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Testing Clusterability on Labeled Graphs

Pengzhi Gao, Peng Zhang*.

Abstract: Graph clustering is a fundamental task in analyzing complex networks, with wide applications in social
networks, bioinformatics, and recommendation systems. Traditional clustering methods often focus merely on
structural connectivity, which neglect edge labels that provide critical semantic information. Many real-world
networks are labeled with vertices and edges carrying additional information in the form of labels. These labels
provide crucial insights into the underlying structure and function of the network. Despite the importance of labeled
graphs, the problem of testing clusterability on such graphs has been paid limited attention from the viewpoint
of property testing. This paper addresses the problem of testing clusterability on labeled graphs, extending the
framework for bounded degree graphs. This paper introduces a novel framework for testing clusterability on labeled
graphs, integrating both graph structures and label consistency constraints. We introduce a new definition of
clusterability that incorporates label information and propose a sublinear-time algorithm to efficiently verify with
high probability whether a labeled graph exhibits a high-quality clustering structure, where each cluster is of high
internal conductance, low external conductance and contains as many labels as possible. The algorithm achieves
currently best query complexity of O(y/n) in expectation, ensuring scalability for large-scale graphs. Our work
bridges the gap between traditional graph clustering and the emerging field of labeled graph analysis, providing

a theoretical foundation for testing clusterability in labeled networks. Theoretical analysis shows that the tester

reliably accepts clusterable graphs and rejects those e-far from clusterability with high probability.
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1 Introduction

1.1 Motivation

Graph clustering is a fundamental task in analyzing
complex networks, with broad applications in social
networks,  bioinformatics, and
systems. Besides complex networks, labeled graph
analysis is pivotal for artificial intelligence technologies
like wireless electric vehicles (EVs). Ramesh et
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al.'l" demonstrated how edge-labeled graphs model
communication constraints (e.g., ’charging station
proximity’ or ’traffic congestion’) to optimize EV
routing. Ignoring such labels will decline cluster-based
resource allocation, so the analysis for label-aware
clusterability framework is necessary.  Traditional
clustering methods often focus solely on structural
connectivity, overlooking edge labels that convey
critical semantic information. Many real-world
networks are labeled, with vertices and edges carrying
additional information. These labels offer crucial
insights into the network’s underlying structure and
function. Despite the significance of labeled graphs,
testing clusterability on such graphs has received
limited attention in property testing. This paper
introduces a novel framework for testing clusterability
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Fig. 1 A labeled graph that can be divided into two clusters.

on labeled graphs, integrating constraints for both
structural topology and label consistency.

To the best of our knowledge, there is no enough
research on semantic partitioning of edge labels on
graphs. This paper addresses this gap by proposing
a labeled graph clustering testing framework that
combines the structural information of graphs and
the labeling information of edges. For example,
Fig. 1 consists of two main clusters and an outlier
edge connecting them: Cluster 1 contains nodes A,
B, and C, representing a tight social group where
all connections are labeled as ’friend’. This cluster
has high internal conductance (strong connections
within the cluster) and label consistency (uniform edge
labels). Cluster 2 includes nodes D, FE, and F,
representing a professional network with all edges
labeled as ’colleague’. Similar to Cluster 1, it has
good internal conductance and label consistency. The
outlier edge connecting node C' from Cluster 1 to node
D from Cluster 2 has an ’acquaintance’ label. This
edge represents a weaker connection between the two
clusters, contributing to the external conductance of
each cluster.

1.2 Related Work

Research in graph clustering and property testing
has yielded substantial advancements over recent
The foundational work by Goldreich
I established key paradigms for property

decades.

and Ron%3
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testing in bounded degree graphs, notably introducing
a sublinear-time algorithm for testing bipartiteness,
which remains highly influential in the field. Building
upon this foundation, Czumaj et al.'*! made significant
strides by developing algorithms specifically designed
to test for cluster structure within graphs. Their
contributions also included establishing important
relationships between two distinct property testing
models applicable to bounded degree directed graphs!>!,
further solidifying the theoretical framework. A pivotal
theoretical breakthrough was achieved by Alon and
Shapiral®, who demonstrated the testability of every
monotone graph property, greatly expanding the scope
of problems amenable to property testing techniques.

Recent advances integrate semantic features into
clustering architectures.  Chen et all”l leveraged
edge labels as semantic constraints to refine node
embeddings, achieving state-of-the-art accuracy in
community detection. However, it lacks theoretical
guarantees for clusterability verification. Similarly,
constrained clustering methods proposed by Jia et
al.® handled pairwise constraints but focused on
vector data, not graph-structured labels. This
theoretical progress naturally motivated more specific
investigations into clusterability. In this vein,
Kapralov et al.!”! established rigorous algorithms
and provided fundamental lower bounds for testing
graph clusterability, delineating the computational
feasibility of this task. More recent developments
continue to utilize these basic theories. Gluch et
al.'% for instance, addressed practical computational
constraints by developing sublinear-time spectral
clustering oracles, enabling efficient approximate
analysis of large networks. Concurrently, Peng
and Wang!'!! refined the understanding of property
testing models for directed graphs, investigating and
establishing an optimal separation between two such
models in the bounded-degree setting.

The study of graph clustering and property testing
has progressively evolved to address increasingly
complex scenarios, driving the development of more
sophisticated algorithmic techniques. A key focus has
been enhancing recognition efficiency for fundamental
structural properties. Forster et al.'?! made significant
strides in this direction by introducing algorithms
capable of both computing and testing small vertex
connectivity in near-linear time and query complexity,
substantially improving practical feasibility for large-
scale networks. Moving beyond specific connectivity
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measures towards broader graph families, Kumar et
al."3 achieved a notable breakthrough for minor-
closed properties within bounded degree graphs. They
established the existence of a highly efficient tester
requiring only poly(de — 1) queries, demonstrating the
testability of rich structural characterization. In the
meanwhile, the exploration of clustering complexity
itself has deepened. Li et al.'¥ recently pioneered the
examination of higher-order clusterability, venturing
beyond traditional pairwise connections to analyze
more intricate high-dimension structural patterns within
graphs. Collectively, these advances improve efficiency
for core problems, expand the scope of testable
properties to complex graph classes, and probe richer
notions of cluster structure. It highlights the sustained
efforts to enhance graph clustering methodologies and
extends the reach of property testing to increasingly
complicated graph properties and structural paradigms.

1.3 Our Contributions

This paper addresses the problem of testing
clusterability on labeled graphs, extending the
framework proposed by Czumaj et al.!*! for bounded
degree graphs. We introduce a new definition of
clusterability that incorporates label information.
We propose a sublinear-time algorithm to efficiently
verify whether a labeled graph exhibits a high-quality
clustering structure, defined by internal/external
conductance and dominant label ratios within clusters.
The algorithm achieves currently the best query
complexity of O(y/n) in expectation, ensuring
scalability for large-scale graphs. Our work bridges
the gap between traditional graph clustering and the
emerging field of labeled graph analysis, providing
a theoretical foundation for testing clusterability in
labeled networks. Theoretical analysis demonstrates
that the tester reliably accepts clusterable graphs
and rejects those e-far from clusterability with high
probability.
The main contributions of this paper are as follows.

(i) A new problem framework is proposed for labeled
graph clusterability testing, which integrates the
structural information of the graph and the
labeling information of the edges.

(i) An efficient sublinear time algorithm (i.e., tester)
is designed to quickly recognize high-quality
clustering structures on large-scale labeled graph.

(iii) The time complexity of the tester is O(y/n),

3

which is currently the best time to test
clusterability on labeled graphs.

2 Notations and Preliminaries

In this section, we detail the notation definitions and
basic terminology to be used in this paper. Let the
labeled graph be G = (V,E,L), where V is the
vertex set whose size is |V| = n; E is the edge set
with maximum degree d; L : E — X is function
for labeling, where . is set of all labels.
subset C C V, external conductance of C is defined

Given a

as ¢g(C) = e(cdlig‘\c) internal conductance of C is
defined as ¢(G[C]) = min  scc¢ e(%g}S)’ where
o<|s|<IC/2

e(S, C\S) denotes the set of edges connecting S and
C\S in the induced subgraph G[C] and e(C, V\C)
denotes the set of edges and the two endpoints of each
edge are in the set C' and in the set V\C.

Definition 2.1 (Label-aware clusterability) Given
the parameters k, @;n, Gouts Ain, graph G is (k, @i,
Dout» Ain)-clusterability if there exists a partition C' =

{C1,...,CL} (h < k) that satisfies:
1 Internal conductance: Vi, ¢ (G [Ci]) > ¢ins
2 External conductance: Vi, ¢¢ (C;) < Pouss

3 (Label consistency conditions) Vi, do; € X, A\, =
He€Ci:Le)=0ai}| ~ 4
dICi] = i
Definition 2.2 ((k, ®in, Gout, Ain )-clusterability
tester) Given a neighbor query oracle to input graph
G = (V,E, L) with degree bound d and parameters
k, ®in» Gout» Ain,» €, We say that an algorithm is a
tester for the (K, in, Pour, Ain)-clusterability if the
algorithm satisfies the following acceptance property
and rejection property.

(1) (Acceptance) If G has a clusterability structure
that satisfies Definition 2.1, the algorithm returns
acceptance with probability at least %

(i1) (Rejection) if G is e-far from being clusterability
structure, the algorithm returns rejection with
probability at least % Here, by “e-far” we mean
that G must be modified (adding or deleting)
at least edn edges or labels so that it has the
clusterability structure.

3 Algorithm of
Clusterability

Testing Label-aware
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3.1 Design of k-clustering Tester

We propose a tester, i.e., the Label-aware Clusterability
Tester, that aims to efficiently verify whether a labeled
graph G satisfies the (k, @i, Gours Ain)-clusterability.
Given threshold 7 = % and CA’Z denotes the
estimated cluster corresponding to the i-th connectivity

component in H. The tester is shown as Algorithm 1.

Algorithm 1: Label-aware Clusterability Tester
Input: Query oracle of labeled graph G = (V, E, L),
parameters k, Gin, Pout, Ain» €
Output: Accept or reject
Sample a set S of s vertices uniformly at random, where
s =0 (E52);
2 For each vertex v € S, perform m = ©(log n) lazy
random walks of length [ = © (103 ”);

3 Construct a similarity graph H: For each u,v € S, a
vertex pair (u, v) is connected by an edge if and only if
its random walk distribution distance is less than

2
T =

-

v .
16n

4 For each connected subgraph @ (estimated cluster) of

graph H, sample s’ = © (1052(1@5/ 3 )) edges uniformly at
random; "

5 Calculate the dominant label ratio XZ and verify if
Ai < Nin + 25

6 If H contains at most k£ connectivity components, return
accept. Otherwise, return reject.

The algorithm operates in two main phases, that
is, connectivity estimation and label consistency
verification, leveraging a construction of similarity
graph and spectral graph analysis. To avoid exhaustive
graph traversal, the algorithm uniformly samples
O(y/n) vertices and edges, ensuring scalability for
large graphs. Lazy random walk is a variant of the
standard random walk. At each step, it has a fixed
probability (typically 1/2) of staying at the current
vertex rather than always moving to the neighbor vertex.
Multi-step lazy random walks are employed to capture
both local and global structural patterns. By analyzing
the l%—distance between endpoint distributions, the
algorithm constructs a similarity graph H, where
connectivity components reflect potential clusters. For
each candidate cluster, Monte Carlo sampling estimates
the dominant label ratio, ensuring label consistency
within clusters. The total time complexity is O(\/ﬁ .

poly(k, 1/¢,1/e)).
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3.2 Correctness of the k-clustering Tester

The correctness of Algorithm 1 hinges on rigorously
bounding the probability of misclassification under both
clusterability and e-far from clusterability. To bridge
the algorithmic steps with the formal proof of Theorem
3.6, we outline the proof strategy here, leveraging tools
from spectral graph theory, concentration inequalities
and property testing.

Central to the analysis is the interplay between
clusters conductance and label consistence. For the
acceptance case, we show that the similarity graph H
preserves the ground-truth cluster partitioning with high
probability, relying on the rapid mixing of lazy random
walks within clusters (Lemma 3.1 and Lemma 3.2).
The [2-distance threshold 7 is calibrated to ensure that
vertices from the same cluster are connected in H,
while inter-cluster pairs remain disconnected (Lemma
3.3). For the rejection case, we demonstrate that any
e-far graph induces k + 1 disconnected components in
H, derived via a combinatorial argument on minimally
similar subgraphs (Lemma 3.4).

(Accept) To establish the correctness of Theorem 3.6,
we leverage foundational results from spectral graph
theory and random walk analysis. Specifically, the
connection between conductance and mixing properties
of lazy random walks plays a crucial role. Lemma
3.2 formalizes this relationship: for any cluster C;
with internal conductance ¢;,, a sufficiently long

1
)
starting from a vertex within C; will converge to a

distribution close to the uniform distribution over Cj.
This convergence guarantees that /2-distance between
the endpoint distributions of walks originating from
the same cluster is bounded, thereby enabling the

lazy random walk (of length [ = ©

construction of a similarity graph H where intra-cluster
vertices are densely connected. Crucially, the parameter
choices for s (sample size) and [ (walk length) in
Lemma 3.1 are derived from the mixing time bounds
in Lemma 3.2, ensuring that the structural properties of
G are faithfully captured in H. This interplay between
conductance-driven mixing and algorithmic sampling
forms the backbone of our connectivity estimation
framework.

The following Lemma 3.1 is about the similarity
graph H. Lemma 3.1 comes from the work of Czumaj
et al.™, Its proof is omitted here.

Lemma 3.1 Lets = O (2%2), | = @(bgn)‘

e $in

The tester (Algorithm 1) satisfies the following two
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properties.

(i) If G satisfies the clusterable condition, the
similarity graph H can get at most k£ connected
components with probability at least 2;

(i1) If G is e-far from being clusterable, the similarity
graph H can get more than k connected
components with probability at least %.

Lemma 3.2 Let G be a graph satisfying the
following properties:  there exists a k-partition
{C1,Cy,...,Cy} such that for each C;, the internal
conductance satisfies ¢ (G [C;]) > ¢, and the
external conductance satisfies ¢ (C;) < @ous, Where

ot
logn

the parameters adhere to ¢, = O ( ) Suppose

that we sample s vertices and perform [ steps of lazy
random walks from each sampled vertex. Then, the
constructed similarity graph H satisfies the following
properties with high probability.

(1) All vertices belonging to the same cluster C'; form
a connected subgraph in H.

(i1) Vertices from  distinct clusters remain

disconnected in H.

Proof We use spectral graph theory and the
properties of lazy random walks on graphs with high
internal conductance. Let G[C;] be the induced
subgraph on cluster C; with internal conductance ¢;,.
Let ¢, be the uniform distribution over C; and deg(v)
be the degree of v. The mixing time of a lazy random
walk is related to the spectral gap. Let Ay be the
second largest eigenvalue of transition matrix of the
lazy random walk on G[C}]. By Cheeger’s inequality!*!,
we have

$2n

The convergence of the lazy random walk is bounded
by

L. (1—X)

2 = 7, (v)

P, = 7.

Since 7¢, (v) = ﬁ and deg(v) < d, we have

o = lCil.

o, (v) =

Thus,

1 = me, ||, < VICHT - (1= A2)'

5

Using the bound 1 — Xy < e < e~ (1722) we get

B3l

(1— )\2)1 < e~ (=2l < o=

Therefore,

2,1
9 < v/ ’Cl’ e,

To account for the maximum degree d, we note that
the uniform distribution 7¢, has l-norm y/1/|C;|, and
the distribution p!, has total mass 1. The final bound

becomes
$2,1
d - in
2§,/—‘Ci‘ e "2 .

By setting | = © (IZ% ") we ensure that the distance
decays to ﬁ, thereby guaranteeing sufficient mixing
within each cluster. This bound implies that for any two

vertices u, v € C}, their endpoint distribution satisfies

||p£; — Tgy

leu - Ty

Pl = pull, < Py = e, + Il = me.ll, < 575

Such distance gap with two endpoints ensures that
vertices within the same cluster are densely connected
in the similarity graph H, while distinct clusters remain
separated. Let u, v € C}, we have

2 £2

2 — 4dn”

Now u and v are connected in the similarity graph H
since

1P, = pLs < 7= 2= (d > 4).

Hence, vertices within the same cluster form a clique
in H. Then suppose uv € C;, v € C}, 1 # j. The
distributions are far apart, and © and v are not connected
in H by Lemma 3.4. Therefore, distinct clusters remain
disconnected.

|

Lemma 3.3 (Construction of the similarity graph)
Let S be a uniformly sampled vertex set, and let H be
the similarity graph constructed following Steps 2 and 3
of the tester. If the input graph G is clusterable, then H
can be partitioned into at most k£ connected components.
Conversely, if G is e-far from being clusterable, H will
contain more than k£ connected components.

Proof An edge (u,v) is added to H if and only
if the [2-distance between their lazy random walk
endpoint distributions p!, and p!, is below a threshold
7. The walk length [ ensures sufficient mixing of
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distributions, and the threshold is set as %. Under this
configuration, ||p!, — pi)H2 < 7 guarantees that vertices
within the same cluster C; form a clique in H, thereby
ensuring H has at most k£ connected components. This
lemma rigorously bridges the structural properties of
G to the connectivity of H, forming the theoretical
foundation for clusterability testing. In summary, the
input graph G is (k, Gin, Gout» Ain)-Clusterable if
the similarity graph H is partitioned into at most k
connected components with high probability % |

(Reject) The preceding analysis in Lemma 3.3
establishes that the similarity graph H reliably reflects
the clusterability of G if G is k-clusterable, H contains
at most k connected components, whereas H contains
more than k£ components when G is e-far from being
clusterable. To rigorously formalize the latter case,
we must delve into the structural incoherence in e-
far instances. Specifically, the inability to partition
G into k clusters with bounded conductance and
label consistency implies the existence of k£ + 1 or
more disjoint subsets, each exhibiting weak internal-
cluster connectivity and violating the label consistence
constraints. Lemma 3.4 bridges this intuition to formal
proof by constructing such subsets and quantifying their
properties.

Crucially, the parameter choices, particularly the
threshold 7, are designed to amplify the distributional
divergence between vertices from distinct subsets.
When G lacks a cohesive clustering structure, random
walks originating from different subsets fail to mix,
resulting in endpoint distributions with [3-distance
exceeding 7. This ensures that H cannot connect these
subsets into fewer than £ + 1 components. Lemma 3.4
rigorously demonstrates this phenomenon, leveraging
conductance bounds and sampling arguments to
confirm the inevitability of fragmentation in H.
This transition ensures the algorithm’s robustness in
distinguishing clusterable graphs from those requiring
substantial modifications.

Lemma 34 If graph G is e-far from being
clusterable, there exists k 4+ 1 disjoint subsets
Vi, Vo, ..o, Vi, Viy1 satisfying Vi, |V;| > 1??514: and
oc (Vi) <O (i’; ), such that for any pair of vertices
ue Viandv € V; (¢ # j), when | < @(ﬁ%),it
holds B

[

Proof Given the threshold 7 = = < }L, vertices
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from distinct subsets V; and V; cannot be connected
in H, as their endpoint distributions violate the [3-
distance criterion. Consequently, H must contain
at least £ + 1 connected components, reflecting the
structural fragmentation of G.

We use the partitioning Lemma 4. If G is is e-far
from being clusterable, there exists a partition of V' into
k+ 1 subsets V1, ..., Vi 41 such that |V;| > 1?2572Lk Now,
we apply Coupon Collector Principle. We sample s =

e (m) vertices. The probability that a particular

2

S
subset V; contains no sampled vertex is (1 — %) <

[Vil

klogn = _ &2
) o

€2 1152k
By union bound, the probability that every subset is

missed is at most (k + 1) - n~1/1152

Next, we use Chernoff bound to ensure that the
number of sampled vertices in each V; is concentrated.
Let X; be the number of sampled vertices in V;. Then
expectation of X is

exp (—s . = /152,

< % for large n.

1 .. Vi klogn ~_e* _ logn
E[Xl] =57 > e2 1152k ~— 1152°

By Chernoff bound, we get
Pr (Xl < %E [XzD < exp (_%) < n—1/9216

By union bound, the probability that all X; are at least
981 s atleast 1 —(k+1)n~1/9216 > 5 Thus, the graph
H will have at least k£ + 1 connected components with

probability at least %.

|

Theorem 3.5 (Label Sampling Error Control) Let
C; be an estimated cluster in H and )\; € X denote the
dominant label for C;. Suppose we uniformly sample

s =06 (%) labels (edges) from éz Let )\; be

the empiricainproportion of the dominant label in the
sampled edges. Then, with probability at least 1 — §,

the estimation error satisfies

Vi, [N — Nl <

g
2

where ), is the true dominant label proportion in 62

Proof Let us fix one edge e € @, we define an
indicator variable Y such that if the label of the j-th
sampled edge equals 0;, Y; = 1, else Y; = 0.

The true dominant label proportion is A\; = E [Y}],
and the empirical estimate is )TZ = ﬁ Z;;l Y;.
Since Y; € {0,1} are independent and identically
distributed random variables, Chernoff bound is applied
to guarantee
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X — A
1S

IR
j=1

/-2
< 2exp<—828 )

To bound this probability by §, we just need to set
§> 2 ln(3/ 9)
€

3

€
=
-2

= Pr

9
>
-]

2
Incorporating the dependency on JA;, (to
conservatively account for rare labels), the required
log(k/é))

2 2
A€

so that 2 exp (—5'52) <.

sample size becomes s’ = © (
|

3.3 Joint Error Probability Analysis

To ensure the overall reliability of the algorithm,
we analyze the joint error probability arising from
both connectivity estimation and label consistency
verification. Theorem 3.6 is our main theorem.

Theorem 3.6 Given a labeled graph G =
(V,E,L) and a set of parameters (k, ®in, Pouts Ains
€). If graph G is (k, ®in, Gout> Ain)-Clusterable, the
tester(i.e., Algorithm 1) accepts with probability at least
%. If G is e-far from being clusterable, the tester rejects
with probability at least %

Proof Let F; denote the event of connectivity
estimation error (i.e., incorrectly accepting or rejecting
the graph based on structural properties), and FEj
denote the event of label consistency estimation error
(i.e., misjudging the dominant label proportion in any
cluster).

By Lemma 3.1, the probability of F; is bounded as

Pr[E;] < %.
This follows from Chernoff bounds on vertex sampling
and the mixing time guarantee of lazy random walks.

By Theorem 3.5, for each cluster @’ the probability
of misestimating A\; by more than $ is bounded by 6 =

1

5+ Applying the union bound over all £ clusters, it

holds

A=\

6

Pr[Es] = Pr [az’,

zg}gk-azkézk

By setting § = é, the total error probability is
bounded by % In conclusion, the algorithm terminates
successfully with probability

Pr[The tester accepts G|
Z 1-— (PI' [El] + Pr [EQ]

1 1 1 2
— 1 (Z+Z)=1-2=2.
(6+6) 373

Similarly, the tester rejects G which is e-far from being
clusterable with probability

Pr[The tester rejects G|

Z Pr [E2|E1
2

20—

-3

3.4 Time Complexity and Query Complexity

Now we analyze the running time complexity of
algorithm Label-aware Clusterability Tester. Algorithm
1 consists of two core phases: connectivity estimation
and label consistency verification. For each sampled
vertex s, m lazy random walks traverses [ steps,

yielding total walk time of O(s-m -1) = O <k10g3 ”)

2in
Pairwise [3-distance comparisons between s vertices
involve O(s?) pairs. Each comparison computes
distances between m-dimensional distributions (O(m)

k2 log®n
4

per pair), resulting in time O (s* - m) = O
The empirical label ratio per cluster requires O(k - s’)
time, dominated by sampling. Combining all phases,

. . . 3 2 3
the total time complexity is O(% S+ s

]f\lzoggf) = O(y/n - poly(k,1/¢,1/¢)). Since the time
of the sampling steps is constant, the query complexity

is also O(1/n).

4 Summary and Future Work

This paper presents a novel framework for testing
clusterability on labeled graphs, addressing the
critical limitation of existing methods that ignore
semantic information from edge labels. We introduce
a label-aware clusterability criterion requiring clusters
to satisfy both structural conductance bounds and
labels consistency, enabling interpretable clustering in
applications like social networks and bioinformatics.
The sublinear-time algorithm integrates label-
augmented random walks and estimation strategies
for connectivity and label distribution verification.
This work bridges the gap between traditional graph
clustering and the emerging field of labeled graph
analysis, providing a theoretical foundation for testing
clusterability in labeled networks. Future work will



extend this framework to dynamic graphs with adaptive
sampling for evolving labels and structures, generalize
it to heterogeneous graphs with multi-type labels (e.g.,
temporal or hierarchical), and investigate tighter lower
bounds under label-topology correlations. Integrating
our method with graph neural networks may improve
hierarchical pooling or explainability by aligning latent
representations with semantic clusters.
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