
 

A Neural-Dynamics-Based Control Scheme for Double-Arm
Mobile Robots with Dynamic Neural Network

Diwen Xiong, Liuyi Wen*, and Mingsheng Shang

Abstract: A double-arm mobile  robot  (DMR)  is  an  advanced  robotic  system that  integrates  a  mobile  platform

and double robotic arms. To address the control issue of the DMR, this paper provides its mathematical model

and deduces kinematic equations as preliminaries. On this basis, a physically constrained velocity collaborative

control (PCVCC) scheme is proposed for kinematic control of the DMR, which adjusts the mobile platform and

robotic  arms  cooperatively  using  a  designed  optimization  criterion.  To  explore  the  optimal  solution  of  the

PCVCC  scheme,  a  gradient  descent  method  assisted  by  velocity  compensation  is  exploited  to  design  a

dynamic  neural  network  (DNN)  solver.  Subsequently,  theoretical  analyses  confirm the  global  convergence of

the DNN solver. Finally, simulations, experiments, and comparisons demonstrate the feasibility and superiority

of the proposed method.

Key words:  double-arm  mobile  robot  (DMR); kinematic  control; physically  constrained  velocity  collaborative

control (PCVCC); dynamic neural network (DNN)

1　Introduction

Mobile  robotic  arms  combine  a  mobile  platform  with
robotic  arms,  enhancing  system  redundancy  and
eliminating location constraints[1, 2]. Additional degrees
of  freedom  (DOFs)  improve  the  flexibility,  but
simultaneously  coordinating  the  mobile  platform  and
robotic  arm  presents  challenges  for  redundancy
analyses[3]. A series of related kinematic investigations
on  mobile  robotic  arms  have  been  carried  out  and
achieved  notable  outcomes[4–7].  Specifically,  a
repetitive  motion  criterion  is  elaborated  for  mobile
robotic arms to regulate the finished state to the initial
one,  which realizes the coordinated operation between
the  mobile  platform  and  the  robotic  arm[4].  A  vector-

based  constrained  obstacle  avoidance  (VOA)  scheme
and a primal-dual neural network solver are developed
for mobile robotic arms that can avoid obstacles while
implementing  a  given  trajectory[5].  Besides,  a
collaborative  control  approach  of  multiple  mobile
robotic  arms  is  completed  in  Ref.  [6]  with  estimation
and  control  abilities.  However,  most  existing
methods[3–7] on the kinematic control of mobile robotic
arms  mainly  focus  on  the  task  execution  of  the  end-
effector  and  neglect  the  precise  control  of  the  mobile
platform.  This  leads  to  a  defect  that  the  movement  of
the  mobile  platform  is  unpredictable  and  cannot  be
accurately controlled during task execution.

As a unique type of mobile robotic arm, the double-
arm  mobile  robot  (DMR)  showcases  the  capability  of
double-arm  collaborations.  Compared  to  a  single-arm
robotic  system,  double-arm  collaborations  enable  the
DMR to perform more complex and diverse tasks, such
as  carrying,  assembling[8],  and  manipulating  multiple
objects[9].  One  practical  application  example  of  DMR
is  the  mobile  wheelchair  with  double  robotic  arms
(MWDRA),  as  illustrated  in Fig.  1.  The  installed
robotic  arms  can  be  analogized  to  two  human  arms.
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This  innovative  design  enables  the  MWDRA  to
substitute  the  operator  for  performing  simple  actions,
e.g.,  capture[10] and placement[11].  Thus,  the  kinematic
control of DMRs is crucial for practical applications. In
this  regard,  recent  years  have  witnessed  extensive
attention  and  rapid  development  in  this  field[12–18].  A
ground  adaptability  problem  of  DMRs  (legged
humanoid  robots)  is  investigated  to  improve  the
balance  of  the  robot  during  walking[12].  Besides,  a
DMR  constituted  by  a  humanoid  upper  body  and  a
tracked  mobile  platform  is  presented  in  Ref.  [13].  It
contributes  to  robotic  hardware  development  for
complex  rescue  scenes.  Besides,  an  effective  control
method for DMRs is introduced in Ref. [14], realizing
the  motion  control  of  the  mobile  platform  and  the
cooperative  control  of  double  arms.  However,  this
research implements planning and control processes of
the mobile platform and robotic arms separately rather
than  synchronously.  In  Ref.  [15],  a  redundancy
resolution method for DMRs is developed to fulfill the
grasp-and-place task by cooperatively manipulating the
robotic  system.  Subsequent  studies  on  the  impedance
control  and  haptic  development  of  DMRs  are  carried
out with important research results[16, 17]. Nevertheless,
the  aforementioned  studies  on  DMRs  are  difficult  to
apply directly  to  MWDRA, since their  robotic  models
do not reserve enough space for an operator.

Kinematics  research  of  robotic  systems  is  primarily
concerned  with  solving  the  problems  of  forward
kinematics or inverse kinematics[18, 19]. When handling
inverse kinematics, there are infinite possible solutions
for redundant robotic systems conducting a pre-design
task[20, 21]. It is important to obtain the optimal solution

efficiently  according  to  diversified  intelligent
algorithms that further consider obstacle avoidance[22],
human-robot  collaboration[23],  and  noise
suppression[24].  The  core  thought  of  these  intelligent
algorithms  (such  as  model  predictive  control
algorithms[25] and  impedance  controllers[26])  lies  in
setting  the  corresponding  equilibrium  state  and
guaranteeing  the  convergence  performance  of  the
system  under  various  conditions[7, 27].  While  the
pseudoinverse  method  provides  a  feasible  foundation
for  redundancy  analyses  of  robotic  systems,  it  has
limitations[28].  Firstly,  it  cannot  handle  inequality
constraints,  including joint  constraints,  that  are  crucial
for  ensuring  the  safe  operation  of  robotic  systems.
Additionally,  the  pseudoinverse  operation  may
encounter  singularity  conditions,  leading  to  loss  of
control.  Zeroing  neural  networks  (ZNNs)  based  on
the  neural  dynamics  method  solve  these
shortcomings[29, 30]. However, due to depending on the
derivative  term,  ZNNs  are  easy  to  introduce
unavoidable noise in hardware implementation[31–33]. In
addition,  gradient  neural  networks  (GNNs)  focus  on
reducing  errors  but  ignore  the  time-derivative
information,  leading  to  poor  performance[34].  As  a
further  improvement,  dynamic  neural  networks
(DNNs),  a  special  type  of  recurrent  neural  network
(RNN)[35, 36],  incorporate  velocity  compensation
compensation  and  obtain  satisfactory  results[37].  Then,
DNNs  are  applied  to  kinematic  control  of  robotic
systems combined with optimization indexes[38, 39].

Inspired by the deficiencies of the existing research,
this  paper  proposes  a  physically  constrained  velocity
collaborative  control  (PCVCC)  scheme  for  MWDRA.
With  the  aid  of  a  designed  optimization  criterion,  this
scheme is  capable of  fulfilling the coordinated control
and  state  adjustment  of  the  MWDRA.  The  remaining
contents of this research can be summarized as follows.
Section  2  presents  a  mathematical  model  and
kinematics analyses for the MWDRA. Then, a PCVCC
scheme is proposed as quadratic programming with an
optimization  criterion  developed  in  Section  3.  Next,
Section  4  derives  a  corresponding  DNN  with  its
stability  proved.  Subsequently,  in  Section  5,  we
conduct simulations and experiments on the MWDRA
and provide performance comparisons against  existing
methods  to  demonstrate  the  feasibility  and  superiority
of  our  proposed  method.  Finally,  Section  6  concludes
the  whole  paper.  Before  concluding  this  section,  the
contributions of this paper are emphasized below.
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Fig. 1    Schematic  of  a  mobile  wheelchair  equipped  with
double robotic arms.
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● From a kinematic perspective, a specialized DMR
is  modeled  and  researched,  where  robotic  arms  are
installed  at  two  corners  of  the  mobile  platform.  This
mathematical  modeling  aligns  with  the  structure  of
MWDRA.

●  A  new  optimization  criterion  is  proposed  for  the
state adjustment of the DMR, utilizing neural dynamics
to  coordinately  adjust  the  position  of  the  mobile
platform, the rotation mode of the drive wheels, and the
joints of the robotic arms.

●  To  achieve  the  coordinated  control  of  DMR,  a
PCVCC  scheme  combined  with  the  designed
optimization criterion is proposed with joint constraints
considered.

●  A  DNN  solver  is  constructed  using  the  gradient
descent  method  with  velocity  compensation.  This
solver  incorporates  the  physical  information  of  the
PCVCC  scheme.  Furthermore,  its  convergence  is
proved theoretically.

2　DRA Model and Kinematic Analysis

This  section  provides  a  mathematical  model  and
kinematics analyses for the DRA.

Similar  to  the  MWDRA  depicted  in Fig.  1,  we
consider  a  specialized  DMR  consisting  of  a  wheeled
mobile  platform  equipped  with  two  drive  wheels  and
two  6-DOF  robotic  arms.  These  robotic  arms  are
mounted  at  two  corners  of  the  mobile  platform.
Furthermore,  a  top  view  of  the  mobile  platform  is
depicted  in Fig.  2,  and  the  corresponding  parameters
are  provided  in Table  1.  Assume  that  driving  wheels

only  roll  without  slipping.  The  motion  relationship  of
the mobile  platform in the platform coordinate  system
is described as[5]
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where , , and  represent the linear velocities of
 in -axis, -axis,  and -axis  in  the  wheelchair

coordinate  system.  It  is  worth  pointing  out  that  for
simplicity,  two  connection  points  and  are  set  as
symmetric  points  for  the  coordinate  axis,  i.e.,

, .  Then,  their  velocities in the wheelchair
coordinate system can be expressed as 
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żsp
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Table 1    Parameter settings of mobile wheelchair in Fig. 2.
Parameter Definition

XYZ
X

Y Z
World coordinate system with the origin 0 and -axis,

-axis, and -axis

XsYsZs w Xs Ys Zs

Mobile  wheelchair  coordinate  system  with  the  origin
 and coordinate axis -axis, -axis, -axis

rw Radius of the left and right drive wheels

µ
µ̇

Heading angle of the mobile wheelchair with heading
angular velocity 

ϕ̇l ϕ̇r, ϕl ϕr

Rotation  velocity  of  the  left  and  right  driving  wheels
with rotation angles  and 

sp Midpoint of the connection between two drive wheels
a spDistance between  and drive wheels

sl
(xw

sl
,yw

sl
,zw

sl
)

(xo
sl
,yo

sl
,zo

sl
)

Connection point between left robotic arm and mobile
wheelchair  with  coordinate  in  mobile
wheelchair  coordinate  system  and  in
world system

sr
(xw

sr
,yw

sr
,zw

sr
)

(xo
sr
,yo

sr
,zo

sr
)

Connection  point  between  right  robotic  arm  and
mobile  wheelchair  with  coordinate  in
mobile wheelchair coordinate system and 
in world system

xl yl, 
slDistances  from  the  connection  point  to  the

transverse  symmetry  axis  and  the  longitudinal
symmetry axis of the mobile wheelchair

xr yr, 
srDistances  from  the  connection  point  to  the

transverse  symmetry  axis  and  the  longitudinal
symmetry axis of the mobile wheelchair

R sl spDistance between the connection point  and point 

η
sl

Xs

Angle  between  the  connection  point  and  the
-axis

 

 
Fig. 2    Geometric  construction  of  the  mobile  wheelchair
with necessary parameters annotated.

  Diwen Xiong et al.:  A Neural-Dynamics-Based Control Scheme for Double-Arm Mobile Robots... 1637

 



ṡw
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sr , ẏw
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where  and  denote
linear  velocities  of  connection  point  and  in  the
wheelchair  coordinate  system,  respectively.  With

, , we obtain 
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∈ R2n×2 (5)

where n is  the number of positional dimensions of the
end-effector  of  a  single  robotic  arm  in  space,  and  it
takes a value of 3 in this paper.

For  the  transformation  of  the  wheelchair  coordinate
system  and  the  world  coordinate  system,  a  rotation
matrix is provided as follows: 
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ẏo
sr

żo
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where  and  denote
the linear velocities of connection point  and  in the
world  coordinate  system,  respectively.  Furthermore,  a
matrix form of Eq. (7) can be reorganized as  ṡo
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Equation  (8)  describes  the  velocity  relationship
between  drive  wheels  and  connection  points  of  the
wheelchair. For a 6-DOF robotic arm with a fixed base,
calculating its forward kinematics by the homogeneous
transformation matrix of each joint yields  [
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where  records  the  spatial  relationships  of
the  different  adjacent  joints[40];  represents  the
vector  form  of  end-effector;  denotes  the
nonlinear  function  related  to  joint  angle  and
describes  the  position  of  the  end-effector.  When  it
comes to the MWDRA,  and  are designed
to  determine  the  forward  kinematics  of  the  left  and
right arms in the world coordinate system, respectively,
with joint angles of the left and right arms as  and ,
respectively.  Analogously,  via  the  homogeneous
transformation  matrix,  the  heading  angle  is  utilized
to integrate the wheelchair and two robotic arms, which
produces 
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where  stands  for  the  end-effector  position
vector  for  double  robotic  arms;  denotes  a  zero
matrix in size ;  denotes a zero vector in size

;  and  represent  forward  kinematics
of  left  and  right  arms  and  are  calculated  by  Eq.  (9),
respectively. Note that the distance between  and 
equals  to  with  oblique  angle .  According  to
Eqs. (3) and (8), taking the time derivative of Eq. (10)
results in 
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02n×2m 01×2m 02m×1

m = 6
ω = [ϕ̇l, ϕ̇r, θ̇l, θ̇r]T ∈ R2m+2

 and  represent  joint  velocities  of  left  and  right
arms,  respectively;  is  an  identity  matrix;

, ,  and  denote  zero  matrices  or  zero
vectors  in  appropriate  dimensions,  and m refers  to  the
number of joint degrees of freedom of a single robotic
arm,  which  in  this  papaer .  By  defining

,  the  above  equation  can  be
simplified as 

ṙ =K(θl, θr, µ)ω (11)

K ∈ R2n×(2m+2)where  denotes  the  Jacobian  matrix  of
the DMR. In consequence,  the mathematical  model  of
the  DMR  is  derived  completely.  Notably,  the  above
derivations  are  inspired  by  the  existing  work,  which
primarily  focuses  on  a  wheeled  mobile  redundant
manipulator.  However,  the  main  modeling  distinction
lies in the consideration of a double-arm model in this
work. Furthermore, different from the existing research
on the double-arm model[8, 9, 12–17], this paper considers
a  special  DMR,  where  robot  arms  are  installed  at  the
two  corners  of  the  mobile  platform.  This  modeling
form  regards  MWDRAs  as  the  potential  application,
providing sufficient space for the operator.

3　Scheme  Proposal  and  Optimization
Criterion

A  neural-dynamics-based  PCVCC  scheme  for
redundancy  resolution  of  MWDRA  is  arranged  in  the
form of quadratic programming[41] as follows: 

minimize
1
2
ωTHω+ κTω,

s.t., Kω = ṙp,
ω ⩽ ω ⩽ ω (12)

H ∈ R(2m+2)×(2m+2)

κ ∈ R2m+2

ω ω

ω rp ∈ R2n ṙp ∈ R2n

where  denotes  a  positive  definite
symmetric matrix;  stands for an optimization
criterion;  and  represent the lower bound and upper
bound of , respectively;  and  signify
the  pre-designed  end-effector  position  and  velocity,
respectively. Notably, the advantage of double arms is
their capability to perform cooperative actions reflected
in  the  designed  task  in  this  scheme.  For  example,
double arms can simultaneously move two workpieces
to  specific  positions  for  combination  operations  or
cooperatively  carry  an  object,  which  cannot  be
achieved  by  a  single  arm.  Therefore,  double  arms  not
only  enhance  task  efficiency  by  performing  the  task

synchronously  but  also  compensate  for  the  limitations
of  a  single  robot  arm,  thereby  improving  overall
performance.

sl sr

κ

Enlightened  by  the  previous  derivations,  involving
the  connection  points  and ,  the  velocities  of  left
and right drive wheels, and the joint velocities of each
robotic  arm,  it  is  crucial  to  design  the  optimization
criterion  based  on  the  neural  dynamics  method  that
satisfies the requirements of realistic scenarios.

Primarily,  the  mobile  platform  should  possess  the
capability to reach a specific position with precision to
ensure  subsequent  movements.  To  this  aim,  an  error
function is formulated in the following manner: 

E1 =

[
xo

sl
− xp

yo
sl
− yp

]
(13)

(xp, yp)
xo

sl
E1

Ė = −λE
λ > 0

where  stands  for  the  pre-designed  desired
position of  connection point .  To drive the error 
to  converge  towards  zero,  the  neural  dynamics
method[4, 9] is  employed  with  the  expression ,
where  determines  the  convergence  rate  of  the
error.  Furthermore,  inspired  by,  we  design  an
exponential function and derive  [

ẋo
sl

ẏo
sl

]
= −λ1exp(t−ϱ)

[
xo

sl
− xp

yo
sl
− yp

]
(14)

λ1 > 0 t
ϱ

µ

E2 E3

where  stands  for  a  design  parameter,  denotes
the  time,  and  is  a  design  parameter  to  guarantee
increased  convergence  and  the  mobility  of  the  mobile
platform. Secondly, in various scenarios, it is essential
to  adapt  the  rotation  mode  of  the  drive  wheels
accordingly.  For  instance,  in  narrow  corridors,  the
mobile platform is expected to move in a straight line,
i.e.,  the  heading  angle  remains  zero  on  the  whole.
Similarly, prolonged movement in tight spaces (such as
an  office  desk)  necessitates  limited  spatial
displacement  and  in-situ  rotation  of  the  mobile
platform.  Aiming  at  the  above  two  conditions,  the
subsequent  design  process  is  provided.  Specifically,
two error functions  and  are constructed as 

E2 = µ = −
rw

2a
ϕ̇l+

rw

2a
ϕ̇r = 0,

E3 = xw
sp =

rw

2a
ϕ̇l+

rw

2a
ϕ̇r = 0.

To  achieve  exponentially  convergent  systems,  we
have 

−ϕ̇l+ ϕ̇r = −λ2(−ϕl+ϕr),
ϕ̇l+ ϕ̇r = −λ2(ϕl+ϕr),

−λ2 > 0where  is  a  convergence parameter.  The above
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equations can be integrated into 

sign(b)ϕ̇l+ ϕ̇r = −λ2(sign(b)ϕl+ϕr) (15)

b sign(b) = 1
b > 0 sign(b) = −1 b < 0
where  denotes  a  design  parameter;  for

 and  for .  Thirdly,  when
considering the manipulation of double robotic arms, a
crucial  function  of  these  arms  is  to  adjust  their  status,
including manipulability, joint angles, and end-effector
positions. Similar to Eq. (14), an equality constraint for
the  joint  angle  adjustment  of  robotic  arms  is  designed
as 

θ̇l = −λ3exp(t−ϱ)(θl− θlp) (16)
 

θ̇r = −λ3exp(t−ϱ)(θr− θrp) (17)

λ3 > 0 θlp θrpwhere  denotes  a  design  parameter;  and 
correspond to the pre-designed joint angles of left  and
right  robotic  arms.  Combining  the  results  obtained
from Eqs. (14)−(17) yields  

ẋo
sl

ẏo
sl

sign(b)ϕ̇l+ ϕ̇r

θ̇l

θ̇r


= −



λ1exp(t−ϱ)(xo
sl
− xp)

λ1exp(t−ϱ)(yo
sl
− yp)

λ2(sign(b)ϕl+ϕr)
λ3exp(t−ϱ)(θl− θlp)
λ3exp(t−ϱ)(θr− θrp)

︸                          ︷︷                          ︸
I∈R2m+3

(18)

which can be further overwritten as  
C11 C12 0
C21 C22 0

sign(b) 1 0
0 0 I2m

︸                    ︷︷                    ︸
W∈R(2m+3)×(2m+2)

ω = I
(19)

C11 C12 C21 C22

C
where , , ,  and  denote the corresponding
elements in matrix  in Eq. (8). Therefore, utilizing the
pseudoinverse  method,  the  optimization  objective  for
the state adjustment is obtained as 

L =W†I ∈ R2m+2 (20)

†
W† = (WTW)−1WT

κ

where superscript “ ” is the pseudoinverse operation of
a  matrix  with .  Further,  the
optimization criterion  can be obtained, 

κ = α(I−K†K)L (21)

α > 0
I−K†K

L
K

αK(I−K†K)L = 0

where  is  a  parameter  to  adjust  the  convergence
rate;  is  the  orthogonal  projection  matrix  as
reported in Ref. [38]. This orthogonal projection matrix
can  project  the  optimization  objective  into  the  null
space  of  the  Jacobian  matrix .  Consequently,  it  can
be  deduced  that .  By  incorporating

L
this  orthogonal  projection  matrix,  the  optimization
objective  is  decoupled from the tracking task at  the
algorithmic  level.  As  a  result,  both  the  optimization
objective  and  tracking  task  can  be  guaranteed  without
mutual interference[38].

κ

The novelty of the PCVCC scheme of Eq. (12) lies in
optimization  criterion  derived  above,  which  can
coordinately adjust the position of the mobile platform,
the rotation mode of drive wheels, and joints of double
robotic  arms.  In  this  way,  one  can  simultaneously
achieve  precise  collaborative  control  of  the  mobile
platform  and  robotic  arms.  In  contrast,  most  existing
methods[3–6, 15, 22] on  the  kinematic  control  of  mobile
robots  mainly  focus  on  the  task  execution  of  the
end-effector  and  ignore  the  precise  control  of  the
mobile  platform.  This  leads  to  the  defect  that  the
movement of the mobile platform is unpredictable and
cannot  be  precisely  controlled  during  the  task
execution.  For  an  MWDRA  system,  these  methods
may compromise the operator’s safety and increase the
risk of accidents.

4　DNN Solver and Stability Analysis

ε = r− rp
||ε||2/2 || · ||

This  section  proposes  a  DNN  to  solve  the  PCVCC
scheme  of  Eq.  (12).  We  begin  by  formulating  the
position  error  function  and  constructing  a
two-norm  form ,  where  denotes  the  two-
norm  of  a  vector.  To  minimize  the  error,  the  gradient
descent  method[42] is  employed  to  determine  the
evolution direction, which yields 

ω = −ζ ∂||ε||
2/2
∂q

= ζKT(rp− r) (22)

ζ > 0
q = [ϕl; ϕr; θl; θr]

ϖ ∈ R2m+2

where  is  a  design  parameter;  the  vector
.  Nevertheless,  Eq.  (22)  can  be

regarded  as  an  error  feedback  with  lagging  errors  and
cannot fully reflect the PCVCC scheme of Eq. (12). To
address  this  limitation,  a  velocity  compensation  item

 is considered as follows: 

ω = ζKT(rp− r)+ϖ (23)

KMultiplying  both  sides  of  Eq.  (23)  by  matrix
yields the following expression: 

Kω = ζKKT(rp− r)+Kϖ (24)

rp− r = 0
ṙp =

Kω =Kϖ ϖ

Considering  the  desired  steady state  of  the
dynamic  system  of  Eq.  (24),  we  can  derive 

.  The  solution  of  to  this  affine  system  is
deduced as follows: 
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ϖ =K†ṙp+α(I−K†K)L (25)

K†ṙp
K† =KT(KKT)−1 α(I−K†K)L

s ∈ R2n

(KKT)−1ṙp

s
KKTs− ṙp = 0

KKT

ṡ = σ(ṙp−KKTs) ṡ
s σ > 0

where  represents  the  general  solution  with
,  and  represents  the

particular  solution  obtained  based  on  the  optimization
criterion. Subsequently, an auxiliary variable  is
introduced  to  avoid  the  inversion  operation.
Specifically,  this  variable  is  developed  to  estimate

 with  storage  and  delivery  capacity.  In  this
sense,  the  steady  state  of  auxiliary  variable  should
satisfy .  Given  the  positive  definite
property  of  in  a  nonsingular  state,  a  dynamic
system is designed as , where  is the
time derivative of ,  and  denotes a convergence
coefficient.  On  this  basis,  the  following  dynamic
system  is  built  to  process  dynamic  information
recursively: 

ϖ =KTs+α(I−K†K)L,
ṡ = σ(ṙp−KKTs) (26)

By  combining  Eqs.  (26)  and  (23),  a  DNN  is
established as follows: 

ω = Pω(ζKT(rp− r)+KTs+α(I−K†K)L),

ṡ = σ(ṙp−KKTs) (27)

Pω(x) = argminy∈ω||x− y||
ω = {y ∈ R2m+2, ω ⩽ y ⩽ ω}

where  projection  function 
with  is  used  to  ensure  the
inequality constraint in Eq. (12). Notably, DNN of Eq.
(27)  belongs  to  a  vital  component  of  robot
development  and  cognitive  systems.  Specifically,  it
enhances system performance within the computational
intelligence  domain  by  incorporating  the  velocity
compensation  and  orthogonal  projection  matrix[43].
Besides, a control block diagram of DNN of Eq. (27) is
presented  in Fig.  3.  The  inputs  of  DNN  of  Eq.  (27)
consist  of  the  desired  states  of  the  DMR.
Simultaneously,  DNN of  Eq.  (27)  receives  the  current
states of the DMR. Utilizing these state data, it outputs

ωthe control signal  in real time, including the robotic
arms’ joint  velocities  and  the  driving  wheels’ rotation
velocities.  This  control  signal  regulates  the  DMR,
enabling the current state to satisfy the desired task. To
further  analyze  DNN  of  Eq.  (27),  the  following
theorem and remarks are provided.

ε = r− rp

K†ṙp+α(I−K†K)L ∈ ω

Theorem 1　The  position  error  generated
by  the  PCVCC  scheme  Eq.  (12)  aided  with  DNN  of
Eq.  (27)  globally  converges  to  zero,  assuming  that

.

s ε

Proof　Since  DNN of  Eq.  (27)  is  divided  into  two
subsystems,  the  corresponding  proof  process  is  also
segmented into two steps: the proof of convergence of

 and the proof of convergence of .
sStep  1: the  proof  of  convergence  of .  Design  a

Lyapunov candidate, 

V1 =
(ṙp−KKTs)T(ṙp−KKTs)

2
⩾ 0 (28)

and calculate its time derivative as 

V̇1 = (KKTs− ṙp)TKKT ṡ =

− (ṙp−KKTs)TKKTσ(ṙp−KKTs) ⩽

−σΛ(KKT)(ṙp−KKTs)T(ṙp−KKTs) =

−2σΛ(KKT)V1 ⩽ 0 (29)

Λ(KKT) > 0 KKT

V1 ⩾ 0 V̇1 ⩽ 0 V̇1

where  is the minimum eigenvalue of .
Owing to  and ,  the convergence of  is
determinated. Additionally, it can be summarized from
Eq. (29) that 

0 ⩽ lim
t→+∞

V1 ⩽ lim
t→+∞

δ · exp(−2σΛ(KKT)) = 0,

δ > 0
ṙp−KKTs

s (KKT)−1ṙp

with  denoting  a  constant.  Consequently,
 is  able  to  converge  exponentially  to  zero.

Put another way, the steady state of  is .
ε

s

Step 2: the proof of convergence of . Based on the
derivations  of  Step  1  and  Lasalle’s  invariant  set
principle[44],  the  steady  state  of  is  substituted  into
dynamic system of Eq. (27), which results in 

ω = Pω(ζKT(rp− r)+KT(KKT)−1
ṙp+α(I−K†K)L)

(30)

Kω = ṙ K(I−K†K) =
0

By following the equations  and 
, we extrapolate 

ṙ =Kω =K(Pω(ζKT(rp− r)+KT(KKT)−1
ṙp+

α(I−K†K)L)−α(I−K†K)L) (31)

KK† = I
ε̇

Then,  considering  the  relationship ,  the
velocity error  can be expressed as 

 

DNN of Eq. (27)Input output
DMR

 
Fig. 3    Control block diagram for DNN of Eq. (27).
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ε̇ =K(Pω(−ζKTε+K†ṙp+α(I−K†K)L)−
α(I−K†K)L−K†ṙp).

V2 =

εTε/2
Subsequently,  define  a  Lyapunov  candidate 

, and its time derivative can be derived as 

V̇2 = ε
Tε̇ = εTK(Pω(−ζKTε+K†ṙp+α(I−K†K)L)−
α(I−K†K)L−K†ṙp) =

− 1
ζ

(−ζKTε)T(Pω(−ζKTε+K†ṙp+

α(I−K†K)L)−α(I−K†K)L−K†ṙp) (32)

Pω(x) = argminy∈ω||x− y||
||x−Pω(x)|| ⩽ ||x− y||, ∀y ∈ ω

x = −ζKTε+K†ṙp+α(I−K†K)L
y =K†ṙp+α(I−K†K)L

Recall  projection  function ,
and  the  inequality  always
holds.  Given  and

, it follows that
 

|| − ζKTε+K†ṙp+α(I−K†K)L−Pω(−ζKTε+

K†ṙp+α(I−K†K)L)||2 ⩽ || − ζKTε||2 (33)

which can be reformulated as 

||Pω(−ζKTε+K†ṙp+α(I−K†K)L)−
K†ṙp−α(I−K†K)L||2 ⩽

2(−ζKTε)T(Pω(−ζKTε+K†ṙp+

α(I−K†K)L)−K†ṙp−α(I−K†K)L) (34)

Integrating Eqs. (34) and (32) results in 

V̇2 ⩽ −
1
2ζ
||Pω(−ζKTε+K†ṙp+α(I−K†K)L)−

K†ṙp−α(I−K†K)L||2 ⩽ 0 (35)

V̇2 ⩽ 0 V2 ⩾ 0
ε

V̇2 = 0
ε

−ζKTε = 0 Pω(−ζKTε+K†ṙp+α(I−K†K)L)−
α(I−K†K)L−K†ṙp = 0

ε = 0
K†ṙp+α(I−K†K)L ∈ ω

ε = 0 ε

The  conclusion  that  and  suggests  the
global  convergence  of .  By  applying  LaSalle’s
invariance set principle[44], setting  to investigate
the  steady  state  of  produces  the  two  situations:  (1)

 and  (2) 
. For Case (1), it can be directly

acquired  that .  In  Case  (2),  the  precondition
 implies  a  stable  state  retaining

within the scope of the inequality constraint, leading to
the same result . In summary, the position error 
synthesized by PCVCC scheme of Eq. (12) aided with

the  DNN  of  Eq.  (27)  for  the  MWDRA  globally
converges to zero, which completes the proof. ■

Remark  1　DNN  of  Eq.  (27)  belongs  to  a  special
kind of RNN with known physical information as prior
knowledge.  Specifically,  a  continuous-time  RNN  is
presented as 

ż(t) = g1(W1z(t)+W2x(t)),
y(t) = g2(W3z(t)+W4x(t)) (36)

z(t)
ż(t) x(t) W1 W2 W3 W4

g1(·) g2(·)
y(t)

y(t) = ω z(t) = s, g1(·) = σ(·),
g2(·) = Pω(·), W1 = −KKT, W2 = [I 0] W3 =KT x(t) =
[ṙp; ζKT(rp− r)+α(I−K†K)L)] W4 = [0 I]

s ω

Pω(·)
W1

W2 W3 W4

where  is the state of the hidden layer with its time
derivative ;  is  the  input; , , ,  and 
denote  the  weight  matrices;  and  are
activation functions;  denotes the output. Besides, a
schematic  of  RNNs  is  depicted  in Fig.  4.  The
corresponding  relationship  between  Eqs.  (27)  and
(36)  is  arranged  as , 

, , 
,  and .  As

shown,  the  recurrent  structure  of  DNN corresponds  to
the auxiliary variable , while the output is . Besides,
the projection function  is  the activation function
utilized in DNN of Eq. (27).  The weight matrices ,

, ,  and  incorporate  the  physical  information
of the PCVCC scheme of Eq. (12) as prior knowledge
without training.

ṙp = ζ = 0

Remark  2　Given  a  task  for  the  end-effector,  the
PCVCC scheme of Eq. (12) for redundancy resolution
of  the  DMR  that  needs  to  be  solved  is  essentially  an
inverse  kinematic  problem.  However,  state  adjustment
is  also critical  during the daily operation of the DMR,
which  may  not  involve  end-effector  tasks  and  can  be
treated as a forward kinematics problem. Therefore, in
the context of state adjustment, DNN of Eq. (27) could
be  simplified  into  a  new  form  by  setting ,
resulting in 

ω = Pω(KTs+αL),

ṡ = σ(KKTs) (37)

The  stability  of  DNN  of  Eq.  (37)  can  be  inferred
similarly  based  on  the  theorem,  and  thus  the  proof  is

 

Known parameters 
without training,

e.g., DNN of Eq. (27)

Unknown parameters
require training

RNN Direct solution bases
on convergence

Train the weights of 
neural networks

White box

Black boxIts equilibrium point corresponds 
to the solution to the original 

problem.

Problem solving

 
Fig. 4    Schematic of RNNs.
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omitted.

ε = 0

Pω(·)

ω ⩽ ω ⩽ ω
ζKT(rp− r)

Kω = ṙp
KTs+α(I−K†K)L

K†ṙp+α(I−K†K)L
K†ṙp α(I−K†K)L

K†ṙp
ωTHω/2

Kω = ṙp
α(I−K†K)L κ

Remark 3　We design DNN of Eq. (27) as a special
case  of  RNN,  which  incorporates  the  physical
information  of  the  PCVCC  scheme  of  Eq.  (12).
Therefore,  the  equilibrium  point  of  DNN  of  Eq.  (27)
corresponds  to  the  optimal  solution  of  the  PCVCC
scheme  of  Eq.  (12).  As  the  theorem  proves,  DNN  of
Eq.  (27)  converges  from  an  initial  state  to  the
equilibrium  state  with ,  which  is  equivalent  to
solving  the  PCVCC  scheme  of  Eq.  (12).  Besides,  the
corresponding  relationship  between  DNN  of  Eq.  (27)
and  PCVCC  scheme  of  Eq.  (12)  is  described  as
follows. As shown in Fig. 5, we can divide DNN of Eq.
(27) into three parts. The projection equation  can
restrict  the  joint  velocity  within  limits,  satisfying
inequality  constraint .  Besides,  the  feedback
term  of  the  position  error  guarantees  the
trajectory  task,  which  conforms  to  equality  constraint

.  According  to  the  theorem,  velocity
compensation term  can converge to

,  which  includes  the  general
solution  and particular solution . The
general  solution  is  designed  to  minimize

, which is the least-squares solution to equality
constraint .  Besides,  particular  solution

 corresponds to optimization criterion .

ζ λ1

λ2 λ3

Remark  4　 In  real-world  scenarios,  the  real-time
performance  of  the  system  is  influenced  by  positive
convergence parameters in DNN of Eq. (27), i.e., , ,

, and . When these convergence parameters are set
to  excessive  values,  it  can  lead  to  an  overshooting
phenomenon. In this case, the robot system may exhibit
shaking or oscillating behavior, which is not conducive
to  precise  control  of  the  robot.  If  the  convergence
parameters  are  set  too  small,  the  convergence  rate  of

DNN of Eq.  (27) will  decrease,  making it  difficult  for
the robot  to  accurately  complete  the assigned task.  To
mitigate  this  issue,  it  is  important  to  set  convergence
parameters  to  appropriate  values,  avoiding  being  too
large  or  too  small.  The  specific  range  for  parameter
settings  often  requires  further  determination  through a
trial and error method in real-world scenarios.

Remark  5　 There  exists  abundant  literature  using
neural  networks  as  quadratic  programming  solvers  in
robot  control,  such  as  ZNNs[31],  GNNs[34],  and
RNNs[37].  Compared  with  these  neural  networks,  the
advantages  of  the  proposed  DNN  of  Eq.  (27)  are
explained  as  follows.  ZNNs  necessitate  the
computation  of  the  pseudoinverse  operation  and  time
derivative  of  the  Jacobian  matrix[31].  The
pseudoinverse  operation  may  encounter  singularity
issues,  resulting  in  a  loss  of  control  for  the  robot.  In
contrast,  DNN of  Eq.  (27)  avoids  these  computational
operations  and  is  relatively  concise  and  stable.
Furthermore,  gradient  neural  networks  employ  the
gradient  descent  method  to  converge  errors,  which
inevitably  has  a  lagging  error[34].  Besides,  RNNs  are
proved to  have an error  accumulation problem in Ref.
[37].  Compared  with  recurrent  neural  networks  and
gradient  neural  networks,  DNN  of  Eq.  (27)  designs  a
velocity  compensation  term  and  orthogonal  projection
matrix  to  eliminate  the  lagging  error,  and  it  has  been
theoretically proved that the position error is reduced to
zero.

5　Simulation, Experiment, and Comparison

This section presents computer simulations, simulative
experiments,  and  performance  comparisons  on  the
MWDRA  to  verify  the  feasibility  of  the  PCVCC
scheme of Eq. (12) and evaluate the efficiency of DNN
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Fig. 5    Corresponding relationship between DNN of Eq. (27) and PCVCC scheme of Eq. (12).
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a = xl = xr = yl = yr = 0.5
rw = 0.25

a = xl = xr = yl = yr = 0.53 rw = 0.33

ϱ = 8 σ = 1000 ω = −ω = [1.5]14×1 rad/s
α = 10 θl(0) = θr(0) = [0, −0.67, 0, 1.3, 0, 0.5]T

µ(0) = 0 xo
sl

(0) = yo
sl

(0) = 0

of  Eq.  (27).  It  is  worth  noteworthy  that  in  computer
simulations,  the  structural  parameters  of  the  mobile
wheelchair  are  designed  as  m
and  m,  and  the  robotic  arm  used  is  6-DOF
Sawyer  robotic  arm[45].  In  simulative  experiments,  the
MWDRA consists of a pioneer 3-DX differential-drive
mobile  platform[46] and  two  6-DOF  Sawyer  robotic
arms[45].  Note that  the mobile  platform is  scaled up to
mount  two  robotic  arms  with  structural  parameters  as

 m  and  m.
Additionally, the other fixed parameters are devised as
follows: , , ,

,  rad,
,  and .  Moreover,  the

simulation  parameters  include  the  convergence
parameters  of  DNN  of  Eq.  (27)  and  structural
parameters.  The  convergence  parameters  are
determined  by  trial  and  error,  while  structural
parameters  are  set  according  to  the  operational
conditions of the MWDRA.

5.1　Trajectory tracking task

ζ = 105 λ1 = λ3 = 2
λ2 = 100 b = −1 xp = yp = 0 θlp = θrp = θl(0)

10−5 εlX εlY εlZ εrX εrY εrZ

X Y Z

The  simulation  results  of  trajectory  tracking  on  the
MWDRA  driven  by  the  PCVCC  scheme  of  Eq.  (12)
aided  with  DNN  of  Eq.  (27)  are  presented  in Fig.  6.
The pre-designed trajectory is a closed “OK” curve and
the  design  parameters  are , ,  and

, , ,  and .  The
mobile  wheelchair  moves  in  a  straight  line  along with
the  robotic  arm to  perform the  given task,  as  depicted
in Figs.  6a  and 6b,  which  demonstrates  the  successful
completion  of  the  task.  Specifically, Figs.  6c  and 6d
embody that the actual trajectory is consistent with the
pre-designed  path  with  the  position  error  of  the  order

 m, where , ,  and , ,  represent
the  errors  of  the  left  and  rights  robotic  arm  end
affectors  in  the , ,  and  axes,  respectively.
Moreover,  the  motion  variation  properties  of  the
mobile wheelchair are plotted in Figs. 6e and 6f, which
indicate  the  straight  movement  of  the  mobile
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Fig. 6    Simulation results on the DMR tracking “OK” trajectory driven by the PCVCC scheme of Eq. (12) aided with DNN of
Eq. (27) and b = −1.
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sl

θl(0)

wheelchair  with  the  left  and  right  drive  wheels
retaining  nearly  the  same  velocity  and  almost  zero
heading  angle.  Additionally,  plane  coordinates  of 
return  the  pre-designed  values.  In Fig.  6g,  the  joint
velocity maintains within joint limits, while in Fig. 6h,
the joint angle returns the pre-designed state, i.e., .
These results illustrate the feasibility and efficiency of
the proposed PCVCC scheme of Eq. (12) and DNN of
Eq. (27).

b = 1

10−5

sl

Excessive displacement is  often unsatisfactory when
the  MWDRA  works  in  narrow  areas.  To  address  this
issue,  simulations  are  conducted  with  and  other
parameters  remaining  unchanged.  The  results  are
illustrated in Fig. 7. It can be inferred from Figs. 7a and
7b that the pre-designed task is implemented accurately
with  the  position  errors  being  the  order  of  m.
Furthermore,  in Figs.  7c  and 7d,  the  opposite  rotation
speeds  of  the  left  and  right  drive  wheels  effectively
limit  the  mobile  wheelchair’s  displacement,  and  the
plane  coordinates  of  converge  to  the  pre-designed
positions.  Based on these task and simulation settings,
the  presented  problem  can  be  deemed  as  a  repetitive
motion scheme[4]. Figures 6 and 7 indicate that the end
states  of  the  robotic  system are  the  same as  the  initial
ones.

Moreover,  simulative  experiments  are  performed  in
CoppeliaSim software to visualize the movement of the

MWDRA  corresponding  to Fig.  6.  Except  for  the
mobile  platform,  the  other  parameters  are  the  same as
those in the simulations. Driven by the PCVCC scheme
of Eq. (12) aided with DNN of Eq. (27), the MWDRA
is programmed to perform the trajectory tracking task,
and  snapshots  are  captured  in Fig.  8.  Evidently,  the
“OK” trajectory  task  is  executed  accurately,  with  the
final  states  identical  to  the  initial  ones.  These  results
verify  the  reliability  and  efficiency  of  the  PCVCC
scheme of Eq. (12) and DNN of Eq. (27). Furthermore,
related  comparative  experiments  are  presented  in
Section 4.3.

5.2　State adjustment task

xp = 1 yp = 0.5
b = −1 θlp = θrp = [−0.5]6×1 λ1 = 200 λ2 = 0.01
λ3 = 1

−0.5 2
sl

To  realize  the  state  adjustment  of  the  MWDRA,  we
utilize the PCVCC scheme of Eq. (12) and DNN of Eq.
(37)  to  manipulate  the  MWDRA  for  adjusting  to  a
required  state.  Note  that  we  choose  m, 
m, ,  rad, , ,
and . Related simulation results are illustrated in
Figs. 9 and 10. Specifically, the joint velocity and drive
wheel velocity are momentarily constrained at the joint
limits  and  eventually  reduced  to  zero  in Fig.  9a.  In
Fig. 9b, joint angles of double robotic arms converge to

 rad  in  s.  Similarly, Fig.  9c shows  the
convergence  of  plane  coordinates  of  to  the  desired
position.  Covering  the  above  characteristics, Fig.  9b
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Fig. 7    Simulation results on the DMR tracking “OK” trajectory driven by the PCVCC scheme of Eq. (12) aided with DNN of
Eq. (27) and b = 1.
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shows the whole process of the state adjustment of the
MWDRA.  Further,  simulative  experiments  in Fig.  10
indicate  the  initial  state,  the  in-motion  state,  and  the
final  state,  which  reflects  the  reliable  performance  of
the proposed method in state adjustment. Additionally,
except for  m and  m,

the other parameters in the experiments are the same as
those in the simulations.

5.3　Comparative experiments

For further comparison, experiments synthesized by the
PCVCC  scheme  of  Eq.  (12)  and  VOA  scheme[5] are
conducted  on  the  MWDRA.  Experimental  results  for
tracking “OK” trajectory  driven  by  the  two  schemes
are  shown  in Figs.  11 and 12,  and Table  2,  and  the
experimental  video  is  provided  at  https://youtu.be/
E2nn9UWHPG0. Note that experiments synthesized by
the  PCVCC  scheme  of  Eq.  (12)  are  those  in  Section
4.1,  and  the  solver  for  the  VOA  scheme  is  the  linear
variational  inequality-based  primal-dual  neural
network in Ref.  [5].  From the video,  one can discover
that  the  PCVCC  scheme  of  Eq.  (12)  and  VOA
scheme[5] perform  trajectory  tasks  in  different  kinetic
manners.  However,  the  actual  trajectory  generated  by

 

1 2 3 4 5 6

 
Fig. 8    Snapshots  of  CoppeliaSim-based  simulative  experiments  on  the  DMR  for  tracking “OK” trajectory  driven  by  the
PCVCC  scheme  of  Eq.  (12)  aided  with  DNN  of  Eq.  (27).  The  experimental  video  is  available  at  https://youtu.be/
E2nn9UWHPG0.
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Fig. 9    Simulation  results  of  state  adjustment  on  the  DMR  driven  by  the  PCVCC  scheme  of  Eq.  (12)  aided  with  DNN  of
Eq. (37).

 

 
Fig. 10    Snapshots  of  CoppeliaSim-based  simulative
experiments on the DMR for state adjustment task driven by
the PCVCC scheme of Eq. (12) aided with DNN of Eq. (37).
The  experimental  video  is  available  at  https://youtu.
be/W9Ze5VkhA8k.
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the  PCVCC  scheme  of  Eq.  (12)  is  more  precise  than
that generated by the VOA scheme[5], as Figs. 12a and
12b  indicate.  Accordingly,  in Fig.  11a,  the  two-norm
position error by PCVCC scheme of Eq. (12) maintains
the  order  of  m,  and  that  by  VOA  scheme[5] is

sl

relatively  large.  From Fig.  11b,  it  is  clear  that  the
heading  angle  by  the  PCVCC  scheme  of  Eq.  (12)  is
almost zero, embodying the straight-line motion of the
mobile  platform.  In  contrast,  the  heading angle  by the
VOA  scheme[5] varies  over  time  in  an  unpredictable
state.  As  reflected  in Fig.  11c,  the  PCVCC scheme of
Eq.  (12)  can  drive  coordinates  of  to  return  to  their
initial  states,  but  the  VOA  scheme[5] cannot  achieve.
Besides,  detailed  numerical  results  of  comparative
experiments  are  recorded  in Table  2.  It  is  noteworthy
from Table  2 that  the  PCVCC  scheme  of  Eq.  (12)
simultaneously  manipulates  the  mobile  platform  and
robotic  arms  to  the  pre-designed  desired  states,  while
the VOA scheme[5] does not. Overall, the advantage of
the PCVCC scheme of Eq. (12) is that it can determine
the  position  of  the  wheelchair,  the  rotation  mode  of
drive  wheels,  and  joints  of  robotic  arms  while
completing the given task.

5.4　Cooperative task and comparisons

In  this  subsection,  we  assign  the  two  robotic  arms  of
the  DMR  to  collaborate  in  completing  a  more
meaningful  trajectory  tracking  task.  Specifically,  we
define  a  curved  hexagonal  trajectory  as  the  preset
trajectory.  The  left  arm  executes  the  left  half  of  the
trajectory  from  the  bottom  to  the  top,  while  the  right
arm  executes  the  right  half  of  the  trajectory  from  the
top  to  the  bottom.  The  specific  parameters  are  set  as
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Fig. 11    Simulative results on the DMR for tracking “OK” trajectory driven by different schemes.

 

(a) Actual trajectory by PCVCC scheme

(b) Actual trajectory by VOA scheme 
Fig. 12    Simulative  experiments  on  the  MWDRA  for
tracking “OK” trajectory  driven  by  different  schemes.  The
related video is provided at https://youtu.be/E2nn9UWHPG0.

 

Table 2    Performance comparison between PCVCC scheme of Eq. (12) and VOA scheme[5] for controlling MWDRA.
Scheme |xo

sl
(10)− xp|♢  (m) |yo

sl
(10)− yp|♢  (m) Max⋆|µ|♢  (rad) ||θl(10)− θlp|| (rad) ||θr(10)− θrp|| (rad) Max⋆||rp − r|| (m)

PCVCC scheme
of Eq. (12) 6.08×10−6 9.35×10−5 1.14×10−2 1.11×10−4 1.00×10−4 3.25×10−6

VOA scheme[5] 2.14×10−2 7.24×10−2 3.04×10−1 1.59×10−1 1.63×10−1 6.23×10−3

⋆

| · |♢
 Max denotes finding the maximum value during the task execution.

 represents the absolute value of operation.
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λ1 = 1 λ2 = 10 λ3 = 0 ρ = 8 θl(0) = [−1.14,
−1.47, −0.44, 0.95, 0.06, 0.45]T θr(0) = [1.20,
−0.65, −0.33, 1.71, −0.13, 0.65]T
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follows: , , , , 
 rad,  and 

 rad.  The  remaining
parameters  are  the  same  as  those  in  Section  4.1.  The
specific  results  are  plotted  in Fig.  13.  In Fig.  13a,  the
collaboration  between  the  two  robotic  arms  and  the
mobile platform enables the successful execution of the
trajectory  task.  Moreover, Fig.  13b demonstrates  the
coincidence  between  the  actual  trajectories  of  the  two
robotic  arms  and  the  pre-designed  path.  Additionally,
the  joint  velocity  exhibits  a  suitable  and  smooth
change, as illustrated in Fig. 13c. The position error in
Fig.  13d remains  the  order  of  m.  Besides,
snapshots  of  the  movement  process  in Fig.  13e verify
the  effective  performance  of  the  DMR  in
accomplishing  the  cooperative  task.  However,  it  is
evident that if a single robotic arm executes this task, it
would  be  constrained  by  its  limited  workspace,
potentially  making  it  difficult  to  reach  the  position  on
the  other  side.  Therefore,  the  MRA  enhances  task
efficiency  by  performing  the  task  simultaneously  and
compensates  for  the  limitations  of  a  single  robot  arm,
thereby improving overall performance.

5.5　Comparison of prior art

To demonstrate the novelty of this work, various robot
control  techniques  are  summarized  and  compared  in
Table  3.  As  displayed  in Table  3,  this  work  differs
from the existing techniques in three aspects: modeling
form, scheme proposal,  and solver design. Firstly,  this
work  investigates  an  MWDRA,  where  robot  arms  are
installed  at  the  two  corners  of  the  mobile  wheelchair,
providing  sufficient  space  for  the  operator.  However,
previous  studies  on  double-arm  mobile  robots[13, 15, 16]

are mainly oriented toward humanoid robots, which do
not  reserve  enough  space  for  an  operator  in  a
wheelchair.  Secondly,  the  proposed  scheme  considers
the  position  of  the  wheelchair,  the  rotation  mode  of
drive  wheels,  and  joints  of  robotic  arms  to  realize  the
arbitrary  status  adjustment.  In  contrast,  previous
studies[4, 5, 13, 15, 16, 31] mainly  focus  on  the  task
execution  of  the  end-effector  and  ignore  the  precise
control  of  the  mobile  platform.  Finally,  we  develop
DNN  of  Eq.  (27)  incorporating  physical  information
and prove its ability to eliminate position errors.

6　Conclusion

This  paper  has  presented  original  research  on  a
uniquely  designed  DMR,  covering  various  aspects,
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including model construction, scheme formulation, and
solver  design.  Specifically,  the  DMR  has  been
designed  to  incorporate  two  robotic  arms  installed  at
two  corners  of  the  wheeled  mobile  platform.  On  this
basis,  a  PCVCC  scheme  for  kinematic  control  of  the
DMR with  a  designed  optimization  criterion  has  been
proposed.  Furthermore,  the  gradient  descent  method
with  velocity  compensation  has  been  exploited  to
develop  a  DNN  solver  with  zero  theoretical  position
error.  The proposed method enables precise control  of
the  mobile  platform,  allowing  it  to  move  in  a  straight
line  or  rotate  in  place,  ultimately  reaching  a  pre-
designed position.  Furthermore,  the  final  joint  state  of
the double robotic arms can be precisely determined by
considering  joint  constraints  and  pre-designed  tasks.
Afterward,  computer  simulations  and  simulative
experiments  on  the  DMR  have  demonstrated  the
reliability  and  effectiveness  of  the  proposed  method.
Besides,  comparisons  among  the  prior  art  have
highlighted the novelty of the proposed method. In the
future,  we  plan  to  research  some  important  issues  of
DMRs,  such  as  obstacle  avoidance  and  constraints
between  two  robotic  arms,  to  guarantee  the  safety  of
DMRs.
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Table 3    Comparisons among prior art for redundancy resolution of robotic system.

Approach Joint limit
avoidance Type of robots Status adjustment Number of

neurons
Theoretical

position error
Kinematics
analysis※

PCVCC scheme of Eq. (12) Yes MWDRA Yes (arbitrary) 2m+2n+2 Zero Yes

Approach in Ref. [4] Yes Single mobile arm Yes (restricted)☆ m+n+2 Nonzero No
Approach in Ref. [5] Yes Single mobile arm No 2n+m+2 Nonzero No

Approach in Ref. [9] Yes Double fixed-based arms Yes (restricted)☆ 2m+2n Zero No
Approach in Ref. [8] Yes Double fixed-based arms Yes (restricted)☆ n2 +2m+4n Zero No
Approach in Ref. [13] No Double-arm mobile robot No 2m+2n+2 Nonzero No
Approach in Ref. [15] Yes Double-arm mobile robot No 2m+2n+2 Nonzero No
Approach in Ref. [16] No Double-arm mobile robot No 2m+2n+2 Zero No
Approach in Ref. [21] No Multiple fixed-based arms§ No k(n+m) Nonzero No
Approach in Ref. [31] No Single mobile arm No m+2 Zero No

k k > 2

☆ This approache is able to impel the eventual states to the initial ones rather than arbitrary ones.
§ It is supposed that this approach is applied to kinematic control of  robotic arms with .
※ This column depends on whether the approach carries out the kinematics analyses of the MWDRA or not.
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