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Approximate Nash Equilibria Algorithms for
Shapley Network Design Games
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Abstract: We consider a weighted Shapley network design game, where selfish players choose paths in a network

to minimize their cost. The cost function of each edge in the network is affine linear with respect to the sum of the

weights of the players choosing the edge. We first show the existence of an a-approximate pure Nash equilibrium

by constructing a potential function and establish an upper bound O(log,(W)) on «, where W is the sum of the

weights of all players. Furthermore, we assume that the coefficients of the cost function (affine linear function) of

the edge are all $-smooth random variables on [0,1]. In this case, we show that e-best response dynamics can

compute the (1 + ¢)a-approximate pure Nash equilibrium (e is a positive constant close to 0) in polynomial time by

proving that the expected number of iterations is polynomial in £, ¢, the number of players and the number of edges

in the network.
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1 Introduction

As networks such as the Internet continue to expand,
the number of self-interested players using them
also grows, each optimizing an individual objective
function. It is natural to study the behavior of these
non-cooperative players in the game, as has been done
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in previous work, including!1®,

Furthermore, game
theory has multiple applications in computer science,
especially concerning deep learning models” ). For
example, Generative Adversarial Network (GAN) is
a deep learning architecture that has roots in game
theory!%J " Practically, the training of GANs can be
modeled as a two-player zero-sum game played by the
generator and the discriminator.

Specifically, a game can be defined on a directed
network and each player needs to choose a path from
a source vertex to a sink vertex. Each edge in the
network has a cost and the players using the edge share
the cost equally or according to their weights. All
players want to reduce their personal cost and choose
the path simultaneously, forming a profile of the game.
The stable profiles are called Nash equilibria, where no
player has an incentive to change strategy unilaterally.
Rosenthal ™ first studies the equilibrium of the game
on a network and proved the existence of a pure Nash
equilibrium (PNE) in the game. Then Anshelevich et
al.'3) name the game network design with Shapley cost
sharing, also known as Shapley network design game
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or fair cost sharing game, since it uses the cost sharing
mechanism.

Furthermore, the study of PNE gives rise to a
number of new issues. In particular, since the overall
system performance may be worse when decisions
are made by selfish players compared to centralized
authority decision-making, we need an indicator to
measure the extent to which the global performance
of the system has deteriorated due to selfish decision-
making.  Papadimitriou™ first proposes using the
term price of anarchy to refer to the deterioration of
system performance. Moreover, in some types of
games there may be multiple PNEs, but the price of
anarchy studies only the degradation of the worst PNE.
Then Anshelevich et al.!'} introduce the term price of
stability to refer to the ratio of the cost of the best Nash
equilibrium to the optimal network cost. Moreover,
Anshelevich et al.l'3 prove that a Shapley network
design game with n players always admits a PNE and
the price of stability is at most H(n) = > ! 1.
This is achieved by using the potential function method
introduced by Monderer and Shapley!!>!.

However, Anshelevich et al.l’¥ prove only a
few results when players are weighted, including
proving the existence of PNE in the two-player
weighted Shapley network design game. Chen
and Roughgarden!!® present a three-player weighted
Shapley network design game that does not admit
a PNE, motivating the subsequent study of -
approximate pure Nash equilibrium (a-APNE). In our
model, a-APNE is a profile such that no player can
unilaterally change strategy to reduce the cost by at
least a factor of a. Then Chen and Roughgarden!!®
show that the existence of O(log wyay)-APNE in any
weighted Shapley network design game and prove that
the price of stability with respect to the O(log wpax )-
APNE is O(logW), where wp,., and W are the
maximum weight and the sum of weights of all players
respectively.  Moreover, they construct a network
without o(blgolg;g”ﬁ)-APNE.

In addition, computing a Nash equilibrium is
essential when the game is given from a computational
point of view. Apart from proposing the Shapley
network design game, Anshelevich et al.!'3} show that
best response dynamics may take exponential time
to converge to a PNE. Specifically, best response
dynamics is an algorithm for finding a PNE (an -
APNE) by picking a player who has a strategy that
can reduce personal cost (by more than « times) and
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updating the strategy as long as the profile is not a PNE
(an a-APNE). Furthermore, Syrgkanis!”! shows that
computing a PNE in the unweighted Shapley network
design game is Polynomial Local Search (PLS)-
complete by the reduction from MAX CUT. Therefore,
it is necessary to make further assumptions about the
game in order to ensure that there exists an algorithm
that can find a PNE or an a-APNE in polynomial time.
Giannakopoulos!!®! assumes the constant cost ¢, of the
edge as ¢-smooth independent random variables on
[0, 1], which means its probability density function is
upper bounded by ¢. And Giannakopoulos!® proves
that best response dynamics can compute the a-APNE
in polynomial time under this assumption.

In real-world scenarios, the cost of each edge in the
network is not always a constant, but rather may vary
based on the number of players (or the sum of the
weights of players) using the edge. However, to the best
of our knowledge, there are currently no positive results
available for the weighted Shapley network design
game where the cost of each edge is not a constant.
Therefore, we extend the cost of each edge to a linear
function to the total weights of the players that choose
the edge. Under this assumption, we prove the existence
of a-APNE, present an algorithm to compute c-APNE
and analyze its time complexity.

1.1 Related Works

Epstein et al.B] prove the existence of strong Nash
equilibria of the unweighted Shapley network design
game, where strong Nash equilibria are profiles from
which no group of players can decrease the cost of each
of its members. Moreover, Epstein et al.) show that the
strong price of anarchy of a fair cost sharing game with
n players is at most H(n) = .1 | +, namely H (n) is
the n-th harmonic number.

For the undirected Shapley network design game with
n players, Anshelevich et al.l'3l show that the upper
bound of the price of stability is H(n) = >0 .
Furthermore, Christodoulou et al.!™?! present a lower
bound of the price of stability of 42/23 ~ 1.8261,
which is improved to 348/155 ~ 2.245 by Bild et
al.¥. Fiat et al.®Y further restrict the network such
that there is a common source vertex and a player in
every vertex, and prove that the price of stability of the
game is O(loglogn). This further restricted game is
called as broadcast network design game, and the price
of stability of the game is improved to constant by Bilo
etal 2l
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When the game does not apply the cost sharing
mechanism, Fabrikant et al.l!! consider the game in
which each player bears the whole cost of each chosen
edge and name it the network congestion game. They
prove that computing a Nash equilibrium is PLS-
complete. Moreover, when all players have the same
source vertex and sink vertex, namely the game is
symmetric, Fabrikant et al.l! show that there is a
polynomial algorithm for finding a PNE. Furthermore,
Ackermann et al.?2! show that the PLS-completeness
holds in the undirected network congestion game.

1.2 Our contributions

Our model is the first to extend the cost function to an
affine linear function in the weighted Shapley network
design game proposed by Anshelevich et al.'3l, which
is a constant c, for each edge e in the network. In
our model, the cost function of each edge in the
network c.(w.) = a.w. + b., where a.,b. > 0
refer only to the edge e and w, is the total weight
of the players choosing a path containing the edge e.
By constructing an «a-approximate potential function
O(P) = > .cpce(we)logy(l 4 we), we prove the
existence of a-APNE, where a = 2log,(1 + W +
Wiax) = O(logy,(W)), where W and wy,x are the
sum and the maximum of the weights of all players
respectively.

To compute the a-APNE, we adopt e-best response
dynamics, which can yield a (1 + €¢)a-APNE. Under
the assumption that {a., b. }.cp are ¢-smooth random
variables, which means that the probability density
function of a., b, is upper bounded by a constant ¢,
we prove that the expected number of iterations is
polynomial in %, ¢, the number of players n and the
number of edges m in the network. In particular, we
find out that the expected number of iterations can
be bounded by O(:W3¢n*m - In(W¢nm)). Since
we can adopt the shortest-path search at each iteration
step to check for the existence of (1 + €)a-improving
deviations, the e-best response dynamics can compute
the (1 + €)a-APNE in polynomial time.

The remainder of the paper is organized as follows.
Section [2] defines the model and several concepts as
preliminaries. Section [3] proves the existence of «-
APNE. Section[d] proposes an algorithm to compute the
a-APNE in polynomial time. Conclusions and possible
directions in the future are presented in Section [3]

2 Model and Preliminaries

We represent a weighted Shapley network design game
T by tuple (G, N, P,C, W) with components defined
below.

* P1: G = (V,E) is a directed graph, where V is
the vertex set of G and F is the edge set of G. Here
we further define m = |E , which is the number
of edges in graph G.

¢ P2: N\ is a collection of n different players (n >
2). Moreover, each player ¢ € N is identified with
a source-sink vertex pair (s;, ¢;).

e P3: P = (Pi)icn» where P; denote the set of
simple s; — t; paths. Furthermore, each player ¢
chooses a path P; € P; from its source vertex to
its sink vertex.

* P4: C = (¢.)ecr, Where c(+) is the non-negative
cost function of the edge e.

e P5: W = (w;);en, where each component w; >
0 is a positive weight of player i € /. When w; =
wj for any 4, j € N, then I is called unweighted.
Otherwise, I is called weighted.

All players are selfish, and each of them chooses a
path independently. Then it results in a profile P =
(P;)ien» where P; denotes the simple s; — t; path used
by playeri € N. For a given profile and anedge ¢ € F,
we define U, (P) := {ili € N, e € P;} as the “user” of
edge e. Moreover, we define w, = Zie U.(p) Wi a8 the
total weight of the players choosing a path containing
edge e. Furthermore, for a given profile and a player <,
the cost share ¢’ of an edge e € E is ¢.(P) - w;/w,.
Then the cost to player ¢ in a profile is the sum of its
cost shares: ¢;(P) = Y. p c.. In addition, the cost
c(P) of a profile P is defined as ).\, ¢;(P), which
can be also writtenas > ., _.p, Cc(P).

To state our discussion precisely, for each player
i € N, we denote by P_; a sub-profile (Py)yean (i}
of strategies used by “opponents” i’ € A'\{i} of player
i, and use P = (P;, P_;) when we want to explicitly
show the strategy P; used by player :.

Definition 1 (Pure Nash equilibrium) Given an
instance (G, N, P,C,W) of the game I". We call a
profile P = (P;);cn a pure Nash equilibrium (PNE)
if, for each i, P; minimizes ¢;(P) over all paths in P;
while keeping P; fixed for j # 4. That is:

c;(P) = ¢i(P;, P_;) < (P, P;) (D
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forany i € N, any P/ € P,. ® : [LicyPi — [0,00) an a-approximate potential

In fact, Inequality (1)) states that P; is a best-response function if
to P_; for player 7. Therefore, there is no incentive for d(P/,P_;) — ®(P;, P_;) < ac;(P!, P_;) — ¢;(P;, P_;)
any player 7 € N to unilaterally change strategy when 4)
the profile is already a PNE.

To prove that a PNE exists, a common approach is
to prove that there is a potential function in the game.
Here we give the definition of the potential function.

Definition 2 (Exact potential function) Given an
instance (G, N,P,C,W) of the game I". We call a
real-valued function ® : TT,_ - P; — [0, 00) an (exact)
potential function if

forany P_; € [[;can i) P

If there is a «-approximate potential function in
a finite game, since the potential function strictly
decreases in every a-improving deviation, then there
will be no a-improving deviation after a finite number
of steps, which means the game admits an c-APNE.

Without loss of generality, we assume min;ec w; =
1 in the following discussion, and we define w,,,, =

(I)(PIL'/, P,z) - (I)(P’La Pfl) - C’L(P/ P ) Ci(Pi; P,z) ma'XiE./\/ w; and W — 216/\/ w; to Slmphfy our
@) discussion.
for any i € N, any P,,P € P;, any P_; € X
I P. 3 Existence of a-APNE
JENM\{i}

If there is a potential function in a finite game, since
the potential function quantifies the cost reduction of
a unilateral change of strategy exactly, then the global
minimums of the potential function are the PNEs of the

Anshelevich et al.!'3 prove that the unweighted Shapley
network design game admits a PNE, and point out that
the weighted Shapley network design game does not
admit a PNE. Since our model is an extension of the

game. weighted Shapley network design game, we have to turn
However, in some cases, a game may not our attention to a-APNE instead of PNE.

admit a PNE. In such cases, a relaxed notion of Theorem 1 Given an instance (G, N, P,C, W) of

an «a-approximate pure Nash equilibrium must be the game T. If the cost function is affine linear, namely

considered. ce(we) = acw, + b, where a., b, > 0 are only related
Definition 3 (a-Approximate pure  Nash to the edge e and w, is the total weight of the players

equilibrium) Given an  arbitrary instance that choose a path containing edge e, then the game

(G,N,P,C,W) of the game I and an arbitrary admits an o-APNE, where o = O(log,(W)).
constant « > 1. We call a profile P = (P;);cn an

a-approximate pure Nash equilibrium (a-APNE) if

Proof For a weighted Shapley network design
game I', we define a function ® as follows:

ci(P) = (P, Py) Sa-a(PLPy) - G) B(P) =3 e.(w,) logy(1 + w,).

forany i € N, any P/ € P,. cEE

In fact, Inequality states that a unilateral Now we consider an a-improving deviation of player
change of strategy reduces the cost by at most i from the profile P = (F;, P_;) to the profile P' =
cz-(Pi,ICDf(qzl)) f;({;;,P,i) <1-— é in an a-APNE. Moreover, (P!, P_;). Without loss of generality, we can assume
we call a deviation a-improving if the deviation that P; and P; are disjoint. Otherwise, we can replace
decreases the cost incurred by the player by at least P; and P/ with P;\P/ and P/\F; in the following
an « multiplicative factor. Therefore, a-APNE is a discussion. By the deﬁnition ofa improving, we have
profile from which no a-improving deviations exist. We - Z Ce(We + w;) < Z ce(w,) - ﬁ.
further point out that the smaller the constant « is, the e€P! + Wi Jop, We

closer the profile P would approximate a PNE. Here, w, denotes the total weight on edge e before the

Correspondingly, we can prove the existence of a- deviation and we let v = 21ogy (1 + W + Winax) =
APNE by finding the approximate potential function for O(log,(W)). Since c.(w,) = acw, + b, we have
the game. w;

Definition 4 (a-Approximate potential function) @ Z [ac(we + w;) +be] - m
Given an instance (G, N, P,C, W) of the game I". For °e
any player i € N, P;, P! € P, satisfies P, — P/ is an < Z a,we + b.) —. (5)
a-improving deviation. We call a real-valued function eel;
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Then we can derive the following:
AD = Z (acwe + be)-

ecP/
[log, (1 + we + w;) —logy (1 + we)]

— Z (acw, + be)-

ech;

[log, (1 + we) — log, (1 + we — wy)]

+ ) acw;logy (1 + we + w;)

ecP/

— Z a.w; logy (1 + we — wy;)

eep;

<Y (acwe + be) logy[e(1 + w;)]

ecP!

- Z (aewe + be)
ech; We

+ Z acw; logy (1 + we + w;)

ecP]

= Z acw;{logy(1 + w, + w;)

ecP/

w;
We + W;

w;

We

+logy[e(1 + w;)] }

W, + w;

+ 3 b logyle(l + w;)] ——

ecP/ We (ki

W;
_ Z (aewe + be)’wie

ech;

e Z [ac(we +w;) + be] -

eGP{

w;
We + W;
— Z (aewe +b€) . &

eel; w
= ac;(P") — ¢;(P).

For the first inequality, we take the logarithm of e(1 +

. wet1 w; w; w€+Awi
w;) > (1+ 7)o (T4 %) > (T4 %) ™
and apply log,(—1™=—) > 1 > “ when 2uw;

1+we—w; w.
We

1 4 w, or take the logarithm of (1 4+ ——)wi

14we —w;

(AVARIVS

(1+ ) 5" > 2 when 2wy < 1+ w,.
Moreover, we use o > max{log,[e(1+w;)],log,(1+
We+w;)+logy[e(1+w;)] -} for the last inequality.
Therefore, we have proved

O(P') — ®(P) < ac;(P') — i(P), (6)

which suggests that a-improving deviations strictly
decrease the function ®. Since the number of different

profiles are finite, the theorem can be directly derived.
|

4 Compute the (1 + ¢)a-APNE

Initially we propose an algorithm to find the (1 + €)a-
APNE of the game I as follows, where € is a positive
constant close to 0.

Algorithm 1 e-approximate best response dynamics(e-ABRD)

Input: A weighted Shapley network design game I' =
(G,N,P,C,W); a strategy profile P € P; a constant
a > 0; aconstante > 0

Output: A (1 + ¢)a-APNE of game I'
(1) While P is not an (1 + ¢)a-APNE do

(2)  Choose i € N, P/ € P; such that
(1+e)aci(P, P;) < ¢i(P) = ci(Pi, P-i)

(3) P+« (P,P.)
(4) end while

(5) return P

Specifically, the first and the second lines of the
Algorithmare to find an (1+¢€)-improving deviation
for player i. For a given instance of game I', we may
not be able to search exhaustively in the strategy space
‘P; since this would take exponential time. Instead,
we can do a shortest-path search for player i, which
can efficiently find the best response for player ¢ in
polynomial time. This way, we only need to check
whether the best response is an (1 + €)a-improving
deviation, which can also be computed in polynomial
time. Therefore, in order to show that the Algorithm
runs in polynomial time, we only need to prove that
the number of iterations is polynomial in the given
parameters. Before we begin to prove this, we first
make an assumption about the parameters and propose
a lemma as preparation.

Definition 5 Let X be a random variable, we say
X is a ¢-smooth random variable if and only if X is
defined on [0, 1] and the probability density function of
X is bounded above by ¢ (¢ > 1).

In our model, it is natural to assume {a.,b.}ecr
are ¢-smooth random variables. For ¢-smooth random
variable, we can derive the lemma below.

Lemma 1 Let X, X5, ..., X,;;Y7,Y5,.... Y, (n >
2) be ¢-smooth independent random variables on [0,1].
Let g(z) = min{2 In ¢, n*}. Then for any A € N and
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o > 1, we have
Elg(min{X; +Yi})] < ag(n® +1) - In(agn). (7)

Proof For two random variables S,7T’, we define
S =< T if and only if Fr(z) < Fg(x)
for any * € R, where Fs(z),Fr(z) are the
cumulative distribution function of S,T respectively.
To prove the lemma,
independent uniformly distributed random variables
S1, 82,00y Sps T, Tty ..., T, on [0, é] In addition, we
denote [n] = {1, 2,...n} to simplify our discussion.

Claim For any i € [n], we have

we define two sets of

min S; < min X;, min7; < minY;.
i€[n] i€[n] i€[n] i€[n]

To prove the claim, we firstly prove Fx, (t) < F,(t)
for any ¢t € R, then we can derive Fy,(t) < Fr,(t)
similarly.

Since .S; is defined on [0, é], we have Fs, (t) = 1 for
any t > é, then we have F'x,(t) < Fys,(t) definitely.
When 0 < ¢t < i, since X; is a ¢-smooth random
variable for any 7 € [n], its probability density function

is upper-bounded by ¢. Then we have
t
Fu(t) < [ odz = Fs ()
0

forall 0 < t < é Therefore, we have Fy,(t) <
Fs,(t) and Fy,(t) < Fr,(t). Furthermore, since
X1, X, ..., X, are independent random variables, we

have

n

Fmin,ie[”] Xl(t) =1- H(l < FX@(t))
=1

=1
= Fmin,ie[n] Si (t)’

which completes the proof of the claim.
Moreover, we can find that g(z) = min{2 In 2, n*}
xr x
is nonincreasing with respect to z. From the Proposition
9.1.2 in2¥ we have

Elg(min( X, +Y.})] < Elg(min(S, + ). ®)

— 1 (Z)
We define W = e then W' €[5, 00).

Since S;,T; are independent uniformly distributed
1

random variables on [0, 7], we have
Fy (w) = [Ti=; Prob[S; + T; = ]
2
-2 welpo)
% , & o 7
(2_E+TU}2), w€[57¢)

Tsinghua Science and Technology, xxxxx 20xx, 2X(X): XXX—XXX

The last equation is due to Lemma 2] where we let A <

Fori=1,2...,\, A + 1, we define @); as the random
event that W € [¢n'~!, ¢n'). We let Qy and Qo
denote the random event that W € [£,¢) and W €
[¢n**t1 00) . Then, we can derive the following upper
bound on the expectation in Inequality (8)) by:

E[g(gg[iﬁ{Xi +Yi})]

< E[min{a - Win(a - W),n*}]

<" Prob(Q) - El W n(a- W)|Q]

+ Prob[Qyys] - n.

The first inequality is due to the Inequality (8) And
the second is due to the law of total expectation.
Furthermore, we can derive the following:

E[g(g[iﬁ{Xi +Y;})]

A+1

< Z[Fw(qﬁnl) — Fy(¢on'™ )] - agn’ - In(agn’)
+[Fw(6) — Fu(Dlasin(ag)

+ [1 = Fy(¢n** )]
A1

< ag-In(agn) Y [Fw(én') — Fw(n'")] -in'

+[Fr(6) ~ Fu(D)agn(ag)
+[1 = Fw(on*H)n?

= a¢ - In(agn)-
Af1 1 1 ‘
Z[(l - 2n2,-)n -(1- W)n] ~in'

()" g In(ag) + [~ (1 - o)l

< a¢ - In(agn)-
M1

Z[ﬁ -(1- W)] ~in'

i=1 2n2t

+(3)" g In(ag) + [1 - (1 - o2 jn

A1 i 1
<ag-In(agn) -y o+ (5)" - ad - In(ag)
1 .
o

< a¢-In(agn) - (2n* +1).
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The third inequality is due to Lemma|3| Therefore, we
complete the proof of the lemma. |

It is worth mentioning that there is no A on the right
side of Inequality (7). With the formula for changing
base, the second term of the function g has almost no
effect on the conclusion.

Lemma?2 Let X,Y be two independent uniformly
distributed random variables on [0, A], where A > 0 is
a constant. For a random variable X, F'y (t) denotes the
cumulative function of X. Then we have:

t2
o te0,A)
Fer®=9% » '

Proof We assume Z = X + Y, then Z is defined
on [0,2A]. For a random variable X, let fx () be
the probability density function of X. Then we have
fx(t) = fy(t) = & forany t € [0, A]. Since X,Y
are independent random variables, we have

ot = | T i@t - a)de. (10)

When ¢ € [0, A), from Equation we have
“1 t
Similarly, we can derive the following from Equation

[10]when t € [A4,2A]:
41 24—t

Furthermore, we have

Fo) = [ fatw)da

2A2) tE[O,A)
AL —1, telA24]

|
Lemma3 Letx € (0,1),n € N, then we have:

D (1I—2)">1—na;

2 (1-z)" < -

— 14nz"

Proof We use mathematical induction to prove part
1. When n = 1, the left and right sides of the inequality
are equal. If the inequality holds when n = k, then for
n =k + 1, we have
1-2)"=(1-2)"(1-2)
> (1—kz)(1—x)
=1—(k+ 1)z + ka?
>1—(k+1)x.

Therefore, by mathematical induction we prove part 1.
For part 2, from binomial expansion we have (1 +
x)™ > 1 4 nz. Then we can derive the following:

1> (1—2%)"
=1+x)"(1—-2)"
> (1+nz)(l—2x)".

n 1
Therefore, we prove (1 —z)" < 1 and complete the

proof of the lemma. |

Now we begin to show that e-ABRD always find the
(1 + €)a-APNE in polynomial time by proving the
expected number of iterations is polynomial in the given
parameters.

Theorem 2 Given an instance (G,N,P,C,W)
of the game and c.(w.) = a.w. + b., where
{@c, b.}ccr are ¢-smooth random variables. Then, the
expected number of iterations of e-ABRD is at most
O(XW3¢n>m - In(W ¢nm)).

Proof We recall that the approximate potential
function ® of the game I' is

(I)(P) = ZCE(we) 10g2(1 + we)7

eckE

which can be upper-bounded by

o(P) < Z ce(W)logy(1 + w,)

ecE

< mn}gabg{{aeW + b tlog,(1+W). (11

To simplify our discussion, we let cpa.x =
max.cg{a.W + b.}. Since min;epyw; = 1 and
each player uses at least one edge, then ® can be lower

bounded by

o(P) > Z rerélg{ae + b} log, (1 + w.)

ecE

> Héi]gl{ae + b} log, (1 4+ W). (12)

The second inequality is due to log, (14 z) +log, (1 +
y) > log,(1 + x + y) for any =,y > 0. To simplify
our discussion, we let ¢, = mineep{a. + b.}.
Furthermore, according to Algorithm [T} we assume
that we move T steps P° — P! — ... — PT during
the execution of our e-ABRD and P — P’ is one of
them. Since c;(P) > <=, we can derive the following
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from Inequality (6) and Inequality (TT): the following from Lemmal|[T}
1
O(P) = @(P') > ¢;(P) — ac;i(P) E[T] < (1+ =)W logy(1 + W)-
6 E
T cilP) E[min{m( W) m(l+ )’mnm}]
2 - € WCmin ) Cmin Cmin
(I+e¢) < (14 2)Wlogy(1+ W)
> 6Cminq)(P) € )
~ (14 e)Wlogy(1 + W)mcmax m(1+W)¢(2n” +1) - In(m(1+ W)é - n)
1
(13) <81+ )W3-¢p-n* m-In(W-¢-n-m)
Now we have ) 2
(P < (1—€)B(P), =O0(CW?-¢-n*-m-W(W-¢-n-m)),
€Comin which completes the proof of the theorem. |
where € = (14)

(14 €)W log,(1 + W)mcmax

Since Inequality holds for any move during the
execution of the e-ABRD, we can derive the following Our paper gives the first result on the weighted Shapley

5 Conclusions

from Inequality and Inequality (T2): network design game with an affine linear cost function
Conin oz, (1 + W) < (PT) ce(w.) = acw. + b.. The first major result is

the existence of O(log,(W'))-APNE, which is shown

NT 0
<@ -¢€) e(F) by constructing an O(log,(W))-approximate potential

< (1= €)' memax logy (1 + W). function ®(P) = Y c.(w.)log,(1 + w.). For the

Therefore, we take logarithms at both sides of the weighted Shapley network design game with constant
inequality and get cost function c¢,, Chen and Roughgarden!'® proved
, Conin the existence of log,[e(1l + wWyay)]-APNE. It can be

Tln(l-¢)>In MConax (15) seen from the comparison that the value of o becomes

slightly larger, but is still within the acceptable range.

Since 0 < €’ < 1, we can derive the following upper
In addition, the computation of (1 + €)a-APNE

bound on the number of steps for our e-ABRD from

Inequality (T3): in polynomial time by e-best response dynamics is
1 me another major result. Since we can adopt the shortest-
max
T<- i path search to ensure that each iteration step runs
In(1—¢) Crnin

1 in polynomial time, we only need to prove that the
mcmax

< ?ln o expected number of iterations is polynomial in the

1 e - me parameters. Specifically, we assume that {a.,b.}.cp

=(1+ E)Wlogz(l + W) rflax In . n_nax- are ¢-smooth random variables and prove that the

e e (16) expected number of iterations is at most O (X W3pn>m-

In(W¢nm)), which completes the analysis on the

The second inequality is due to ¢’ > In(;2;) when time complexity of the e-best response dynamics. For

0<é <1
On the other hand, we recall that the approximate
potential function & is strictly decreasing at every step

the unweighted Shapley network design game with
¢-smooth random variables c., Giannakopoulos!'®!
proved that the expected number of iterations of the e-
of the e-ABRD, which means no profile appears more best response dynamics is O( % ¢ log( d))nlog?’ (n)m?).
than once during the e-ABRD. Therefore, the total Then we can see that the power of m in the expected

number of iterations cannot be larger than the number number of iterations is greatly reduced in our model.
of different profiles, which is up to (2™)™ = 2™,

In the future, there are plenty of issues with the model
Combining this with Inequality (16) we have

that are worth studying, such as the price of anarchy and

T < min {l In M Cmax gnmy (17) the price of stability of the game. Furthermore, we can
< , .
¢ min further generalize the cost function into a polynomial
Since Cpin = mingep{a. +b.} and {a., b. }.c g are ¢- function or even a general continuous function and

smooth random variables on [0, 1], then we can derive study the a-APNE of the game.



Hangxin Gan et al.. Approximate Nash Equilibria Algorithms for Shapley Network Design Games 9

Acknowledgment

Hangxin Gan acknowledges the support from the National
Undergraduate Training Program on Innovation (No.
202310055050).

Xianhao Meng and Yongtang Shi acknowledge the
support from the Fundamental and Interdisciplinary
Disciplines Breakthrough Plan of the Ministry of
Education of China (JYB2025XDXM207).

Chunying Ren acknowledges the support from
the National Natural Science Foundation of China
(12501449), the Zhejiang Provincial Natural Science
Foundation  (LQN26A010005), and the China
Postdoctoral Science Foundation (2024M751511).

References

[1] A. Fabrikant, C. Papadimitrioun, and K. Talwar, The
complexity of pure Nash equilibria, in Proceedings of
the thirty-sixth annual ACM symposium on Theory of
computing, Chicago, United States, 2004, pp. 604-612.

[2] C.Ren,Z. Wu, D. Xu, X. Yang, and G. Zhang, Computing
approximate pure Nash equilibria for weighted congestion
games, Fundamental Research, 2025.

[3] X. Song, W. Jiang, X. Liu, H. Lu, Z. Tian, and X. Du,
A survey of game theory as applied to social networks,
Tsinghua Science and Technology, vol. 25, no. 6, pp. 734-
742, 2020.

[4] V. Bilo, I. Caragiannis, A. Fanelli, and G. Monaco,
Improved lower bounds on the price of stability of
undirected network design games, Theory of Computing
Systems, vol. 52, pp. 668-686, 2013.

[51 A. Epstein, M. Feldman, and Y. Mansour, Strong
equilibrium in cost sharing connection games, in
Proceedings of the 8th ACM conference on Electronic
commerce, Chicago, United States, 2007, pp. 84-92.

[6] B. Sun, R. Al-Bayaty, Q. Huang, and D. Wu, Game
theoretical approach for non-overlapping community
detection, Tsinghua Science and Technology, vol. 26, no.
5, pp. 706-723, 2021.

[7] Y. Shoham, Computer science and game theory,
Communications of the ACM, vol. 51, no. 8 , pp. 74-79,
2008.

[8] M. Tennenholtz, Game theory and artificial intelligence,
in Foundations and Applications of Multi-Agent Systems:
UKMAS Workshops 1996-2000 Selected Papers, Berlin,
Heidelberg, 2002, pp. 49-58.

[9] C. Ren, Z. Wu, D. Xu and W. Xu, A game-theoretic
perspective of deep neural networks, Theoretical Computer
Science, vol. 939, pp. 48-62, 2023.

[10] M. Mohebbi Moghaddam, B. Boroomand, M. Jalali, A.
Zareian, A. Daeijavad, M. H. Manshaei, and M. Krunz,
Games of GANs: Game-theoretical models for generative
adversarial networks, Artificial Intelligence Review, vol.
56, no. 9, pp. 9771-9807, 2023.

[11] I. Goodfellow, J. Pouget-Abadie, M. Mirza, B. Xu, D.
Warde-Farley, S. Ozair, A. Courville, and Y. Bengio,
Generative adversarial networks, Communications of the
ACM, vol. 63, no. 11, pp. 139-144, 2020.

[12] R. W. Rosenthal, The network equilibrium problem in
integers, Networks, vol. 3, no. 1, pp. 53-59, 1973.

[13] E. Anshelevich, A. Dasgupta, J. Kleinberg, E. Tardos, T.
Wexler and T. Roughgarden, The price of stability for
network design with fair cost allocation, SIAM Journal on
Computing, vol. 38, no. 4, pp. 1602-1623, 2008.

[14] C. Papadimitriou, Algorithms, games, and the internet, in
Proceedings of the thirty-third annual ACM symposium on
Theory of computing, Heraklion, United States, 2001, pp.
749-753.

[15] D. Monderer and L. S. Shapley, Potential games, Games
and Economic Behavior, vol. 14, no. 1, pp. 124-143, 1996.

[16] H. L. Chen, and T. Roughgarden, Network design
with weighted players, in Proceedings of the eighteenth
annual ACM symposium on Parallelism in algorithms and
architectures, Cambridge, United States, 2006, pp. 29-38.

[17] V. Syrgkanis, The complexity of equilibria in cost
sharing games, in Internet and Network Economics: 6th
International Workshop, Stanford, United States, 2010, pp.
366-377.

[18] Y. Giannakopoulos, A Smoothed FPTAS for Equilibria in
Congestion Games, arXiv preprint arXiv:2306.10600.

[19] G. Christodoulou, C. Chung, K. Ligett, E. Pyrga and R.
Van Stee , On the price of stability for undirected network
design, in Approximation and Online Algorithms: 7th
International Workshop, Copenhagen, Denmark, 2009, pp.
86-97.

[20] A. Fiat, H. Kaplan, M. Levy, S. Olonetsky, and R. Shabo,
On the price of stability for designing undirected networks
with fair cost allocations, in Automata, Languages and
Programming: 33rd International Colloquium, Venice,
Italy, 2006, pp. 608-618.

[21] V. Bilo, M. Flammini, and L. Moscardelli, The price of
stability for undirected broadcast network design with fair
cost allocation is constant, Games and Economic Behavior
, vol. 123, pp. 359-376, 2020.

[22] H. Ackermann, H. Roglin, and B. Vicking, On the impact
of combinatorial structure on congestion games, Journal of
the ACM, vol. 55, no. 6, pp. 1-22, 2008.

[23] S. M. Ross, Stochastic Processes. John Wiley & Sons,
1995.

Hangxin Gan is currently an
undergraduate student at the School
of Mathematical Sciences, Nankai
University. His main research interests
) include combinatorial optimization and
game theory.




10

Xianhao Meng received the Master’s
degree from Nankai University, China
in 2022. Currently, he is a PhD
candidate at Nankai University, where his
research interests focus on graph theory
and combinatorial optimization.

Chunying Ren received the Ph.D. degree
from Beijing University of Technology,
China in June 2023. She served
as an assistant researcher at Nankai
University from June 2023 to May 2025
and currently holds a lecturer position
at Zhejiang Normal University. Her
research interests include combinatorial

optimization, discrete optimization, and game theory.

Tsinghua Science and Technology, xxxxx 20xx, 2X(X): XXX—XXX

Yongtang Shi received his bachelor’s
degree from Northwestern University at
Xi’an in 2004 and his PhD degree from
Nankai University in 2009. He is currently
a professor of Center for Combinatorics
and School of Mathematical Sciences at
Nankai University. His research interests
focus on graph theory, theoretical computer
science, discrete optimization, and algorithms. He has published
over 60 high-level academic papers. He currently serves as
the secretary-general of the Tianjin Society for Industrial and
Applied Mathematics, a board member and vice director of the
Publicity Committee of the Chinese Association of Automation,
and a standing committee member of the Graph Theory and
Combinatorics Special Committee of the Chinese Society for
Industrial and Applied Mathematics.




	Introduction
	Related Works
	Our contributions

	Model and Preliminaries
	Existence of -APNE
	Compute the (1+)-APNE
	Conclusions

