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Dynamic Linear Threshold Model with Decay for Influence Spread

Xunlian Wu, Angi Zhang, Yining Quan, Qiguang Miao, and Penggang Sun*

Abstract: Influence propagates more widely over social networks, and strongly affects people’s thoughts,
opinions, and even behaviors in human life. Influence spread is a more complicated problem that makes the
modeling of this process even more challenging. The linear threshold (LT) model provides a simple way to
describe the problem. However, this model neglects the decay of individuals’ influence as time lapses. This
paper develops a dynamic linear threshold model with decay (DLTD) in which influence decays based on three
strategies: (1) Random decay, (2) linear decay, and (3) nonlinear decay. The results on real-world datasets
show that compared with the LT model and the independent cascade (IC) model, the DLTD tends to be more
accurate especially for the decay with a linear function, and more concentrated to converge to the ground-truth
as the size of seed set increases. We also observe that our model is more stable to the networks’ structures.
Furthermore, an interesting finding indicates that the balance between community structures’ internal links and

external links is more effective for influence spread.

Key words: influence spread; dynamic linear threshold model; linear threshold model; social networks; decay of

influence

1 Introduction

With the development of information technologies,
people linked by social networks communicate more
frequently, and individuals’ influence propagates more
quickly, which will strongly affect people’s thoughts,
opinions, even behaviors in human livings. Influence
spread is widely observed on social networks and plays
an important role in many applications, e.g., viral
marketing!!-#], personalized recommendations!, rumor
controll®-81 gelection of influential blog posts® 101
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product promotionl!], and behavior adoption!12 131,
Recently, influence spread has also been used in the
field of community detection!*-17l.  Influence
maximization18-201 is to find the most influential seed
set with a given size that can maximize the area for
influence spread. For example, the most influential
users’ opinions on a new product propagate on social
networks, and further motivate more users to buy the
product, and tend to maximize the spread of influence.
Influence spread is a more complicated problem that
makes the modeling of this process even more
challenging. As Kazemzadeh et al.[?!l mentioned, the
most commonly used diffusion models include the
classical epidemic outbreak model?2], independent
cascade (IC) modell23], weight cascade (WC) model24],
linear threshold (LT) model?3], and trigger model(],
The IC model and LT model are two well-known
models which provide different rules to activate nodes
in the spreading process respectively. The IC model
neglects the heterogeneity of nodes, i.e., each active
node has the same probability to activate its neighbors

© The author(s) 2026. The articles published in this open access journal are distributed under the terms of the
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independently. To solve this problem, some works such
as Refs. [23, 24], assume that each active node has a
random or weighted probability to activate its
neighbors independently. The LT model addresses that
each inactive node has its own threshold, and is more
likely to be activated if more neighbors are active.
Over the past several years, many variants of the LT
model were developed!!!-23.26-301 For instance, Pathak
et al.l?7] proposed a generalized LT model, which can
simulate multiple cascades by allowing a node to
switch its states. Yang and Leskovec[?®! introduced a
LT model that can measure the global influence of a
node by adopting a non-parametric influence function.
In particular, Kempe et al.[?3] provided a well-accepted
formulation for the LT model by considering random
thresholds, which has been widely used for influence
spreadl31-38], In the LT model, initially, only the seed
nodes are active, and each inactive node has a random
threshold. At each time, each active node tries to
activate inactive nodes in its neighborhood, and an
inactive node can be activated if the accumulated
influence from its active neighbors exceeds the inactive
node’s threshold at least.

Intuitively, individuals’ influence decays over time.
Influence decay in social networks refers to the
phenomenon where the impact or influence of an
individual’s actions, opinions, or behaviors on others
This decay
consequence of several factors that are commonly
observed in real-world social interactions. (1) Novelty
wearing off: When a new piece of information or
behavior is introduced (e.g., a new product purchase or
a viral post), its initial impact is strong because it is
However, as time passes, the novelty
diminishes, and the influence weakens[®. For
example, if a user buys a new phone and shares it with
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friends, the initial excitement may prompt friends to
consider buying the same phone, but this effect fades
as time goes on (as shown in Fig. 1). (2) Diminishing
marginal impact: As more people are exposed to the
information or behavior, the additional impact on new
individuals decreases. This is similar to the economic
concept of diminishing returns, where the incremental
benefit of additional exposure becomes smaller over
timel40l. (3) Competing influences: Over time, other
competing (e.g., alternative products,
conflicting opinions) may dilute the original impact(41],
For instance, if multiple users recommend different
products, the influence of the initial recommendation
may be overshadowed by newer ones. As shown in
Fig. 1: User A is an active node who bought a cell
phone, and user B is user A’s friend, and the behavior
of user A was not adopted by user B at 7 =0, then the
influence of user A on user B will decay as time lapses,
where the strength of influence is described by link
weights. However, this problem is often neglected by
the LT model.

To this end, this paper develops a dynamic linear
threshold model with decay (DLTD) in which
influence decays based on three strategies: (1) Random
decay, (2) linear decay, and (3) nonlinear decay. We
conduct extensive experiments on real-world datasets
as well as synthetic networks to investigate the
performance of our model.

The main contributions of this work are as follows:

(1) Introduction of the DLTD: We propose a novel
DLTD that introduces three distinct decay strategies
during the influence propagation process. This model
enhances the traditional linear threshold model by
accounting for the time-dependent decay of influence,
offering a more realistic and adaptable framework for
influence spread.

influences
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Fig. 1 Illustration of the decay of influence as time lapses. (a) shows that user A is an active node who bought a cell phone,
and user B is user A’s friend, and the behavior of user A was not adopted by user B at £ = 0. (b), (c) and (d) show the that
influence of user A on user B will decay as time lapses, where the strength of influence is described by link weights.
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(2) Experimental validation on real-world
datasets: We conduct extensive experiments on real-
world datasets to evaluate the effectiveness of the
DLTD model. Our experiments show that, compared to
the traditional LT model, DLTD particularly with
linear decay provides higher accuracy and better
convergence towards the ground truth, especially as the
seed set size increases. These results demonstrate the
practical advantages of incorporating decay into the
influence spread model.

(3) Stability and robustness analysis on synthetic
networks: We investigate the performance of DLTD
on synthetic networks with varying characteristics. The
results indicate that our model is more robust and
stable across different network structures. Furthermore,
we reveal that the balance between internal and
external  links  within
significantly enhances the effectiveness of influence
spread. This insight provides a theoretical basis for
designing more efficient influence propagation
strategies in complex networks.

The remainder of this paper is organized as follows.
In Section 2, we describe preliminary for influence
spread. In Section 3, we introduce our DLTD. In
Section 4, we test our model on real-world datasets
as well as synthetic networks. Section 5 is the
conclusion.

community  structures

2 Preliminary

2.1 Notions

G(V, E) is a directed graph, where V is the node set,
and E is the edge set. N'"(v) and N°“(v) are the set of
incoming neighbors and outcoming neighbors of node
v, respectively. The adjacency matrix A can be used to
describe nodes’ interactions in the graph, i.e., a,, =1 if
node u and node v are linked by an edge, and a,, =0
otherwise. Formally,

aw=1, (u,v)€E;
A = (ay = 1
@ {aw o mer O
where u, ve V, and |V| =n.
For influence spread on G, it is generally

transformed into its directed version G¥, i.e., each edge
in G becomes bidirectional, weighted in G4, and can be
denoted by W.

WMI—W € [07 1], (ua V) € E7

W= (Wqu)an = {Ww—m c [O, 1]’ (M, V) cE (2)

where W is an asymmetric matrix, wy, is used to
describe the strength of influence from u to v, and u,
veV.

The sum of link weights of incoming neighbors of a
node satisfies,

D, W<l 3)

ueNIn(v)

2.2 LT model

For the LT model, the core idea is that a user’s state
can change from inactive to active when there are
enough activated incoming neighbors, and sum of the
incoming weights is at least the user’s threshold.

First of all, we initialize a seed set S by selecting
some nodes from V, and only nodes within S are
active. Each inactive node v has a threshold 6,, and 6,
is uniformly chosen from [0, 1] at random. At each time
step, an active node attempts to activate its inactive
neighbor v, and v becomes active if the total weight of
its active incoming neighbors is at least 6,. The process
stops until no more nodes can be activated. In Fig. 2,
we illustrate the LT model for influence spread.

S Wi >, @
ueN(v)
Matrix W can be determined by the uniform method or
random method!42]. For the uniform method,
_ 1
| Ni“(v)| ’
W= (Wm—>v)n><n = 1 (5)
- | Ni“(u)|

Wyrsy

Wysu

For the random method, the weight of every edge is
generated at random, r,, €[0, 1], after weights are
assigned, we normalize the weights of all incoming
edges of a node v so that they sum to 1.

_ Tuy
WMHV - T
§ Ty
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3 DLTD

The LT model provides a simple way to describe the
problem. However, this model neglects the decay of
individuals’ influence as time lapses. This paper
develops a DLTD in which influence decays based on
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Fig.2 Illustration of the LT model and the DLTD model for influence spread. (a) A toy network is used in this paper. (b)-(d)
correspond to the LT model. (e)-(g) correspond to the DLTD model. In (b) and (e), only node 4 as a seed is active, and each
inactive node is initialized with a threshold at random. At time ¢ = 0, the strength of influence from one node to another node is
described by edge weights, and the weights are determined by the uniform method. In (c) and (f), node 4 attempts to activate its
inactive neighbors at time ¢ = 1, and node 5 and node 7 are activated directly. In (d), at time ¢ = 2, the accumulated influences
from node 4 and node 5 make node 6 active based on the LT model, while in (g), it is totally different for the DLTD model due

to the decay of influence. The process stops until no more nodes can be activated.

three strategies: (1) Random decay, (2) linear decay,
and (3) nonlinear decay.

For the DLTD, at time 7 =0, only seed nodes are in
active state, and every inactive node is initialized with
a threshold randomly. We also determine W' at ¢ = 0,
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At each time step, an active node attempts to activate
its inactive neighbors. Given that node u becomes
active and node v is still inactive at time -2, the
influence of node u on node v is invariable at time
t—1, t=2,...,1,0. Accordingly, the corresponding
influence weight can be expressed as

(=1) (t-2) (1) (0)
Wiy = Wysy = 00 = Wy = Wiy (8)

For example, at time 7=0, node 4 is active,
wfﬁlé = W5‘26 =0.5 in Figs. 2e and 2f.

At time 7, node v is still inactive, the influence from
node u to node v starts to decay based on a function @
as t increases, e.g., at time =2, wf‘a6 < Wi{is
Fig. 2g. Accordingly, the influence weight from node u

to node v at time ¢ can be updated as

in

Wiy = D(whis)) )

For the function &, we propose three strategies to
control the decay of influence in the process,

(1-a)x,
D(x) =4 (1-P)x, (10)
xy

where @€ (0, 1] is chosen uniformly at random, and
can be used to describe the random decay. In general,
we set a between different nodes at each time, e.g., at
time ¢ =2, « for wfﬁl3 and wfﬁi ¢ in Fig. 2g is different.
In Eq. (10), B is chosen from (0, 1], and can be used to
describe the linear decay. Here, for different nodes, 8 is
fixed. In Eq. (10), it is an exponential function, and can
be used to describe the nonlinear decay. Here, y =2.
The DLTD model with random decay is called DLTD-
R, with linear decay called DLTD-L, with nonlinear
decay called DLTD-NL. These strategies are designed
to capture different real-world scenarios and behaviors
observed on social networks. In the following, we
provide a detailed explanation of each strategy.
(1) Random decay: This strategy captures the inherent
randomness and unpredictability in human behavior
and influence dynamics. (2) Linear decay: This reflects
a steady and predictable reduction in influence over
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time, which is often observed in real-world scenarios
where the novelty of information diminishes at a
constant rate. (3) Nonlinear decay: This accounts for
scenarios where influence decreases rapidly at first and
then stabilizes, or vice versa, capturing more complex
decay patterns.

By incorporating these three decay strategies, our
DLTD model is versatile and capable of simulating a
wide range of real-world influence spread behaviors.
The choice of decay strategy can be tailored to the
specific characteristics of the social network and the
nature of the influence being modeled. This flexibility
allows for more accurate and realistic predictions of
influence spread, enhancing the applicability of our
model in various domains such as viral marketing,
information  dissemination, and public health
campaigns. In general, at time ¢, an inactive node v
becomes active if the total weights of its active
incoming neighbors is at least 6,,

D, W20 (11)

uENi"‘[ )

active

of inactive node v at time ¢.

This process stops until no more nodes can be
activated. In Fig. 2d, at time ¢=2, the accumulated
influences from node 4 and node 5 make node 6 active
for the LT model, while in Fig. 2g, it is totally different
for the DLTD model due to the decay of influence.
The pseudocode for this process is shown in

Algorithm 1.

(v) consists of active incoming neighbors

4 Experiment and Discussion

4.1 Datasets

e Epinions/*3l: This dataset consists of product
reviews with timestamps about 18 000 (18k) reviewers
(nodes), and a directed trust network among reviewers.
In the network, there exists a direct edge from reviewer
B to reviewer A, if A trusts B. The basic statistics of
Epinions are listed in Table 1.

e Last2K-FM!*4: It contains social networking and
music artist listening information with 2k users from
Last.fm online music system (http://www.lastfm.com).

Algorithm 1 Pseudocode for simulating the DLTD
Require: Graph G(V, E), seed set S
Ensure: Set of active nodes S 7

1:S7 S, S, Snew «— @, AW « @;

2:t=0;

3:for ve V\S do

4: 6, « random[O0, 1];

5 N:lrclt’ W)« a;
e

6: while s’ !'= @ do

7. ift!=0do

8: forues do

9

for v € N°“ () do

10: if v¢ S and N™ (1) 1= @ then

active
11: whe,, = di(w;;lv);
12: forues’ do

13:  for v e N°"'(u) do

14: if v¢ St then
150 Ngiue) © Nyt U
16: AW = > Wl
UEN, e
17: AW|[v] is the accumulated weights of v;
18: if AW[v] > 6, then
19: v becomes active;
20: Snew « Snew U {v}, ST « ST U{v};
21: s’ < Snew;
22: t+=1;

23: return St

In this dataset, there are about 92 800 artist listening
records from 1892 users. The basic statistics of
Last2K-FM in Table 1.

e Coral®!: It is a citation network that consists of
2708 nodes (machine learning papers) and 5429 edges
(citation network). The nodes and edges represent
papers and the citation relationship between them
respectively. Note that Cora is regarded as an
undirected graph, and can be downloaded from
https://lings.soe.ucsc.edu/data. The basic statistics of
Cora are summarized in Table 2.

o Citeseer®]: It is also a citation network that
consists of 3312 nodes and 4732 edges. Citeseer is

Table1 Summary of the datasets’ topological properties and statistics. M denotes million.

Dataset Number of nodes  Number of directed edges  Number of products/artists ~ Average degree = Maximum degree
Epinions 18k 1.2M 262k 66.7 4k
Last2K-FM 1892 25434 17632 134 238




Table 2 Detailed statistics of the citation network datasets.

Number of =~ Number of  Average Maximum
Dataset .
nodes directed edges  degree degree
Cora 2708 10 556 3.90 336
Citeseer 3312 9228 2.79 198

regarded as an undirected graph as Cora, and can be
downloaded from https://lings.soe.ucsc.edu/data. The
basic statistics of Citeseer is summarized in Table 2.

e LFR benchmark!“0): This benchmark can
generate artificial networks with community structure.
The networks contain n =5000 nodes with average
degree (k) =5, 10, 15; maximum degree maxk = 50;
minimum community size minc = 10, maximum
community size maxc = 50; the mixing parameter u =
0.1,0.2,0.3,0.4, 0.5, 0.6, 0.7, where u €[0,1], and as u
increases[4®l, nodes within communities in the networks
interact more weakly.

4.2 Baselines

e IC23l; The IC model is a probabilistic model of
influence spread. In this model, each activated node
has one chance to activate its inactive neighbors.
The activation attempt is successful with a predefined
probability p. The process unfolds in discrete time
steps: At each step, newly activated nodes from the
previous step try to activate their neighbors, and the
process continues until no more activations occur.

e Independent Cascade with Invitation (ICI)47l:
The ICI model is designed to address the limitations of
traditional diffusion models by incorporating the
effects of invitations on the behavior of individuals in a
social network. While traditional models like the IC
focus solely on the process of influence spread, the ICI
model extends this by including the multi-stage
behavior changes triggered by invitations.

e LTI23l: The LT model is another classic influence
spread model. Each node has a threshold chosen
uniformly at random from the interval [0,1]. A node
becomes activated when the sum of the weights of its
activated neighbors exceeds this threshold. The process
is deterministic given the thresholds and edge weights.
The spread continues until no more activations can
occur.

e LT with Colors (LTC)[1l; The LTC model
introduces three active states for users based on
product ratings: adopted, promoted, and inhibited.
Seeds are initially assigned to these states randomly.
While LTC retains the influence process of the
traditional LT model, it modifies the threshold function
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for inactive users v by combining the ratings from
active in-neighbors u and the edge weight w,,. Upon
activation, a user can either adopt with a certain
probability or act as a message bridge, with the
possibility of being promoted or becoming inhibited.
The influence spread in LTC is measured by the
expected number of adopted users.

o Feature-aware Threshold Model (FTM)[481: The
FTM enhances the LT model by incorporating
additional factors into the threshold function. These
factors include edge weight, the user’s positive feelings
towards each feature of an item, and their internal
resistance to influence. The threshold function is then
encapsulated in a logistic function to determine the
activation probability. This enables FTM to capture
more detailed influence dynamics by considering
multiple influencing factors.

o Continuous-Time Independent Cascade (CT-
IC)1: The CT-IC model extends the traditional IC
model by incorporating time delays in the information
diffusion process. In this model, once a user is
activated, they attempt to influence their inactive
neighbors based on an independent meeting
probability. If a meeting occurs within the predefined
deadline 7, the influence process follows the standard
IC mechanism, granting the active user a single
opportunity to activate their neighbor. The final
influence spread in CT-IC is measured as the expected
number of activated users before the deadline.

e IC with Negative (IC-N) opinions(3?l: The IC-N
model®! introduces opinion diversity by distinguishing
between positive and negative states. Each seed node
can be activated as either positive or negative, with the
state evolving through interactions with neighbors.
Specifically, if a positive user influences a neighbor,
the neighbor may become positive or negative,
depending on a predefined probability. The model
measures the spread of influence by counting the
number of positive users in the network.

4.3 Determination of seed set

To test our model for influence spread, we determine
the seed set through three indicators>1l,

o Degree: Degree is a very effective indicator to
measure the importance of a node, and is defined as the
number of nodes linking to it[32- 331,

n

ky = Z Ayy (12)

v=1
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where k, represents the degree of node u.

o Betweenness centrality: Betweenness centrality
of node u can be defined as the sum of the fraction of
all-pairs shortest paths that pass through3+-561,

bCu - Z T stu (13)

O
s,teV,s#t#u st

where bc, represents the betweenness centrality of
node u, o represents the number of shortest paths
between node s and node ¢, and o, is the number of
those paths passing through node u.

o C(Closeness centrality: Closeness centrality
measures how close a node in the network is to all
other nodes, and can be defined as the average shortest
path length from node u to all other reachable nodes in
the network2l,

ccy = o (n-1) (14)

> b

veVy#u

where cc, represents the closeness centrality of node u,
1, represents the shortest-path length between node u
and node v.

Here, we select seed nodes with higher degree,
betweenness centrality, and closeness centrality, and
the seed set size is in [10, 20, 30, 40, 50].

4.4 Performance comparison

4.4.1 Experimental results
LastFM-2K
In this subsection, we use two real-world datasets
(Epinions and LastFM-2K) to evaluate the accuracy of
our model for influence spread. The influence weights
on all edges are generated by two methods: The
uniform method and the random method. For a fair
comparison, in each propagation process, we set users
who are first to review among their friends as the seed
set. The actual influence spread is the number of users
who review the product or listen the artist on Epinions
or LastFM-2K, respectively. We use our model to
calculate the predicted spread, then we compare the
predicted spread with the actual spread. In order to
better display the experimental results, for the same
actual spread, we only report the average predicted
spread. In Figs. 3a—3c, the influence weights are
generated using the uniform method. We compare the
DLTD model with the LT model on Epinions. The
green line represents the ideal spread, and we observe
that influence spread based on the LT model tends to
be more messy as the size of seed set increases, i.e., it

on Epinions and

overestimates the influence spread. This is consistent
with the observations on other datasets®7l. The DLTD
model tends to be more concentrated to converge to the
ground-truth as the size of seed set increases, especially
the DLTD-L that is more accurate for influence spread
than the DLTD-R and the DLTD-NL. In Fig. 3b, we set
the parameter B = 0.05 for the DLTD-L. In Figs. 3d-3f,
the results on the random method are similar. Similar
results are observed on LastFM-2K dataset as shown in
Figs. 4a—4f. In Fig. 4d, we set the parameter 8 = 0.02
for the DLTD-L. Based on the findings above, we
conclude that the DLTD with a linear function (DLTD-
L) tends to be the best for influence spread compared
with the LT model. In addition, we compared six
models: IC, ICI, LTC, FTM, CT-IC, and IC-N.
Figures 5a—5f show the propagation effects of DLTD-L
in comparison to IC, ICI, LTC, FTM, CT-IC, and IC-N
on the Epinions dataset, respectively. Figures 6a—6f,
respectively display the propagation effects of DLTD-
L compared with IC, ICI, LTC, FTM, CT-IC, and IC-N
on the LastFM-2K dataset. It can be observed that our
DLTD-L model is better able to fit the actual
propagation range.

4.4.2 Experimental results on Cora and Citeseer
In this subsection, we choose seed nodes with higher
degree, betweenness centrality, and closeness
centrality, respectively, and further study influence
spread on two real-world datasets (Cora and Citeseer).
The size of seed nodes is in [10, 20, 30, 40, 50]. For the
influence weights, the results on the random method
are similar to the uniform method, so the results on the
random method are omitted.

Figures 7a—7c correspond to the seeds based on
degree, betweenness centrality, and closeness centrality
for influence spread on Cora, respectively, and
Figs. 7d—7f correspond to the seeds based on degree,
betweenness centrality, and closeness centrality for
influence spread on Citeseer, respectively. We can see
that the LT model neglects the decay of influence, and
hence obtains a larger area for influence spread. The
area based on the model of DLTD-NL strongly
decreases. Here we set the parameter 8 = 0.1 for the
model of DLTD-L.

In Table 3, we investigate influence spread as a
function of B based on the model of DLTD-L
compared with the LT, IC, and ICI models on Cora and
Citeseer. From Table 3, we observe that the area for
influence spread decreases as [ increases, which is
consistent with our expectations.
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Fig. 4 Comparison of the predicted influence spread with the actual spread based on the models of LT, DLTD-R, DLTD-L,
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4.4.3 Experimental results on LFR benchmark respectively. The nodes with higher closeness are
In this subsection, we investigate the effect of selected as seeds, and we test them on the LFR
community strength (u) on influence spread based on  benchmark!#6l,

the models of LT, DLTD-R, DLTD-L, and DLTD-NL, Figures 8a—8c, 8d—8f, 8g—8i, and 8j—8I correspond to
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influence spread based on the models of LT, DLTD-R,
DLTD-L, and DLTD-NL, respectively. From Figs. 8a—
8c, we can see that 4 = 0.5 tends to be the best for
influence spread (where u indicates the networks
structures), i.e., it is more effective for influence spread

if we keep the balance between communities’ internal
links and external links in the networks, and strong
communities can expedite the spread within
communities, while hinder the spread over the whole
networks. Similar findings can also be observed on the
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Fig.7 Influence spread based on the models of IC, ICL, LT, LTC, FTM, CT-IC, IC-N, DLTD-R, DLTD-L, and DLTD-NL.
(a)—(c) and (d)—(f) correspond to seed nodes with degree, betweenness centrality, and closeness centrality on Cora and Citeseer,

respectively.

models of DLTD-R, DLTD-L, and DLTD-NL in
Figs. 8d—8f, 8g—8i, and 8j—8l, respectively. In addition,
we observe that compared with the LT model, our
model is more stable to the networks’ structures
(variable p) when the networks’ average degree ({k)) is
fixed.

Figure 9 shows the effect of networks’ average
degree ((k)) on influence spread based on the models
of LT, DLTD-R, DLTD-L, and DLTD-NL
respectively. In Fig. 9a, we can see that influence
spread based on the LT model is insensitive to the
changes of (k), while in the DLTD model, it is
not suitable for influence spread as (k) increases,
especially for DLTD-R and DLTD-NL (see Figs. 9b
and 9d, i.e., it is harder to activate nodes on dense
networks by considering the decay of influence
because more active neighbors are required, and if a
node has more neighbors, then each neighbor’s
influence on the node is weaker.

5 Conclusion

Social networks are becoming more and more popular,
and making our life more convenient and efficient.
Influence propagates more widely over social

networks, and strongly affects people’s thoughts,

opinions, and even behaviors in human life. Influence
spread is a more complicated problem that makes the
modeling of this process even more challenging. The
LT model provides a simple way to describe the
problem. However, this model neglects the decay of
individuals’ influence as time lapses.

In this paper, we develop a dynamic linear threshold
model with decay for influence spread. The results on
real-world datasets show that compared with the LT
model, the DLTD tends to be more accurate especially
the decay with a linear function, and more concentrated
to converge to the ground-truth as the size of seed set
increases. We also observe that our model is more
stable to the networks’ structures when the networks’
average degree is fixed, and is more sensitive to the
networks’ density. In addition, an interesting
phenomenon indicates that it is more effective for
influence spread if we keep the balance between
community structures’ internal links and external links
in the networks.

There are many linear and nonlinear functions that
can be used to describe the decay of influence as time
lapses. In the future work, we will investigate this
problem comprehensively to improve our model’s
accuracy, and use it to study influence spread on
multiplex networks.
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Table 3 Sensitivity analysis of 8 on the DLTD-L model for influence spread and comparison with the LT, IC, and ICI models
on Cora and Citeseer.

Indicator Model Cora Citescer
10 20 30 40 50 10 20 30 40 50
LT 457.43 625.83 747.57 82346 91137 248.97 34257 423.80 490.52 528.13
IC 690.19 731.51 764.73 778.69 81595 37279 406.66 446.65 471.38 485.81
1CI 580.66 635.52 677.35 698.66 733.06 320.02 358.73 405.56 436.00 455.00
Degree DLTD-L (#=0.02) 450.89 606.76 727.39 802.79 888.22 241.20 334.15 41893 481.03 523.22
DLTD-L (6=0.04) 438.27 591.43 708.54 780.29 862.01 229.30 326.79 409.03 475.17 509.82
DLTD-L (=0.06) 424.79 584.41 690.75 767.16 849.41 229.26 319.57 401.14 465.81 505.58
DLTD-L (8=0.08) 417.17 569.18 673.32 755.18 836.51 222.69 312.60 395.78 455.52 496.50
DLTD-L (6=0.10) 410.15 563.27 667.79 742.13 818.82 216.56 307.74 390.58 448.87 493.29
LT 44895 568.46 637.84 727.8 804.13 21448 295.03 370.71 44476 489.18
IC 687.76 73298 766.89 79794 817.03 387.85 428.42 47252 504.80 530.67
ICI 580.63 63251 664.03 701.32 72549 33438 380.73 427.08 459.18 484.73
Betweenness DLTD-L (6=0.02) 437.55 549.07 623.05 699.69 779.49 210.20 285.10 367.74 438.58 486.47
centrality DLTD-L (8=0.04) 42827 535.27 607.30 684.75 764.64 206.02 278.32 362.19 433.81 476.27
DLTD-L (6=0.06) 419.97 521.38 592.68 670.35 747.67 198.39 274.58 35498 42331 466.23
DLTD-L (#=0.08) 407.67 514.62 580.88 663.85 736.09 197.29 269.36 348.79 415.10 463.39
DLTD-L (6=0.10) 403.28 505.07 570.78 654.52 720.22 192.77 26247 343.68 408.38 454.23
LT 364.23 488.55 518.45 557.14 58229 94.65 218.54 25243 274.02 315.59
IC 350.13 47429 503.38 53473 552.43 90.29 211.51 242.44 268.62 308.39
ICI 446.36 483.07 501.19 516.58 52732 165.20 219.83 237.54 25270 269.57
Closeness DLTD-L (=0.02) 347.87 47595 510.62 539.37 55829 9322 209.68 244.09 27037 311.65
centrality DLTD-L (#=0.04) 338.55 464.08 493.88 526.27 545.74 86.63 209.09 236.33 262.20 302.84
DLTD-L (#=0.06) 335.37 455.05 48254 51496 540.04 86.60 199.66 23336 25594 296.99
DLTD-L (6=0.08) 324.49 44522 473.58 506.62 524.28 85.27 197.47 227.00 253.82 29248
DLTD-L (6=0.10) 315.76 441.31 469.13 499.69 519.25 80.24 191.12 222.36 247.85 289.22
Appendix where V is the set of nodes and E is the set of edges.

Appendix A Theoretical Analysis

Al Impact of Balancing Internal and External
Links in Community Structures on Influence
Spread Effectiveness

In complex networks, community structures refer to

groups of nodes with dense internal connections and

sparse external connections. Understanding the impact
of community structures on influence spread is crucial
for designing effective propagation strategies. Our
study reveals that balancing internal and external links
can significantly enhance the effectiveness of influence

spread, i.e., the coverage. This paper provides a

simplified theoretical analysis of this phenomenon.

To theoretically explore the impact of balancing
internal and external links on influence spread, we
define the following simplified mathematical model:

Network model: Let G = (V, E) represent the graph,

The network consists of C communities, each
containing n nodes. Let pj, denote the probability of
forming an internal link within a community, and let
Pout denote the probability of forming an external link
between different communities. Accordingly, the total
number of edges can be expressed as

nn—1) cce-1n ,

) Pin t ) " Pout-

Influence spread model: We use the DLTD-L,
where the influence decay coefficient is 8, and at each
time step, the influence decays by (1-p3). The
activation of a node depends on whether the
accumulated influence exceeds its threshold 6.

Propagation effectiveness measure: We use two
metrics to evaluate propagation effectiveness. The first
is influence coverage, denoted by o(S), which
represents the number of activated nodes. The second
is propagation efficiency, denoted by ¢, which is

m=CX
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Fig. 8

Sensitivity analysis of networks’ structures () on influence spread. (a)—(c), (d)—(f), (g)—(i), and (j)—(1) correspond to the

models of LT, DLTD-R, DLTD-L, and DLTD-NL for the networks generated by the LFR benchmark, respectively.

defined as the ratio of influence coverage to the where 7 is the propagation time.
number of time steps 7, i.e., Internal and external link ratios: Define the

a(S) internal link ratio piy = —Pin__ and the external link
o= s Pin t Pout

T ratio Pout = 1 — Pint-
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Fig. 9 Sensitivity analysis of networks’ average degree ((k)) on influence spread. (a—d) correspond to the models of LT,
DLTD-R, DLTD-L, and DLTD-NL for the networks generated by the LFR benchmark, respectively.

A2 Mathematical  Modeling  of
Effectiveness and Link Ratios
To analyze the impact of piy on propagation
effectiveness ¢, we construct the following model:
Influence coverage: The influence coverage of the
seed set S can be expressed as

Influence

C
o(§)= ) 0elS),

c=1

where
To(§) =n(1-etB),

with . = apint +ypout = @pint +y(1 = pint), Where a and
v represent the propagation contributions from internal
and external links.

Propagation efficiency: Based on the above
influence coverage, the propagation efficiency can be
expressed as

c
#(Oind) = @ = Zn(l —e‘MS”')-/lc.

c=1
Assuming that the propagation time 7 is inversely
proportional to A., we get

C
o) = Y n(1-eHBe). ..

c=1

To find the optimal internal link ratio p; ~that
maximizes ¢(pin), we optimize the function as follows:

C
O(pin) = Y n(1 = om0 ) i+ y(1 = pin)]

c=1

Taking the derivative with respect to pin, we find

d¢ _ N “AclSel ) 4] e AelSel
o —(a—y);n[|SC|e Ac+1—e ]
Setting the derivative equal to zero, we solve for p; .
Since the function is typically unimodal, the solution
P, 1s unique, and we conclude that there exists an
optimal internal link
propagation efficiency ¢.
Through the simplified theoretical analysis, we
demonstrate that balancing internal and external links
is crucial for optimizing influence spread effectiveness.
There exists an optimal internal link ratio p; ~where

the influence spread reaches its maximum, ensuring

ratio that maximizes the

rapid spread within communities while maintaining
broad coverage across communities.

Appendix B Submodularity

Submodularity is a crucial property for ensuring the
approximation guarantees in influence maximization
algorithms, which typically rely on this property for



providing near-optimal solutions. However, the
primary focus of the DLTD model is not on influence
maximization but rather on the accuracy of influence
spread prediction. While the absence of submodularity
means that we cannot provide formal approximation
guarantees, our experiments demonstrate that the
DLTD model provides more accurate and stable
predictions of influence spread compared to traditional
models, especially when considering the time-
dependent decay of influence. We believe that the
model’s ability to better reflect real-world influence
propagation, despite lacking submodularity, justifies its
use for tasks focused on accurately predicting influence
spread rather than maximizing it. The improved
realism in capturing decay dynamics is the key strength
of the DLTD model, making it particularly useful for
scenarios where precise influence spread prediction is
critical. In addition to this, we find that under certain
conditions, DLTD satisfies the submodularity.

Proof In the DLTD-L (linear decay) model, the
influence from an active node « to an inactive node v
at time ¢ decays linearly over time. The influence from
node u to node v is given by

Wiy = (L=PWi) (15)
wﬁ,?lv is the initial weight of influence, and B is the
decay rate (with 0 <8 < 1) and 8 is fixed.

At each time step, an inactive node v becomes active
if the sum of the weighted influence from its active
neighbors exceeds its threshold 6,, i.e.,

Z wl ., >0, (16)

in,t
ueNaclive Q)

where N:;’éve(v) is the set of active neighbors of node v
at time ¢.

Now, to prove that the influence spread in the
DLTD-L model is submodular, we need to show that
the marginal gain in influence spread from adding a
new node to a set decreases as the set grows.

Let S be the set of initially active nodes, and let o(S)
denote the influence spread from this set. We want to
show that the marginal gain in influence spread
decreases as the set grows. That is, we need to prove
that

AP=0(PU{)-0o(P) >0 (QU{v)-0(Q) =AQ (17)
for any two seed sets P, QCV with PC Q, and any
node v ¢ Q.

The marginal gain in influence spread by adding

Tsinghua Science and Technology

node v to set P is

AP =co(PU{v})—o(P) (18)
and the marginal gain in influence spread by adding
node v to set Q is

AQ=0(QU{v)—-0(Q) (19)
Since the influence from node v to other nodes
decays over time, the marginal gain AP is larger when
the set is smaller because fewer nodes are already
activated to influence the activation of other nodes. As
the set Q grows, the new nodes have already been
influenced by a larger number of active nodes, leading
to a smaller marginal increase in the influence spread.
Thus, we have

AP > AQ (20)
which satisfies the condition for submodularity. u
Therefore, we conclude that the influence spread in
the DLTD-L model is submodular, as the marginal gain
in influence spread decreases as the set of active nodes
grows. This implies that the DLTD-L model satisfies
submodularity, and thus, greedy algorithms can be used
to approximate the maximum influence spread
effectively.
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