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Abstract Waveform design is a critical technology for

orthogonal time-frequency space (OTFS) integrated sens-

ing and communication (ISAC) systems. Existing research

mainly focuses on the design of multiple-input multiple-

output (MIMO)-OTFS communication waveforms or the

design of dual-functional OTFS waveforms for single-input

single-output (SISO) systems, which results in degraded per-

formance in dynamic, multi-user ISAC scenarios. To address

these limitations, the paper mainly investigates waveform op-

timization for MIMO-OTFS ISAC systems, which formulates

the problem as minimizing the weighted integrated sidelobe

level (WISL) under peak-to-average power ratio (PAPR) and

multi-user interference (MUI) energy constraints. Due to its

non-convex nature with multiple constraints, the problem is

challenging to solve. To address the complicated optimization

problem, an adaptive penalty analytic subproblem decompo-

sition (APASD) method is proposed. First, auxiliary variables

are introduced to decompose the original problem into several

subproblems with analytic solutions. Then, leveraging the

structure of the subproblems, we derive the corresponding

analytic solutions. Finally, the penalty parameters are adap-

tively updated based on the residuals, and the overall problem

is iteratively refined until convergence. Simulation results

demonstrate that the proposed method can achieve a lower

sidelobe level while ensuring the achievable sum-rate, and

shows better performance than existing methods.

Keywords MIMO-OTFS, ISAC, waveform design, WISL,

PAPR, adaptive penalty analytic subproblem decomposition

(APASD)

1 Introduction
Waveform design plays a pivotal role in orthogonal time-
frequency space (OTFS) integrated sensing and communica-
tion (ISAC) systems. Emerging applications such as vehicle
to everything (V2X) and unmanned aerial vehicle (UAV)
[1–3] impose stringent requirements on both high-speed data
transmission and accurate environmental sensing, thereby ac-
celerating the development of ISAC technologies [4–8]. With
the growing demands for high-reliability communications
and precise sensing, OTFS has gained prominence due to its
robustness in high-speed time-varying channels and effective
utilization of delay-Doppler (DD) diversity [9–12]. These
advantages have consequently motivated significant research
efforts on OTFS-ISAC waveform design [13–17].

The existing OTFS waveform design methods can gen-
erally be divided into two categories: 1) the multiple-input
multiple-output (MIMO)-OTFS communication waveform
design which neglects the requirements of the system for
complex environmental sensing [18–21]; 2) dual-functional
OTFS waveform design for single-input single-output (SISO)
systems which reduces multi-user communication and sensing
capability due to limited channels [22–25].

For the first category, [20] proposed a MIMO-OTFS down-
link waveform design capable of achieving effective com-
munication performance through precoding and intelligent
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reflecting surfaces (IRS), while resulting in high computa-
tional complexity. [21] proposed an IRS-assisted single-user
MIMO-OTFS detection method with maximum ratio combin-
ing (MRC), which lowers computational complexity, though
its overall performance is still limited. However, both of the
above methods do not consider the sensing requirements of
MIMO-OTFS systems in multi-user scenarios.

For the second category, [24] developed a dual-functional
OTFS waveform capable of suppressing radar local sidelobes.
However, its performance is constrained by the constant
modulus (CM) requirement, preventing ideal communication
performance. [25] proposed a single-antenna low peak-to-
average power ratio (PAPR) waveform design, separating the
sensing and communication parts via pilot and data matrices,
respectively, which improves communication quality. How-
ever, due to the limitations of the SISO system, multi-user
communication and sensing performance remain constrained.

To address these issues and enhance weak targets detection
without compromising MIMO-OTFS communication quality,
we model the waveform design as a weighted integrated side-
lobe level (WISL) minimization problem subject to multi-user
interference (MUI) energy constraint. Considering the prop-
erties of OTFS modulation, PAPR constraint is included on
the transmitted waveform. Furthermore, mismatched filtering
is introduced to increase the degrees of freedom (DoF) in
local sidelobe suppression, allowing for satisfactory commu-
nication and sensing performance at low PAPR under a preset
signal-to-noise ratio (SNR) loss.

Owing to the presence of multiple constraints, the above
optimization problem remains difficult to solve. We ob-
serve that the constraints in this problem can be decomposed
into tractable convex quadratic forms. Based on this in-
sight, an adaptive penalty analytic subproblem decomposition
(APASD) method is proposed. Firstly, auxiliary variables are
introduced to partition the original optimization problem into
multiple subproblems with analytic solutions. Subsequently,
the structure of these subproblems is exploited to derive the
closed-form expressions. Finally, residual-based adaptive up-
dates of the penalty parameter are performed, and the overall
optimization problem is iteratively refined until convergence,
thereby ensuring both efficiency and accuracy.

The main contributions of this paper mainly include:
(1) MIMO-OTFS ISAC waveform design: Different from

existing methods, which primarily design MIMO-
OTFS communication waveforms or SISO-OTFS dual-
functional waveforms, this paper proposes a novel
MIMO-OTFS ISAC waveform optimization model. The
model demonstrates strong applicability in multi-user

high-speed scenarios.
(2) Analytic subproblem decomposition framework: The

formulated waveform design problem involves non-
convex objective function and non-smooth inequality
constraints, resulting in a highly coupled and non-convex
optimization that is hard to solve by existing methods.
To address these challenges, we propose an optimiza-
tion framework that introduces auxiliary variables to
partition the original problem into analytically solvable
subproblems, derives analytic solutions by exploiting
their structure, and adaptively updates penalty parameter
until convergence.

(3) Superior performance: Simulation results show that the
proposed method significantly improves sensing perfor-
mance under specific MUI energy constraint, achieving
30 dB deeper nulls for WISL compared to ADMM [26]
and 10 dB deeper nulls compared to Method [25].

Notations: The notations used in this article are listed in
Table 1.

Table 1 List of Notations.

Symbol Definition

A Matrix

a Vector

I Identity matrix

(·)∗, (·)⊤, (·)H Conjugate, transpose and conju-
gate transpose

| · |, ∥ · ∥, ∥ · ∥F
Magnitude, Euclidian norm, and
Frobenius norm

⊗, ⊙ Kronecker product and
Hadamard product

vec (·) Vectorization operator

diag [·] Diagonal operator

R, C Domain of real and complex
numbers

E (·) Expectation of a random vari-
able

2 System Model and Problem Formulation

In this section, we consider a MIMO-OTFS ISAC system
consisting of K antennas and U single-antenna high-speed
users, as shown in Fig. 1. The communication and sensing
aspects of the system are modeled as an optimization problem,
which incorporates multiple practical constraints, including
the PAPR, MUI energy and SNR loss constraints.
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Fig. 1 MIMO-OTFS ISAC system model.

2.1 MIMO-OTFS Signal Model

Consider a time-domain signalxu(t) of an OTFS frame for the
u-th single user with M subcarriers and N time slots, where
the duration of each time slot is T and the subcarrier spacing is
1/T . The information symbol matrix XDD

u ∈ CM×N for the
u-th single user is modulated by the constellation A in the DD
domain. By performing the inverse symplectic finite Fourier
transform (ISFFT) [27, 28] on XDD

u , the time-frequency
domain symbol matrix XTF

u can be obtained, denoted as

XTF
u = FMXDD

u FH
N , (1)

where FN ∈ CN×N is the Fourier transform matrix which
satisfies FH

NFN = IN .
By performing the Heisenberg transform [24, 29] which

using a M -point inverse fast Fourier transform (IFFT) along
with the pulse shaping waveform gtx(t), the time-domain
signal xu(t) can be derived. After sampling xu(t) at the
frequency ofM/T , we can get the discrete-time representation
of OTFS signal for the u-th single downlink user

Xu = GtxF
H
M

(
FMXDD

u FH
N

)
= GtxX

DD
u FH

N , (2)

where Gtx ∈ CM×M is the diagonal matrix of gtx(t) with
M/T as the sampling frequency and we consider the rectangu-
lar pulse, which makes Gtx = IM . The matrix Xu ∈ CM×N

is vectorized to get MN × 1 vector

xu = vec (Xu) =
(
FH

N ⊗ IM
)
xDD
u , (3)

where xDD
u = vec

(
XDD

u

)
∈ CL×1, L = MN . For the

MIMO-OTFS system, the OTFS signal for U downlink users

is x =
[
x⊤
1 ,x

⊤
2 , . . . ,x

⊤
U

]⊤
∈ CLU×1.

2.2 MIMO-OTFS Communication Model

In the MIMO-OTFS system, each antenna independently
transmits the OTFS signal through a time-varying multipath
wireless channel to a single user [30]. The signal ru,k(t)
received by the u-th user from the k-th transmit antenna is

represented as

ru,k(t) =

∫∫
hu,k(τ, ν)sk(t− τ)ej2πν(t−τ)dτdν

+ wu,k(t),

(4)

where sk(t) is the transmitted waveform of the k-th antenna
and the transmitted waveform of the whole system can be

written as vector form s =
[
s⊤1 , s

⊤
2 , . . . , s

⊤
K

]⊤
∈ CLK×1.

Due to the sparsity of the channel, hu,k(τ, ν) can be expressed
as

hu,k(τ, ν) =

Pu,k∑
i=1

hu,ki δ(τ − τu,ki )δ(ν − νu,ki ), (5)

where δ(·) is Dirac delta function, Pu,k is the number of
propagation paths. hu,ki , τu,ki and νu,ki denote the complex
path gain, delay, and Doppler shift of the i-th path [31]. We
write (5) in matrix form

Hu,k =

Pu,k∑
i=1

hu,ki Ψau,k
i

Ξbu,k
i
, (6)

where

Ψau,k
i

=

0(L−au,k
i )×au,k

i
IL−au,k

i

Iau,k
i

0au,k
i ×(L−au,k

i )

 , (7)

Ξbu,k
i

= diag
[
1, e−

j2πb
u,k
i

L , · · · , e−
j2π(L−1)b

u,k
i

L

]
. (8)

When considering the entire MIMO-OTFS system, the
effective channel matrix is given by

H =


H1,1 H1,2 · · · H1,K

H2,1 H2,2 · · · H2,K

...
...

. . .
...

HU,1 HU,2 · · · HU,K

 , (9)

and we can get the discrete form of the received signal

r = Hs+ z, (10)

where z =
[
z⊤1 , z

⊤
2 , . . . , z

⊤
U

]⊤
∈ CLU×1 is the noise vector,
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with zu ∼ CN (0, N0IL), N0 is the noise power. To get the
desired OTFS signal x for the downlink users, (10) can be
rewritten as

r = x+ (Hs− x)︸ ︷︷ ︸
MUI

+z, (11)

where r =
[
r⊤1 , r

⊤
2 , . . . , r

⊤
U

]⊤
∈ CLU×1.

By performing the Wigner transform and symplectic finite
Fourier transform (SFFT) [32, 33], we can get the vector form
of the DD domain symbols at the u-th receiver

yDD
u = (FN ⊗Grx) ru, (12)

where yDD = vec
(
YDD

u

)
, YDD

u is the DD domain symbol
matrix. Grx ∈ CM×M is the receiving pulse shaping filter.
In this work, a rectangular pulse is assumed, which makes
Grx = IM . Let qu =

∑K
k=1 H

u,ksu − xu, Hs − x =[
q⊤
1 ,q

⊤
2 , . . . ,q

⊤
U

]⊤
∈ CLU×1 and (12) can be rewritten as

yDD
u = (FN ⊗ IM )xu + (FN ⊗ IM )qu

+ (FN ⊗ IM ) zu

= (FN ⊗ IM )
(
FH

N ⊗ IM
)
xDD
u

+ qDD
u + zDD

u

= xDD
u + qDD

u + zDD
u ,

(13)

where qDD
u = (FN ⊗ IM )qu and zDD

u = (FN ⊗ IM ) zu.
To evaluate the performance of the communication system,
the achievable sum-rate is typically employed. For the u-th
user, the signal-to-interference-plus-noise ratio (SINR) per
OTFS frame is given as

ωu =
∥xDD

u ∥2

∥qDD
u ∥2 + ∥zDD

u ∥2
, (14)

The matrix FN ⊗ IM is unitary, i.e., it satisfies
(FN ⊗ IM )

H
(FN ⊗ IM ) = IMN , which makes

∥xDD
u ∥2 = xH

u (FN ⊗ IM )
H
(FN ⊗ IM )xu

= ∥xu∥2.
(15)

Similarly, we have ∥qDD
u ∥2 = ∥qu∥2 and ∥zDD

u ∥2 =

∥zu∥2 = N0L. Accordingly, the achievable sum-rate can
be written as

ASR =

U∑
u=1

log2(1 + ωu)

=

U∑
u=1

log2(1 +
∥xu∥2

∥qu∥2 +N0L
).

(16)

Since xu was modulated by the constellation A with fixed
energy, ∥xu∥2 is also fixed. Hence, the achievable sum-rate
can be maximized by minimizing the MUI energy, which is
denoted as

PMUI(s) = ∥Hs− x∥2. (17)

2.3 MIMO-OTFS Sensing Model

Due to the non-constant envelope of OTFS signal in the time
domain, it is highly challenging to design waveforms that
can simultaneously ensure low PAPR, low sidelobe level and
reliable communication performance [34–36]. To overcome
this difficulty, we consider the joint design of the transmitted
waveform and the receiving filter.

For the transmitted signal vector s and receiving filter

h =
[
h⊤
1 ,h

⊤
2 , . . . ,h

⊤
K

]⊤
∈ CLK×1, the ambiguity function

(AF) between them is denoted as

AFk1,k2
(d, f) = hH

k2
JdDfsk1

, k1, k2 = 1, 2, . . . ,K, (18)

where

Jd =

0(L−d)×d IL−d

0d 0d×(L−d)

 ,J−d = J⊤
d , (19)

Df = diag
[
1, e−

j2πf
L , · · · , e−

j2π(L−1)f
L

]
. (20)

To enhance the target detection capability within specific
delay-Doppler regions, we constrain integrated sidelobe level
(ISL) minimization to a local region of interest rather than
the full domain. Denote the interested area of auto-ambiguity
function (AAF) Ωa = {(d, f) | d ∈ ΩD

a , f ∈ ΩF
a }

and cross-ambiguity function (CAF) Ωc = {(d, f) | d ∈
ΩD

c , f ∈ ΩF
c }, where ΩD

a , ΩD
c denote the delay indices,

and ΩF
a , ΩF

c denote the Doppler indices. Accordingly, the
WISL metric is defined as (21), where wa(d, f) and wc(d, f)

are the weight matrices [25] of AAF and CAF, respectively,
which can be expressed as

wa(d, f) =

{
1, (d, f) ∈ Ωa

0, otherwise
, (22)

wc(d, f) =

{
1, (d, f) ∈ Ωc

0, otherwise
. (23)

The mainlobe level should not be suppressed so that
wa(0, 0) = 0.

The joint design of the waveform and receiving filter
enhances design flexibility by introducing additional degrees
of freedom (DoF), but this inevitably incurs SNR loss at
the receiver [37–39]. The SNR loss associated with the
mismatched filter in a multi-channel system, as compared to
the matched filter baseline, is given by

SNRL = max
k=1,2,...,K

SNRLk, (24)

where

SNRLk = 10 log10
∥hk∥2∥sk∥2

|hH
k sk|2

. (25)
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WISL(s,h) =
∑

(d,f)∈Ωa

K∑
k1=1

K∑
k2=1
k2=k1

wa(d, f) |AFk1,k2(d, f)|
2
+

∑
(d,f)∈Ωc

K∑
k1=1

K∑
k2=1
k2 ̸=k1

wc(d, f) |AFk1,k2(d, f)|
2 (21)

Assume the energy of k-th transmitted waveform is con-
strained by ∥sk∥2 = E and the energy of k-th receiving filter
is constrained by ∥hk∥2 = H, the SNR loss can be controlled
by incorporating the following constraint function

PL(sk,hk) =
∣∣hH

k sk − Pm

∣∣2 , (26)

where Pm is the predefined peak value. The relationship
between Pm and the predefined SNR loss η (in dB) is Pm =√
EH/10−η/20. Thus, we can control the SNR loss through

the above constraint function [40].

2.4 Problem Formulation

Since the OTFS signal is non-constant modulus in the time
domain, to control its amplitude and prevent nonlinear dis-
tortion during transmission, it is necessary to consider the
PAPR constraint. Given that the transmitted waveform energy
is constant for each antenna, the PAPR [25, 41] is evaluated
separately for each antenna

PAPR(sk) =
1

E (|sk(l)|2)
max

l=1,2,...,L
|sk(l)|2. (27)

To enhance the detection capability of weak targets while
ensuring communication performance, it is necessary to
minimize WISL while controlling the MUI energy and SNR
loss. In addition, to prevent nonlinear distortion caused by
high PAPR of the OTFS system, the energy and PAPR of the
waveform transmitted by each antenna need to be constrained.
In summary, the corresponding optimization problem can be
formulated as

min
s,h

WISL(s,h)

s.t. ∥sk∥2 = E ,
∥hk∥2 = H,
PAPR(sk) ⩽ ρ,

PL(sk,hk) ⩽ θ,

PMUI(s) ⩽ ϵ,

(28)

where k = 1, 2, . . . ,K, E is the energy of the waveform
transmitted by each antenna, H is the energy of corresponding
receiving filter, ρ ⩾ 1 is the PAPR threshold, θ ⩾ 0 is the peak
matching threshold and ϵ ⩾ 0 is the MUI energy threshold.

The non-convex nature of the original problem arises from
the bilinear coupling between waveform and filter variables,
under separate energy constraints. In addition, the inclu-
sion of multiple inequality constraints further exacerbates

the problem’s computational intractability. To overcome this,
we propose a structural subproblem reconstruction strategy
in the next subsection. This strategy systematically decom-
poses the original problem into a set of analytically solvable
subproblems. By integrating the optimal solutions of these
subproblems, the method can achieve better solutions, or even
a globally optimal solution.

3 The Proposed APASD Framework
For the multiple inequality constraints contained in (28), ex-
isting methods mainly solve them through the ADMM frame-
work. However, due to the coupling of complex constraints,
the decomposed subproblems can only obtain approximate
solutions, resulting in performance degradation and slow con-
vergence. We observe that, by reformulating the problem, the
constraints in this problem can be decomposed into tractable
convex quadratic forms. By introducing auxiliary variables,
the original problem can be decomposed into multiple simple
subproblems that can be solved analytically. We use the ana-
lytic solution of each subproblem to approximate the global
optimal solution, and enhance the steady-state performance
through adaptive adjustment of the penalty parameter.

3.1 Problem Reformulation

For simplicity of representation, we define

Ωa,K∑
d,f,k1,k2

≜
∑

(d,f)∈Ωa

K∑
k1=1

K∑
k2=1
k2=k1

Ωc,K∑
d,f,k1,k2

≜
∑

(d,f)∈Ωc

K∑
k1=1

K∑
k2=1
k2=k1

, (29)

To better decompose the original problem, (21) can be
rewritten as

WISL(s,h) =

Ωa,K∑
d,f,k1,k2

∣∣hHZH
k2
JdDfZk1

s
∣∣2

+

Ωc,K∑
d,f,k1,k2

∣∣hHZH
k2
JdDfZk1s

∣∣2
=

Ωa,K∑
d,f,k1,k2

∣∣∣hHP
(d,f)
k1,k2

s
∣∣∣2

+

Ωc,K∑
d,f,k1,k2

∣∣∣hHP
(d,f)
k1,k2

s
∣∣∣2

, (30)
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where {
Zk1 = e⊤k1

⊗ IL

Zk2
= e⊤k2

⊗ IL
, (31)

ek is the k-th standard basis vector and P
(d,f)
k1,k2

=

ZH
k2
JdDfZk1

. Accordingly, (26) can be rewritten as

PL(sk,hk) =
∣∣hHZH

k Zks− Pm

∣∣2
=
∣∣hHQks− Pm

∣∣2 , (32)

where Qk = ZH
k Zk.

The PAPR constraint (27) can be rewritten as

sHk El,ksk ⩽ ρ, l = 1, 2, . . . , L, (33)

where El,k(i, j) is defined as

El,k(i, j) =

{
1, i = l, j = l

0, otherwise
. (34)

Obviously, after the equivalent transformation, (28) has

been transformed to the quadratic optimization problem. By

using the variable splitting trick and introducing auxiliary

variables m, n, u, {vk} and w, the optimization problem in

(28) is recast by

min
s,h,m,n,u,{vk},w

WISL(s,h)

s.t. m = s,

∥mk∥2 = E ,
n = h,

∥nk∥2 = H,
u = s,

uH
k El,kuk ⩽ ρ,

vk = hHQks− Pm,

|vk|2 ⩽ θ,

w = Hs− x,

∥w∥2 ⩽ ϵ,

(35)

where k = 1, 2, . . . ,K.

To improve numerical stability and computational effi-

ciency, we adopt the scaled augmented Lagrangian function

of (35), given by
Lµ (s,h,m,n,u, {vk} ,w,a,b, c, {dk} , e)

= WISL(s,h) +
µ

2

(
∥m− s+ a∥2 − ∥a∥2

)
+
µ

2

(
∥n− h+ b∥2 − ∥b∥2

)
+
µ

2

(
∥u− s+ c∥2 − ∥c∥2

)
+
µ

2

[
K∑

k=1

(∣∣vk − hHQks+ Pm + dk
∣∣2 − |dk|2

)]
+
µ

2

(
∥w −Hs+ x+ e∥2 − ∥e∥2

)
,

(36)
where µ is the penalty parameter, a, b, c, {dk} and e are the
dual variables associated with the constraints in (35).

For the above multi-variable optimization problem, we
propose the analytic subproblem decomposition (ASD) algo-
rithm, which decomposes the original problem into multiple
single-variable subproblems, and each decomposed subprob-
lem can obtain an analytic solution. In the (t+1)-th iteration
of the proposed method, the solutions of the subproblems can
be expressed as

st+1 = argmin
s
Lµ

(
s,ht,mt,nt,ut, {vtk},

wt,at,bt, ct, {dtk}, et
)
, (37)

ht+1 = argmin
h
Lµ

(
st+1,h,mt,nt,ut, {vtk},

wt,at,bt, ct, {dtk}, et
)
, (38)

mt+1 = argmin
m

Lµ

(
st+1,ht+1,m,nt,ut, {vtk},

wt,at,bt, ct, {dtk}, et
)
, (39)

nt+1 = argmin
n
Lµ

(
st+1,ht+1,mt+1,n,ut, {vtk},

wt,at,bt, ct, {dtk}, et
)
, (40)

ut+1 = argmin
u
Lµ

(
st+1,ht+1,mt+1,nt+1,u,

{vtk},wt,at,bt, ct, {dtk}, et
)
, (41)

vt+1
k = argmin

vk

Lµ

(
st+1,ht+1,mt+1,nt+1,ut+1,

{vk},wt,at,bt, ct, {dtk}, et
)
, (42)

wt+1 = argmin
w

Lµ

(
st+1,ht+1,mt+1,nt+1,ut+1,

{vt+1
k },w,at,bt, ct, {dtk}, et

)
, (43)

and the dual variables are updated by

at+1 = mt+1 − st+1 + at, (44)

bt+1 = nt+1 − ht+1 + bt, (45)

ct+1 = ut+1 − st+1 + ct, (46)

dt+1
k = vt+1

k −
(
ht+1

)H
Qks

t+1 + Pm + dtk, (47)

et+1 = wt+1 −Hst+1 + x+ et. (48)
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3.2 Analytic Solutions to Subproblems

According to the characteristics of each subproblem, we
derive their analytic solutions.

3.2.1 Solution to (37)

With fixed ht, mt, nt, ut, {vtk} and wt, the subproblem
with respect to s is a convex quadratic optimization problem.
To solve (37), we need to derive its gradient, abbreviated as
∇sLµ, which is expressed as

∇sLµ = 2As− µ
(
mt − s+ at

)
− µ

(
ut − s+ ct

)
+ µ

[
K∑

k=1

(
Bks− pkQ

H
k h

t
)]

− µHH
(
wt −Hs+ x+ et

)
,

(49)

where

A =

Ωa,K∑
d,f,k1,k2

(
(ht)HP

(d,f)
k1,k2

)H (
(ht)HP

(d,f)
k1,k2

)
,

+

Ωc,K∑
d,f,k1,k2

(
(ht)HP

(d,f)
k1,k2

)H (
(ht)HP

(d,f)
k1,k2

)
,

Bk =
(
(ht)

H
Qk

)H
(ht)

H
Qk,

pk = vtk + Pm + dtk.
(50)

Since ∇sLµ is linear, by setting ∇sLµ = 0, an analytic
solution for (37) can be obtained

st+1 = Γ−1ξ, (51)

where

Γ = 2A+ 2µI+ µ

(
K∑

k=1

Bk

)
+ µHHH, (52)

ξ = µ
(
mt + at

)
+ µ

(
ut + ct

)
+ µ

(
K∑

k=1

pkQ
H
k

)
ht

+ µHH
(
wt + x+ et

)
. (53)

3.2.2 Solution to (38)

With fixed st+1, mt, nt, ut, {vtk} and wt, the subproblem
with respect to h is also a convex quadratic optimization prob-
lem. To solve (38), we need to derive its gradient, abbreviated
as ∇hLµ, which is expressed as

∇hLµ = 2Ch− µ
(
nt − h+ bt

)
+ µ

[
K∑

k=1

(
Ekh− p∗kQks

t+1
)]
,

(54)

where

C =

Ωa,K∑
d,f,k1,k2

(
P

(d,f)
k1,k2

st+1
)(

P
(d,f)
k1,k2

st+1
)H

,

+

Ωc,K∑
d,f,k1,k2

(
P

(d,f)
k1,k2

st+1
)(

P
(d,f)
k1,k2

st+1
)H

,

Ek =
(
Qks

t+1
) (

Qks
t+1
)H
,

pk = vtk + Pm + dtk.

(55)

Since ∇hLµ is linear, by setting ∇hLµ = 0, an analytic
solution for (38) can be obtained

ht+1 = Φ−1ζ, (56)

where

Φ = 2C+ µI+ µ

(
K∑

k=1

Ek

)
, (57)

ζ = µ
(
nt + bt

)
+ µ

(
K∑

k=1

p∗kQk

)
st+1. (58)

3.2.3 Solution to (39)
With fixed st+1, ht+1, nt, ut, {vtk} and wt, we can rewrite
(39) as

min
m

∥m− st+1 + at∥2,

s.t. ∥mk∥2 = E , k = 1, 2, . . . ,K.
(59)

Since the objective function is convex quadratic and the
constraints enforce spherical equalities on each block, the
subproblem admits an analytic solution via independent pro-
jection of each block onto its corresponding sphere, which is
given by

mt+1 =
[(
mt+1

1

)⊤
,
(
mt+1

2

)⊤
, . . . ,

(
mt+1

K

)⊤]⊤
, (60)

where

mt+1
k =

√
E

∥st+1
k − atk∥

(
st+1
k − atk

)
. (61)

3.2.4 Solution to (40)
With fixed st+1, ht+1, mt+1, ut, {vtk} and wt, we can
rewrite (40) as

min
n

∥n− ht+1 + bt∥2,

s.t. ∥nk∥2 = H, k = 1, 2, . . . ,K.
(62)

Due to the same structure as (59), the subproblem admits the
analytic solution

nt+1 =
[(
nt+1
1

)⊤
,
(
nt+1
2

)⊤
, . . . ,

(
nt+1
k

)⊤]⊤
, (63)

where

nt+1
k =

√
H

∥ht+1
k − bt

k∥
(
ht+1
k − bt

k

)
. (64)
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Algorithm 1 The ASD Algorithm to Update Solu-
tions
Input: Initial waveform sr, initial filter hr, penalty

parameter µr, residual tolerance ηpres > 0,
ηdres > 0, maximum inner iterations Tmax.

Set inner iteration number t = 0, s0 = sr, h0 = hr,
µ = µr;

Initialize primal variables m0 = s0, n0 = h0,
u0 = s0, {v0k} = {0} and w0 = 0, dual variables
a0 = 0, b0 = 0, c0 = 0, {d0k} = {0} and e0 = 0;

Compute P
(d,f)
k1,k2

and Qk;
repeat

Update st+1 by (51);
Update ht+1 by (56);
Update mt+1, nt+1, ut+1, {vt+1

k } and wt+1 by
(60), (63), (66), (69) and (71), respectively;

Update at+1, bt+1, ct+1, {dt+1
k } and et+1 by

(44), (45), (46), (47) and (48), respectively;
t = t+ 1;

until
(Pt+1 < ηpres and Dt+1 < ηdres) or t > Tmax;

Output: sr+1 = st+1, hr+1 = ht+1, Pr+1 = Pt+1

and Dr+1 = Dt+1.

3.2.5 Solution to (41)

With fixed st+1, ht+1, mt+1, nt+1, {vtk} and wt, we can
rewrite (41) as

min
u

∥u− xt+1 + ct∥2,

s.t. uH
k El,kuk ⩽ ρ,

l = 1, 2, . . . , L, k = 1, 2, . . . ,K.

(65)

By using Lagrange duality and Karush-Kuhn-Tucker (KKT)
conditions, we define fk = xt+1

k −ctk and the analytic solution
is given by

ut+1 =
[(
ut+1
1

)⊤
,
(
ut+1
2

)⊤
, . . . ,

(
ut+1
K

)⊤]⊤
, (66)

where

ut+1
k (l) =

fk(l), |fk(l)|2 ⩽ ρ,√
ρ

|fk(l)|
fk(l), |fk(l)|2 > ρ.

(67)

3.2.6 Solution to (42)

With fixed st+1, ht+1, mt+1, nt+1, ut+1 and wt, we define
βk =

(
ht+1

)H
Qks

t+1 −Pm − dtk and (42) can be rewritten
as

min
vk

|vk − βk|2 ,

s.t. |vk|2 ⩽ θ, k = 1, 2, . . . ,K.
(68)

which is a constrained least squares problem and the analytic
solution is given by

vt+1
k =

{
βk, |βk|2 ⩽ θ,√
θ, |βk|2 > θ.

(69)

3.2.7 Solution to (43)

With fixed st+1, ht+1, mt+1, nt+1, ut and {vt+1
k }, we define

g = Hst+1 − x− et and (43) can be rewritten as
min
w

∥w − g∥2,

s.t. ∥w∥2 ⩽ ϵ.
(70)

This is equivalent to the problem in (68), and its analytic
solution is given by

wt+1 =

g, ∥g∥2 ⩽ ϵ,√
ϵ

∥g∥
g, ∥g∥2 > ϵ.

(71)

In summary, the ASD algorithm for updating solutions is
summarized in Algorithm 1, where we stop the proposed
algorithm when the primal residual Pt ⩽ ηpres and the dual
residual Dt ⩽ ηdres, where
Pt = max

k=1,2,...,K

{
∥mt − st∥, ∥nt − ht∥, ∥ut − st∥,

|vtk −
(
ht
)H

Qks
t + Pm|, ∥wt −Hst + x∥

}
,

(72)

Dt = max
k=1,2,...,K

{
∥st − st−1∥, ∥ht − ht−1∥,

∥mt −mt−1∥, ∥nt − nt−1∥, ∥ut − ut−1∥,
|vtk − vt−1

k |, ∥wt −wt−1∥
}
,

(73)

where ηpres > 0 and ηdres > 0 are the feasible tolerances of
the primal and dual conditions, respectively.

3.3 Update the Penalty Parameter

The penalty parameter µ plays a key role in controlling the
strictness of constraint enforcement, balancing the updates of
primal and dual variables, and influencing the convergence
speed and stability of the algorithm. To prevent large discrep-
ancies between the updates of the primal and dual variables
in the proposed algorithm, it is necessary to adjust the penalty
parameter accordingly, where

µr+1 =


κincrµr, if Pr > ψDr,

µr/κdecr, if Dr > ψPr,

µr, else.

(74)

where κincr and κdecr are the increase and decrease scaling
factor, respectively,ψ is the residual balance parameter. To en-
sure convergence, the penalty parameter is constrained within
predefined bounds, preventing it from becoming unreasonably
small or large during iterations, denoted asµ ∈ [µmin, µmax].
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Algorithm 2 The APASD Framework for Solving
(35)

Input: Initial waveform s0, initial filter h0, penalty
parameter µ0, minimum step size γ, maximum
outer iterations Rmax.

Set outer iteration number r = 0;
repeat

Update sr+1 and hr+1 by Algorithm 1;
Obtain Pr+1 and Dr+1 by Algorithm 1;
if Pr+1 > ψDr+1 then

µr+1 = min {κincrµr, µmax};
else if Dr+1 > ψPr+1 then

µr+1 = max {µr/κdecr, µmin};
else

µr+1 = µr;
end if
r = r + 1;

until max {∥sr+1 − sr∥, ∥hr+1 − hr∥} < γ or
r > Rmax;

Output: Optimal sopt = sr+1 and hopt = hr+1.

For stable penalty parameter updates, adjustments are
performed only after the completion of each inner loop. We
summarize the proposed APASD framework in Algorithm 2
and the termination condition is defined by the minimum step
size threshold and denoted by γ.

3.4 Computational Complexity Analysis

The overall computational complexity of the proposed method
are linear with the number of iterations. In each iteration, the
complexity is approximately O(L3K3 +L3K2U +L2K2 +

L2KU), which is primarily attributed to the update steps for
s in (37) and h in (38). The main computational complexity
of the ADMM [26] and Method [25] are the same as that of
the proposed method.

4 Numerical Results
In this section, numerical results are provided to demonstrate
the performance of the proposed method. Without loss of
generality, we consider the state-of-the-art ADMM [26] and
Method [25] for comparison. In addition, we also consider
the performance of the proposed method at low PAPR and its
convergence behaviors.

We define the normalized AF (NAF), which consists of the
normalized AAF (NAAF) and the normalized CAF (NCAF),
to evaluate the correlation performance of the waveform [42].

NAAF = 20 log10
|AFk1,k2

(d, f)|
∥hk2∥∥sk1∥

,
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Fig. 2 The achievable sum-rate versus the transmit SNR for differ-
ent ϵ.

k1, k2 = 1, 2, . . . ,K and k1 = k2 (75)

NCAF = 20 log10
|AFk1,k2

(d, f)|
∥hk2

∥∥sk1
∥

,

k1, k2 = 1, 2, . . . ,K and k1 ̸= k2 (76)

The simulation parameters are set as follows:
M = 8, N = 16, L = MN = 128, the number of
transmit antennas K = 4, the number of users U = 2, the
energy of the transmitted waveform E = L, the energy
of the mismatched filter H = L, the interested region of
AAF Ωa = {(d, f) | d = −3, . . . , 3; f = −2, . . . , 2}
and the interested region of CAF Ωc =

{(d, f) | d = −3, . . . , 3; f = −2, . . . , 2}, the false alarm
probability PFA = 10−6, and the strong clutter interference
region corresponds to the interested region in the AF plane.

Within the proposed APASD framework, we define µ0 =

100, ψ = 10, κincr = 1.5, κdecr = 1.5, µmax = 400,
µmin = 20, ηpres = 10−4, ηdres = 10−4, γ = 10−6,
Tmax = 20 and Rmax = 300.

We conducted our experiments using MATLAB 2023b on
a standard PC with the following specifications: Intel Core
i5-12400F processor, NVIDIA RTX 3060 GPU, 512GB SSD,
and 1TB HDD.

4.1 Performance Comparison

In this experiment, we set ρ = 2, θ = 1, and ϵwas sequentially
set to 10 and 1, with a 1 dB SNR loss due to mismatched
filtering. The ADMM [26] and Method [25] are used as the
comparison and adopt the same iteration termination criterion
as the proposed method.

Fig. 2 shows the achievable sum-rate versus the transmit
SNR for different ϵ. As can be seen, the achievable sum-
rate becomes higher when we decrease ϵ, indicating better

Ju
st

 A
cc

ep
te

d



10 J. Feng, J. Hu, K. Zhong, X. Xiao, J. Gou, K. Ruan, Y. Zhang, J. Liu

(a) (b) (c) (d)

(e) (f) (g) (h)

(i) (j) (k) (l)

Fig. 3 NAFs under different MUI energy thresholds. (a) The NAAF of the proposed method, ϵ = 10. (b) The NAAF of the proposed
method, ϵ = 1. (c) The NCAF of the proposed method, ϵ = 10. (d) The NCAF of the proposed method, ϵ = 1. (e) The NAAF of ADMM
[26], ϵ = 10. (f) The NAAF of ADMM [26], ϵ = 1. (g) The NCAF of ADMM [26], ϵ = 10. (h) The NCAF of ADMM [26], ϵ = 1. (i) The
NAAF of Method [25], ϵ = 10. (j) The NAAF of Method [25], ϵ = 1. (k) The NCAF of Method [25], ϵ = 10. (l) The NCAF of Method
[25], ϵ = 1.

communication performance. The three methods have similar
communication performance under the same MUI energy
threshold.

Fig. 3 shows the comparison of the NAFs under different
MUI energy thresholds. As can be seen, the nulls in the
interested region are deeper when we increase ϵ, which means
the better sensing performance. However, the communication
performance correspondingly degrades, as shown in Fig. 2. By
decomposing the original problem into multiple subproblems
that can be solved analytically, the proposed method achieves
superior performance. The proposed method can form about
30 dB deeper nulls compared to ADMM [26] and 10 dB
deeper nulls compared to Method [25], indicating better
sensing performance.

Fig. 4 and Fig. 5 present the Delay-cut plots of NAAF and
NCAF, respectively, at d = 0. The proposed method yields an
average sensing gain of approximately 30 dB over the ADMM
[26] and 10 dB over Method [25] across the evaluated range
of ϵ.

Fig. 6 shows the comparison of the weak target detection
probability when ϵ = 1. As can be seen, against strong
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Fig. 4 Delay-cut of NAAFs when d = 0.

clutter backgrounds, the proposed method achieves better
target detection performance than ADMM [26] and Method
[25] under the same transmit SNR. Moreover, as the clutter
intensity increases, the advantage of the proposed method
becomes more pronounced.

Table 2 shows the comparison of convergence behavior
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Fig. 5 Delay-cut of NCAFs when d = 0.
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Fig. 6 The weak target detection probability versus the transmit
SNR when ϵ = 1.

when ϵ = 1. It can be seen that, the designed waveforms by all
methods satisfy all constraints. Furthermore, compared with
the other two methods, the proposed method achieves lower
sidelobe levels in the designed waveforms upon convergence,
and its running time is shorter.

Table 2 Comparison of convergence behavior when ϵ = 1.

Methods Constraints
Satisfaction WISL (dB) Time (s)

Proposed Yes -26.4 30.7

ADMM [26] Yes -9.7 58.1

Method [25] Yes -17.2 38.6

4.2 Low PAPR Performance

We conducted experiments to evaluate the impact of introduc-
ing a mismatched filter on the design of low PAPR waveforms.
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Fig. 7 The achievable sum-rate versus the transmit SNR for mis-
matched and matched filter.

For comparison, the proposed method was applied to a prob-
lem model employing matched filtering in the sensing module,
thereby transforming (28) into a single variable problem with
respect to s. Throughout the experiments, a low PAPR thresh-
old of ρ = 1.5 was imposed, with the other parameters set to
ϵ = 1 and θ = 1. In this case, mismatched filtering incurred
a 1 dB peak SNR loss.

Fig. 7 shows the achievable sum-rate versus the transmit
SNR for mismatched and matched filter. As illustrated, when
the PAPR threshold is equal to 1.5, the achievable sum-rate
under mismatched filtering can meet the minimum threshold
requirement, but matched filtering cannot, which means that
mismatched filtering has better communication performance
at low PAPR.

In Fig. 8, the NAAF and NCAF under mismatched and
matched filtering are presented. As can be seen, under a low
PAPR condition, matched filtering fails to form deep nulls in
the region of interest without compromising communication
performance, thus failing to achieve the desired sensing
performance. In contrast, mismatched filtering successfully
forms deep nulls under the same conditions, demonstrating
robust sensing capability.

In summary, under low PAPR, mismatched filtering, al-
though incurring a certain peak SNR loss, achieves improved
communication and sensing performance.

4.3 Convergence Behaviors

In this subsection, we evaluate the convergence behaviors
of the proposed method. To allow the objective function to
sufficiently decrease until convergence, the restriction on the
residual tolerances are lifted, and sufficient iterations are
ensured.
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(a) (b)

(c) (d)

Fig. 8 NAFs under mismatched and matched filtering when ϵ = 1.
(a) The NAAF of mismatched filtering. (b) The NCAF of mismatched
filtering. (c) The NAAF of matched filtering. (d) The NCAF of
matched filtering.
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Fig. 9 The convergence metrics versus the iteration number for
ρ = 2.

In Fig. 9, the objective function, primal residual and dual
residual are presented against the iteration number for ρ = 2.
It is evident that when the objective function curve converges
to a fixed value and exhibits minor fluctuations around it, the
residual correspondingly converges.

Fig. 10 shows the objective function versus the iteration
number for different ρ. As can be seen, a larger PAPR threshold
leads to a more significant decrease in the objective function
within the same number of iterations and results in faster
convergence. Conversely, under strict PAPR constraints, the
optimization problem becomes more challenging, which
consequently impacts the final convergence value.

Fig. 11 shows the objective function versus the iteration
number for adaptive and fixed µ. As can be seen, compared to
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Fig. 10 The objective function versus the iteration number for
different ρ.
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Fig. 11 The objective function versus the iteration number for
adaptive and fixed µ.

a fixedµ, adaptively adjustingµ enables the objective function
to converge to a smaller value, demonstrating superior ultimate
performance. This indicates that dynamically tuning the value
of µ can enhance the radar detection performance of the
system.

5 Conclusion
In contrast to prior work that focuses on MIMO-OTFS com-
munication or SISO-OTFS dual-functional waveform design,
this paper introduces a waveform optimization framework for
MIMO-OTFS ISAC systems via WISL minimization under
PAPR and MUI energy constraints. The APASD method is in-
troduced to efficiently solve the problem by deriving analytic
solutions to decomposed subproblems and updating penalty
parameter adaptively. Simulations show the peoposed method
achieves lower sidelobe while maintaining communication
performance, and delivers superior performance compared
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with existing methods.
In the future, we will extend the proposed method to the

joint optimization of wireless channel estimation and MIMO-
OTFS ISAC waveform design.

Appendix

In this appendix, we prove the convergence of Algorithm 1.
Since the proposed APASD method decomposes the orig-
inal problem into multiple subproblems, we restate (35)
in a more concise form for ease of analysis. Let the pri-
mal variables be y = {s,h} and the auxiliary variables be
z = {m,n,u, {vk},w}. The problem can then be rewritten
as

min
y,z

f(y) + g(z)

s.t. z = Φ(y),
(77)

where the function f(y) = WISL(s,h) is smooth. The
function g(z) is the indicator function IZ(z) for the com-
pact, non-convex constraint set Z . The indicator function is
formally defined as:

g(z) = IZ(z) =

{
0, if z ∈ Z
+∞, if z /∈ Z

, (78)

and the constraint set Z is defined as

Z =


(m,n,u, {vk},w)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∥mk∥2 = E ,
∥nk∥2 = H,
uH
k El,kuk ⩽ ρ,

|vk|2 ⩽ θ,

∥w∥2 ⩽ ϵ


. (79)

The coupling function Φ(y) is defined by the system of
constraints, which dictates the residual r = Φ(y)− z,

z = Φ(y) ⇐⇒



m = s,

n = h,

u = s,

vk = hHQks− Pm,

w = Hs− x.

(80)

In the t-th iteration, the scaled augmented Lagrangian Lµ,
using the scaled dual variable k, is defined as

Lµ(y, z,k
t) = f(y) + g(z)

+
µ

2

(
∥Φ(y)− z+ kt∥2 − ∥kt∥2

)
.

(81)

The update for the scaled dual variable is

kt+1 = kt + (Φ(yt+1)− zt+1) = kt + rt+1 (82)

The y-update minimizes Lµ(y, z
t,kt). Because f(y) is

smooth and µ is chosen large enough, the quadratic penalty
term ensures Lµ is strongly convex w.r.t. y, yielding a suffi-

cient descent

Lµ(y
t+1, zt,kt) ⩽ Lµ(y

t, zt,kt)− γ

2
∥yt+1−yt∥2, (83)

where γ > 0 is the strong convexity modulus. Since each
decomposed subproblem has a closed-form solution, the z-
update performs an exact minimization of Lµ(y

t+1, z,kt),
using the newly obtained yt+1 and a non-increasing property
is immediate

Lµ(y
t+1, zt+1,kt) ⩽ Lµ(y

t+1, zt,kt). (84)

The dual update introduces a change in the Lagrangian exactly
proportional to the squared residual rt+1, as kt+1 = kt +

rt+1,

Lµ(y
t+1, zt+1,kt+1) = Lµ(y

t+1, zt+1,kt) + µ∥rt+1∥2.
(85)

Based on the smoothness premise and the optimality condi-
tions of the y and z updates, the residual term is quadratically
bounded by the changes in the variables

µ∥rt+1∥2 ⩽ c1∥yt+1 − yt∥2 + c2∥zt+1 − zt∥2, (86)

where c1 and c2 are constants related to µ.
By combining the descent steps (83) and (84) with the

ascent step (85) and (86), and ensuring γ is large enough
(such that γ

2 > c1), the strict monotonically decreasing
property of the Lyapunov function Ψt = Lµ(y

t, zt,kt) is
established
Lµ(y

t+1, zt+1,kt+1) ⩽ Lµ(y
t, zt,kt)− δ

(
∥yt+1 − yt∥2

+∥zt+1 − zt∥2
)

(87)
for some δ > 0.

Since the objective function is bounded below and the
constraint set Z is compact, the sequence {Lµ(y

t, zt,kt)}
is lower-bounded. This monotonically decreasing property
ensures the sequence converges, which forces the successive
differences and the residual rt+1 to zero

lim
t→∞

∥yt+1 − yt∥ = 0,

lim
t→∞

∥zt+1 − zt∥ = 0,

lim
t→∞

∥rt+1∥ = 0.

(88)

Thus, the sequence generated by the APASD method con-
verges to a KKT stationary point of the problem.
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