21 4.31 4.36 4.56
Gap (%) -21.19 -38.21 -7.74 -8.75 -10.54 -14.13 -7.76 -5.67 -4.46 0.00

30

T30 Obj. 17.59 9.67 7.40 11.48 18.42 19.23 19.16 20.60 21.96 21.92
Gap (%) -19.87 -55.96 -66.28 -47.73 -16.11 -12.41 -12.72 -6.20 0.00 -0.16

T60 Obj. 15.43 6.02 7.21 8.54 15.34 15.03 15.93 18.61 19.30 19.58
Gap (%) -21.18 -69.27 -63.15 -56.37 -21.64 -23.23 -18.64 -4.97 -1.44 0.00

T90 Obj. 10.61 4.47 5.97 6.30 11.91 11.15 12.51 15.01 14.14 15.21
Gap (%) -30.26 -70.58 -60.75 -58.59 -21.66 -26.67 -17.74 -1.32 -7.05 0.00

50

T30 Obj. 22.09 5.26 8.55 12.71 27.93 28.10 29.24 30.62 31.05 31.71
Gap (%) -30.33 -83.43 -73.04 -59.93 -11.92 -11.39 -7.79 -3.42 -2.09 0.00

T60 Obj. 17.34 2.97 8.19 9.53 23.19 22.40 23.62 25.42 25.95 27.00
Gap (%) -35.79 -88.99 -69.65 -64.71 -14.12 -17.04 -12.53 -5.85 -3.90 0.00

T90 Obj. 12.98 1.90 6.92 6.80 18.38 16.26 18.88 22.33 22.24 23.06
Gap (%) -43.72 -91.74 -70.02 -70.52 -20.30 -29.50 -18.12 -3.17 -3.58 0.00

As shown in Table 1, for problem instances with 10 targets,
Gurobi is able to compute superior solutions within the given
time limit. However, as the problem scale increases, the solver
fails to produce high-quality solutions even with extended time
limits, highlighting the inherent complexity of the problem.
In contrast, our PaE achieves the best performance at larger
scales and remains competitive with offline methods at the
small scale, while requiring only approximately 0.06 seconds
to determine the next target. This demonstrates both the
effectiveness and efficiency of our online MT-TSP solution
framework. The heuristic method ALNS performs poorly,
especially at larger scales, because it struggles to balance
exploration and exploitation and thus cannot identify high-
quality solutions within limited computation time.

For the ablation baselines, PaE-ER exhibits a slight perfor-
mance degradation compared to PaE, indicating that entropy
regularization enhances early-stage exploration and guides
the policy toward more promising optimization directions.
PaE-LSTM suffers a more pronounced performance drop,
underscoring the importance of using an LSTM to encode his-
torical trajectory context. By leveraging LSTM-based context
encoding, the agent can better capture intrinsic relationships
among historical trajectories, starting points (i.e., upcoming
destinations), and future targets, leading to more informed
decisions. Notably, PaE-D, which removes the distance-to-
boundary feature from the target representation, experiences
a substantial performance drop, degrading to the level of
AM and even NN. This result highlights that the distance-to-

boundary is a critical handcrafted feature. Agents equipped
with this information are more inclined to prioritize targets
that are about to exit the operational region, thereby increas-
ing the number of successfully visited targets. Without this
feature, PaE-D fails to identify such urgent targets, resulting
in frequent target loss and only marginally outperforming
NN.

However, the pre-recorded test set T00 inherently favors
offline algorithms such as Gurobi and ALNS. These methods
exploit deterministic trajectory information and can repeat-
edly evaluate fitness using our low-level module (Section 3.2)
during offline optimization. In real-world scenarios, target
trajectories are uncertain and may deviate significantly from
pre-estimated paths, rendering offline-computed fitness inac-
curate and leading to poor execution performance. Therefore,
we further evaluate all methods on three additional test sets:
T30, T60, and T90, which simulate target maneuvers by rotat-
ing the latter portions of trajectories in T00 by 30°, 60°, and
90°, respectively. The experimental results across different
problem scales and test sets are summarized in Table 2. The
results for Gurobi and ALNS correspond to directly executing
their offline solutions obtained from T00 on the new test sets;
therefore, no computation time is reported for these methods.
For other online approaches, the reported computation time
corresponds to a single decision step for selecting the next
target.

The results indicate that, except for small-scale problems
with mild trajectory changes (30° rotation), where Gurobi’s
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offline solution remains applicable, PaE consistently out-
performs baselines across almost all other scenarios. This
demonstrates that our online solution framework effectively
handles trajectory uncertainty and dynamic target maneuvers.
In contrast, the execution performance of offline solutions
from Gurobi and ALNS deteriorates sharply as trajectory
deviations increase. Their online-prediction variants perform
reasonably at small scales but become ineffective at larger
scales due to insufficient computation time, resulting in un-
acceptable solution quality.

Consistent with Table 1, both PaE-ER and PaE-LSTM show
moderate performance degradation, while PaE-D exhibits the
most severe drop. These results further confirm the positive
contributions of entropy regularization and LSTM-based
context encoding, as well as the critical importance of the
distance-to-boundary feature.

It is also worth noting that, for all methods, solution quality
degrades as trajectory deviations increase across all problem
scales. This observation highlights the extreme difficulty
of the uncertain MT-TSP: stronger target maneuverability
significantly complicates the task of maximizing the number
of visited targets while minimizing travel distance under
limited computation time. At the current stage, PaE appears
to be a viable answer to this challenge.

Fig. 4 visualizes the accessing process for a representative
instance with 10 targets. The left panel shows the solutions
obtained by Gurobi and PaE on the test set T00, while the right
panel illustrates their execution on the test set T30. Gurobi’s
offline solution performs well when target trajectories remain
unchanged in T00. However, when trajectories deviate in
T30, its execution fails to visit Target 4, which exits the
bounded region due to dynamic maneuvering. In contrast,
although PaE does not achieve the optimal solution on T00, it
rapidly identifies targets that are about to leave the region and
prioritizes them accordingly. As a result, PaE successfully
visits all 10 targets on T30 and even attains a higher objective
value in this scenario.This example clearly demonstrates that
PaE can effectively handle dynamic target maneuvers when
solving the uncertain MT-TSP in an online manner.

Fig. 5 depicts the iteration curve of the batch-averaged
reward over training step for problem size 10. The curve shows
that the modified GRPO algorithm enables stable convergence
of the model parameters. After a slight drop around 17,000
steps, the reward continues to increase and converges to a
higher value, indicating that enhanced exploration in the early
training stage facilitates convergence to better policies.

In summary, the proposed PaE framework effectively ex-
tracts key problem features to capture dynamic changes, and

Table 3 Experimental results of different trained models at different
problem scales on the test set T00 .

Model PaE-10 PaE-30 PaE-50

10 Obj. 7.16 7.13 7.07
Gap (%) 0.00 -0.51 -1.28

30 Obj. 19.97 22.07 21.15
Gap (%) -9.55 0.00 -4.18

50 Obj. 30.73 32.73 34.21
Gap (%) -10.17 -4.32 0.00

encodes rich historical trajectory context to guide decision-
making. Trained with the modified GRPO algorithm, PaE
benefits from improved early exploration and converges to-
ward higher-quality policies. Extensive experimental results
demonstrate that PaE is both efficient and robust in handling
trajectory uncertainty and dynamic target maneuvers, making
it a strong solution for the uncertain MT-TSP.

5.4 Generalization analysis

In practical scenarios, a trained policy is expected to generalize
across different problem scales to handle varying numbers
of targets. To evaluate the scalability and generalization
capability of PaE, we conduct experiments by applying PaE
models trained on a specific problem scale to instances with
other scales.

The experimental results on test set T00 for different prob-
lem sizes are summarized in Table 3, where the objective
value is averaged over 50 instances. PaE-10, PaE-30, and
PaE-50 denote PaE models trained on problem sizes of 10,
30, and 50 targets, respectively. As shown in the table, each
model exhibits varying degrees of performance degradation
when applied to other problem scales, reflecting the inherent
dependence of RL methods on the training problem domain.

Moreover, we observe that the greater the discrepancy
between the training and testing scales, the more severe the
performance degradation. For example, PaE-50 performs
worse than PaE-30 when solving instances with 10 targets,
while PaE-10 underperforms PaE-30 on instances with 50
targets. This phenomenon can be attributed to the fact that
the optimal policy spaces differ across problem scales. RL
training tends to overfit to the state distribution and dynamic
characteristics specific to the training scale, which leads to
reduced generalization, especially when the scale mismatch
becomes large.

Despite this limitation, PaE-30 and PaE-50 still outperform
all other methods reported in Table 1 across all tested scales.
In addition, when solving problems ranging from 10 to 50
targets, PaE-30 provides a more robust trade-off between
performance and generalization. These results suggest that,
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Fig. 4 Accessing process for a representative instance with 10 targets. The left panel shows the solutions obtained by Gurobi and PaE on
the test set T00, while the right panel illustrates their execution on the test set T30. When Gurobi’s offline solution is executed in T30, it fails
to visit Target 4, which exits the bounded region due to dynamic maneuvering. In contrast, PaE successfully visits all 10 targets on T30.

in practical applications, deploying a policy trained on a
problem scale close to the expected target size is a prudent
and effective strategy.

6 Conclusions
This paper addresses an uncertain MT-TSP and proposes a
two-level online solution framework, PaE, to tackle the chal-
lenges induced by dynamic target maneuvers. PaE operates in
real time by leveraging current observations of targets, where
the high-level module plans the next target to visit and the
low-level module executes the corresponding access process.

At the high level, we develop an attention-based en-
coder–decoder model and introduce an LSTM to enhance the
extraction of contextual information from historical trajecto-

ries. The model is trained using a modified GRPO algorithm.
At the low level, rapid target access is achieved through
a lightweight prediction mechanism with continuous state
updates. In addition, we construct a surrogate model to ap-
proximate decision–environment interactions, significantly
accelerating the training process.

Extensive simulation experiments across diverse testing
environments demonstrate that PaE is able to extract key
problem features to capture dynamic changes, exploit rich
contextual information to guide subsequent decisions, and
generate high-quality solutions with very low computational
latency.

Despite these promising results, some limitations remain.
First, some components of the framework, such as reward
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Fig. 5 Iteration curve of the batch-averaged reward over training
step for problem size 10.

Fig. A1 Iteration curve of the training and validation losses of the
surrogate model.

weighting and feature design (e.g., distance-to-boundary), rely
on problem-specific insights, which may limit generalization.
Second, the current framework is designed for a single-agent
setting and does not explicitly consider interactions among
multiple decision-makers.

In the future, we plan to extend this work to the Moving-
Target Multiple Traveling Salesman Problem (MT-MTSP)
[8, 31], where multiple agents collaboratively visit targets.
In such settings, addressing the non-stationarity [32, 33]
arising from interactions among agents will pose a significant
challenge. Additionally, improving the stability and scalability
of multi-agent reinforcement learning [34, 35], as well as
designing more generalizable model architectures that can
adapt to varying problem scales and dynamics, remains an
important direction for future research.

Appendix A

We construct a surrogate model for approximating environ-
ment interactions. Fig. A1 illustrates the iteration curve of the

Fig. B1 Illustration of trajectories of 10 targets within the bounded
region. The gray circles denote start points and gray triangles denote
end points.

Fig. B2 Illustration of trajectory of a target before and after rotation.

training and validation losses during the training process. As
shown in the figure, the training loss decreases steadily and
converges to a low level. The validation loss exhibits several
spikes, which occur when the model parameters temporarily
reach states with poor generalization capability. As training
continues and more epochs are performed, the validation loss
eventually decreases to a satisfactory level and stabilizes.

Appendix B

We construct an MT-TSP benchmark dataset. This dataset
contains curve trajectory points of numerous targets moving
within a 10 × 10km2 area, with an interval of 5 meters.
Assuming that each point is recorded once per second, the
corresponding target speed is approximately 18 km/h. Fig.
B1 illustrates the trajectories of 10 targets within the bounded
region, where the gray circles denote start points and gray
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triangles denote end points. The trajectory generation process
is carried out as follows: first, start and end points (p0 and
p3) are randomly selected from a pair of opposite edges of
the region. Next, two control points (p1 and p2) are randomly
chosen along the line connecting the start and end points, with
the constraint that a minimum distance is maintained among
all four points. A cubic Bézier curve is then constructed based
on these four points

B(t) = p0(1−t)3+3p1(1−t)2t+3p2(1−t)t2+p3t
3. (B1)

Finally, trajectory points are sampled every 5 meters along
the curve, resulting in a smooth trajectory confined within the
bounded region. Using this method, a training set containing
10k target trajectories and a test set T00 containing 100 target
trajectories are generated.

To simulate real-world target maneuvers, we rotate the
latter portion of each trajectory in the test set T30, T60, and
T90 by 30°, 60°, and 90°, respectively. Fig. B2 illustrates
the trajectory of a target before and after rotation. It can be
observed that by performing a higher level of maneuverability,
the target is able to exit the bounded region more rapidly. This
reflects real-world adversarial scenarios such as maritime
surveillance [2, 3]. Stronger target maneuverability signif-
icantly complicates the task of maximizing the number of
visited targets while minimizing travel distance under limited
computation time. This constitutes the core difficulty of the
uncertain MT-TSP.
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