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Abstract: The study applies the least squares technique in conjunction with a series of spatiotemporally varying pore water pressure measurements to 

identify the geotechnical parameters of consolidation models. Firstly, a least squares function for pore water pressure, incorporating both temporal and 

spatial coordinates, is developed. Subsequently, a new Jacobian matrix is constructed to accommodate any number of temporal and spatial 

measurements. Using Taylor series expansion, the iterative equations for the Gauss-Newton, Levenberg, Marquardt, and Nielsen methods are derived. 

The proposed methods are validated using two numerical examples. In Case 1, the consolidation coefficient of Terzaghi’s model is identified. 

Comparative analysis reveals that all four methods converge to the correct solution, although the Marquardt method converges more slowly. In Case 

2, the coordinates of a point source in a two-dimensional fluid-saturated medium are identified using a poroelastic consolidation model. The 

Gauss-Newton method fails to accurately locate the point source, whereas the Nielsen method accelerates convergence but introduces multiple 

damping coefficient intervals and convergence values. The Marquardt method is more effective for point source identification. Additionally, the study 

highlights the importance of sensor placement and initial iteration coordinates for accurate point source identification. Both cases show that the 

proposed methods possess some noise resistance. 

Keywords: consolidation; least square problem; Gauss-Newton method; Levenberg-Marquardt method; sensor layout 

 

1  Introduction 

Since Terzaghi’s introduction of the one-dimensional 

consolidation theory in 1924 and Biot’s extension to the 

three-dimensional theory in 1941, soil consolidation 

continues to be a crucial research topic in soil mechanics [1]. 

Relevant scholars had derived analytical solutions for pore 

water pressure in consolidation models under different 

boundaries and initial conditions. This paper considers an 

inverse problem of consolidation theory, using the least 

squares method and measured pore water pressure to 

determine the relevant geotechnical parameters in analytical 

solutions. In the geotechnical area, inverse analysis has been 

applied successfully because it generates a relatively 

objective determination of the parameters[2–5]. For an inverse 

formulation of the parameters identification, the variables 

are the model parameters. A way to find their values is to 

simulate several sets of laboratory or field tests and to 

minimize the differences between experimental and 

numerical values of stresses, strains, and water pore 

pressures. This type of problem can be divided into 2 

categories: (1) deterministic techniques and (2) stochastic 

techniques[6]. One of deterministic technique is least squares 

method which leads to the gradient‐based algorithms such 

as the Gauss-Newton method, the steepest descent method, 

and the Levenberg and Marquardt methods[7-8]. The 

gradient‐based methods have been used for solving different 

geotechnical engineering problems, such as identifying soil 

parameters[9–11]. Luco et al.[12] estimated shear-wave 

velocities and material damping ratios by minimizing the 

difference between the experimental impedance functions 

obtained from forced vibration tests of the foundation and 

theoretical impedance functions obtained by an integral 

equation technique. Nagarajaiah et al.[13] developed a least 

squares technique with time segments to identify the 

piece-wise linear system properties, and the recorded 

displacements and velocities were employed to identify the 

periods and damping ratios. Samui et al.[14] adopt least 

square support vector machine (LSSVM) for determination 

of liquefactions susceptibility of soil based on standard 

penetration test data. Wu et al.[15] obtained parameters for 

heat generation based on the least squares method and the 

Levenberg-Marquardt (LM) algorithm, and input data is 

temperature. Bao et al.[16] applied the least squares method 

to determine the consolidation coefficient of Terzaghi’s 

model, utilizing specimen compression and time as input 

data. By studying the literatures about damped least square 

methods published in recent years, Xiao et al.[17] 

summarized and analyzed the improvement strategies of 

damped least square methods. Recently, Raissi et al.[18] 

introduced physics-informed neural networks (PINNs), a 

framework for incorporating partial differential equation 

(PDE) constraints into deep learning using automatic 

differentiation. Bekele[19] employed PINNs to determine the 
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consolidation coefficient in Terzaghi’s problem. Amini et 

al.[20] validated the proposed inverse-modeling PINNs 

approach on Terzaghi’s isothermal consolidation problem, 

Barry-Mercer’s injection-production problem, and no- 

isothermal consolidation of an unsaturated soil layer. Gong 

et al.[21] applied PINNs to predict the consolidation 

coefficients in a layered consolidation model. As discussed 

in Karniadakis et al.[22] there are multiple bottlenecks 

associated with PINNs, including the training time of 

PINNs forward solvers compared to classical methods and 

their applicability to couple nonlinear problems. 

Pore water pressure during the soil consolidation 

process is a special measurement, varying both temporally 

and spatially. Measuring pore water pressure is crucial in 

clarifying the hydrogeological conditions and ensuring 

safety in geotechnical engineering projects. Pore water 

pressure sensors are widely used in geotechnical 

applications such as landslides and soil consolidation and 

settlement[23-24]. How to account for the time and spatial 

variables in pore water pressure function within the least 

squares method, as well as the number of time and spatial 

points in iterative equations, is a topic worthy of 

investigation in the inverse problem of consolidation theory. 

Previous research has rarely addressed this issue. In this 

study, we develop an original Jacobi matrix that allows for 

the identification of relevant geotechnical parameters. 

This study aims to identify geotechnical parameters in 

analytical solutions to consolidation equations using the 

least squares technique and measurements of pore water 

pressure varying both temporally and spatially. The first step 

is transforming the parameter identification problem into a 

least squares problem. The pore water pressure 

measurements in the least squares function are obtained by 

employing well-established analytical solutions. 

Subsequently, this study categorizes the pore water pressure 

function into three components: the parameters to be 

identified, the location coordinates, and the test time.  The 

derivation of the iteration equations for the Gauss-Newton, 

Levenberg, Marquardt, and Nielsen methods is presented.  

Additionally, conventional research on iterative equations 

often utilizes a Jacobi matrix that is square, necessitating 

equal numbers of rows and columns. This constraint 

requires that the number of sampled time and spatial points 

meets specific conditions, which can complicate practical 

applications. In contrast, this study introduces a novel Jacobi 

matrix that is non-square, thereby accommodating any 

combination of measurement locations and time points and 

effectively identifying the associated parameters. Finally, the 

effectiveness of the proposed strategy is demonstrated by 

two numerical examples. 

2  Computational models and the least squares 
method 

We study the problem of determining geotechnical 

parameters using temporally and spatially varying pore 

pressure measurements through two classical soil 

consolidation models. 

The first case involves identifying the consolidation 

coefficient of the classical Terzaghi one-dimensional 

consolidation model. To effectively apply consolidation 

theory in practice, determining the consolidation coefficient 

is essential. Several methods for calculating this coefficient 

have been proposed by some scholars[1]. Zhang et al.[25] 

evaluated the coefficient of consolidation using the 

relationship between primary consolidation settlement and 

its velocity. Bao et al.[16] employed the least squares method 

to compute the consolidation coefficient. Bao et al.[26] also 

calculated the consolidation coefficient using a genetic 

algorithm. The measurements from the aforementioned 

study focused on soil compression. This paper proposes a 

new method for evaluating the consolidation coefficient 

based on pore water pressure measurements and damped 

least squares method, thereby highlighting the potential 

application of pore water pressure sensors in engineering to 

assess the degree of consolidation.  

The second case aims to identify the coordinates of a 

point source in the two-dimensional Barry–Mercer 

poroelastic consolidation model. The poroelastic equations 

were first derived by Biot[27] studying with the consolidation 

of soils. Barry et al.[28] derived analytical solutions for the 

time-dependent pore pressure caused by a point source 

within a finite rectangular poroelastic medium and the pore 

pressure field conforms to the first-type boundary conditions. 

Li et al.[29] derived analytical solutions when the pore water 

pressure field satisfies the second-type boundary conditions. 

These studies are applicable to incompressible porous media. 

Li et al.[30] derived an analytical solution for the finite 2-D 

compressible poroelastic media resulting from a point 

source. Li et al.[31] also investigated the time-dependent 

hydromechanical behavior of a finite two-dimensional 

fluid-saturated poroelastic medium caused by a point source. 

It is noted that the studies above on the point source problem 

are based on Biot's poroelasticity consolidation equations 

and boundary conditions in order to obtain analytical 

solutions of pore water pressure. In the paper, we consider 

the inverse problem of identifying the source point in 

Barry-Mercer consolidation model using pore water 

pressure measurements and damped least squares method. 

The least squares method arises in the context of finding 

the correct solution to a linear or nonlinear system of 

equations by minimizing the objective, expressed as the sum 

of the squares of the errors between the model function and 

a set of data points and creating a recursive equation. In 

order to reduce the influence of errors in the observations, 

one would then like to use a greater number of 

measurements than the number of unknown parameters in 

the model. The result is an overdetermined linear system of 

equations to be solved[32].  

In order to fit the measured values of the pore water 

pressure sensors, it is customary to minimize the sum of 
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squares of the errors between the ( 1)thl   iteration values 

of pore water pressure 
( 1)( ; ; )l

i jp t
η and measured 

values ( ; )i jp t : 

 ( 1) )
2

1

( 1

1

; ; ( ; ; ) ( ; )
1

2

J I
l l

i i i
i

j j j
j

F p t pt t   

 

   η η

（1） 

where  F  is least square function; 
i  denotes the sensor 

location's coordinates; jt  the test time; I  is the total 

number of pore water pressure sensors; J is the total time 

point of the test; l  is the number of iterations; at location 

i  and time j ,
( 1)( ; ; )l

i jp t
η  represents the ( 1)thl   

iteration value and ( ; )i jp t  represents the measurement 

of pore water pressure, η  is a vector that contains the 

parameters that need to be identified. 

Using the Taylor series expansion for
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i jp t
η , 

Eq.（1） becomes 
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where ( 1) ( ) ( )l l l   η η η . 
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The Eq.（4）can be rewritten in matrix form: 
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According to Eq.（5）, it is evident that 
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where A  is the Jacobian matrix and can be written as 
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where ( ) ( ) ( ) ( )
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geotechnical parameters to be identified; and K  is the 

number of parameters to be identified. 
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Equation（6） is a variant of the Gauss-Newton method. 

According to Jacobian matrix Eq.（7）, coordinate and time 

variables can be taken in different numbers. 

3  Levenberg – Marquardt methods  

The Gauss-Newton method has fast local convergence 

on mildly nonlinear problems. However, it may not even be 

locally convergent on problems that are very nonlinear or 

have large residuals[32]. Levenberg[7] and Marquardt[8] 

suggested the damped Gauss-Newton methods for 

nonlinear least squares problems. 

The unconstrained nonlinear least squares Eq.（2） can 

be rewritten to find a global minimizer of the sum of squares 
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of nonlinear functions: 
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where the r  is radius of the trust region and D  is the 

weight matrix. 

Equation（9） may be stated as 

 

 

 

( 1)

( )
2

1 1

2
2

( ) ( ) ( )

( )

( )

; ;

( ; ; )
( ; ; ) ;

1

2

1

2

l

i j

l
J I

i jl l l

i j i jl

l

j i

L t

p t

r

p t
p t
















 



 
  

  





 



η

η
η η

η

D η

（10） 

where  L   is Lagrangian function,   is Lagrangian 

multiplier, which is also damping parameter; and   

denotes the 2 norms. 

The differentiation of the Eq.（10） leads to 
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Equation（11） can become by omitting higher-order 

items: 
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Equation（12） can be rewritten in matrix form: 
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   

 

1
T

T

( ) T ( ) ( )

( ) ( )
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; ; ( ; ; ) ; )(

l l l

i j i j

l l

i j i j i jp t

t t

t p t

 

  




     
 

  

η ηD D A

η

A η

A η

（14） 

When the matrix T
D D  is the identity matrix I  and 

the update rule becomes the Levenberg method: 

   

   

1
( ) ( ) ( )

( ) ( )

T

T

; ; ; ;

; ; ( ; ; ) ;
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l l
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


     
 

 
 

η ηI A

η

A η

A η

 （15） 

where small values of the damping parameter  result in 

Gauss-Newton method (Eq.（6）) and large values of 

 result in steepest descent method: 

 T( ) ( ) ( )1
; ; ( ; ; () ; )l l l

i j i j i jt pp t t  


     η A η η （16） 

The damping parameter   influences both the 

direction and the size of the step, and this leads us to make a 

method without a specific line search. If the (th)l  iteration 
( )l
η  is close to the exact solution η , then the correct 

convergence of the Gauss-Newton method is obtained. The 

choice of initial   value should be related to the size of 

the elements in Hessian matrix TH A A . 

Marquardt improved Levenberg algorithm by replacing 

the identity matrix I  in Levenberg original equations with 

the diagonal of the Hessian matrix T
A A  (Marquardt 

method) [8]: 

   

     

( ) ( ) ( )

1
( ) ( ) ( )

( )

T

T T
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;
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; ; ; ; ;

g
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i j i j i j

l
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t t

t t t

pp tt
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






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 






 

  A A

A A

η η η

η η

η

A η  （17） 

Nielsen et al.[33-34] proposed an updating strategy for 

damping parameter   based on Marquardt method so that 

it can avoid slowing down convergence (Nielsen method): 

 3

if 0

max 1/ 3,1 (2 1) , 2

else 

, 2



   

   



   








  





         （18） 

where  is gain ratio and   is a parameter with an initial 

value of 2. 

The damping parameter   can be updated and is 

controlled by gain ratio  : 

   

 
T

( ) ( 1)

( ) ( ( )T)

; ; ; ;

( ; ; ) 2( ; )

l l

i j i j

l l l

i j i jp t

F

t

F t t

p




 

 



         

η η

η η ηA

（19） 

where  ( 1) ; ;l

i jF t
η  is given in Eq.（1）. 

4  Numerical examples 

In this section, two cases are used to verify the 

effectiveness of the proposed methods. Case 1 is to identify 



ZHAN Run-tao et al./ Rock and Soil Mechanics, 2025, 46(10): 33153328                              3319 

 

the consolidation coefficient in the Terzaghi’s 

one-dimension consolidation model in Section 4.1. Case 2 is 

to identify the coordinates of the point source in a 

two-dimensional fluid saturated media based on 

Barry-Mercer’s poroelastic model in Section 4.2.  

4.1 Identification of the consolidation coefficient 

Terzaghi[1] developed an analytical model for 

determining the degree of consolidation within soil at any 

time. Consider an open layer of the fine-grained saturated 

soil with thickness 2d, as shown in Fig.1. The upper and 

lower boundaries of the soil layer are assumed to be 

free-draining, the permeability of the soil adjacent to each 

boundary being very high compared to that of the soil. 

Water therefore drains from the center of the soil element to 

the upper and lower boundaries simultaneously, so that the 

drainage path length is d. The Terzaghi one-dimensional 

differential equation of consolidation is [1] 
2

v 2

p p
c

t z

 


 
                           （20） 

where 
vc  is the coefficient of consolidation. 

The boundary and initial conditions are 

0p p  for 0 2z d≤ ≤  when 0t  ; 

0p    for 0z   and 2z d  when 0t＞ . 

The analytical solution of pore water pressure to the 

Terzaghi’s consolidation equation at depth z   after time 

t  is 

2

0 v

2
0

2
sin exp

 m

p c tMMz
p

M d d





  
   

   
           （21） 

where (2 1) / 2M m   ; and 
0p  is the initial value of 

excess pore water pressure and is a constant. 

As shown in Fig.1, there are 2 coordinate variables and 

3 time variables for identifying the consolidation coefficient. 

According to Eq.（7） and Eq.（8）, the Jacobian 

matrix
( ) ; ; )( l

i jtηA , the (th)l  iteration pore water 

pressure values 
( ) ; ; )( l

i jp tη  and the measured values 

 ;i jp t  are 
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      （22） 
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           （24） 

where ( )l
η is a vector containing the parameter to be 

identified and ( ) ( )

v[ ]l lcη ; and 
i  is the sensor location's  

coordinate, 
i iz  . 

 

 

Fig.1  Layout of pore water pressure sensors and pore 

water pressure time history curves based on Terzaghi’s 

model 

 
The parameters of Eq.(21) are chosen on the basis of 

the values given in Example 4.3 of the literature [1]. 

(1) The initial excess pore water pressure 
0p =429 kPa 

and the consolidation coefficient
vc = 0.46 m2/y = 

0.858 6 mm2/min. Initial iteration consolidation 

coefficient (1)

vc =0.1. 

(2) Length of drainage path: d =7.4 mm. The 

arrangement of the pore water pressure sensors is 

depicted in Fig.1. The values of 
1z  and 

2z are 2.5 mm 

and 5.0 mm, respectively. The measurements are taken at 

three time points: t = 25 min, 50 min, and 75 min. 

(3) Since there is no actual measurement data, the pore 

water pressure sensors are assumed very accurate.  The 

measured values of the sensors ;( )i jp t are obtained by 

taking exact consolidation coefficient 
vc =0.858 6 mm2/min 

into the analytical solution Eq.（21） which is given in 

Eq.（24）. 

(4) Convergence is achieved when the specified 

condition is satisfied: 

( ) ( )2 9

vtol 1 10l lc       ＜          （25） 

where tol  is the error value for computation;   is the 

permissible error. 

The numerical results of identifying the consolidation 

coefficient 
vc  using Gauss-Newton, Levenberg, Marquardt, 

Nielsen methods are shown in Table 1. 

Table 1 presents two methods for evaluating 

identification speed: algorithm runtime and iteration count. 

Due to the inherent variability of runtime across different 

executions, this study adopts iteration count as a more 

consistent measure. This approach enables an investigation 

into the relationship between the damping coefficient and 

the number of iterations. 

As shown in Table 1, when the damping parameter   

is less than 100, both the Gauss-Newton, Levenberg, 

Nielsen methods converge to the same solution 

vc =0.858 6 mm2/min after 6 iterations, however, when the 
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damping parameter   is set to 100, the Marquardt method 

requires 1 071 iterations to reach the converged solution. On 

the other hand, when the damping parameter   is set 

to 10 000, the Levenberg method requires 7 iterations and 

Nielsen methods requires 6 iterations, thus Nielsen method 

slightly speeds up convergence.  

 
Table 1  Identification of cv according to sensors arrangement 

and initial iteration value c
(1) 

v =0.1 

Method   l / iteration t /s vc  

Levenberg method 

10−9 6 0.008 1 0.858 6 

10−7 6 0.007 2 0.858 6 

10−5 6 0.006 3 0.858 6 

10−3 6 0.006 3 0.858 6 

10−1 6 0.006 8 0.858 6 

100 6 0.011 0 0.858 6 

101 6 0.007 1 0.858 6 

102 6 0.015 3 0.858 6 

104 7 0.022 3 0.858 6 

Marquardt method 

10−9 6 0.014 8 0.858 6 

10−7 6 0.011 1 0.858 6 

10−5 6 0.007 2 0.858 6 

10−3 6 0.008 1 0.858 6 

10−1 8 0.007 0 0.858 6 

100 18 0.012 2 0.858 6 

101 114 0.022 6 0.858 6 

102 107 1 0.109 7 0.858 6 

103 106 40 0.873 3 0.858 6 

Nielsen method 

10−9 6 0.011 9 0.858 6 

10−7 6 0.011 4 0.858 6 

10−5 6 0.014 9 0.858 6 

10−3 6 0.015 3 0.858 6 

10−1 6 0.025 7 0.858 6 

100 6 0.014 7 0.858 6 

101 6 0.023 7 0.858 6 

102 6 0.012 0 0.858 6 

104 6 0.010 3 0.858 6 

Gauss-Newton method 0 6 0.007 1 0.858 6 

 
To evaluate the robustness of algorithms, random noise 

was added to the measured pore water pressure: 

( ; ) ( ; )N i j i jp z t p z t  N                    （26） 

where the pore water pressure ( ; )i jp z t  is determined by 

Eq. (24); and the noise N is a random matrix with a normal 

distribution. Six random tests were conducted using the 

Gauss-Newton, Levenberg, Marquardt, and Nielsen 

methods, with a damping parameter 
910  . The 

average value of the consolidation coefficient from these six 

tests was then calculated. The average value vc  is 

compared with the correct consolidation coefficient 

vc =0.858 6 mm2/min, and the results are listed in Table 2. 

The error and the average number of iterations l  was 

determined by the following equations: 

v v1 v6

v

1 6

( ) / 6

err 0.858 6 / 0.858 6

( ) / 6

c c c

c

l l l

  


    


   

               （27） 

As shown in Table 2, the error between the average 

value 
vc  and the correct value is at most 0.35%. This 

indicates that the Gauss-Newton, Levenberg, Marquardt, 

and Nielsen methods are highly effective for identifying the 

consolidation coefficient. When noise is applied, the 

algorithms demonstrates a certain level of robustness against 

it. 
 
Table 2  Identification of cv after adding noise 

Methods vc  err/% l  

Gauss-Newton method 0.857 9 0.08 8.7 

Levenberg method ( 910  ) 0.855 6 0.35 8.7 

Marquardt method ( 910  ) 0.857 3 0.15 8.8 

Nielsen method ( 910  ) 0.860 3 0.20 8.8 

 

4.2 Identification of the point source within a fluid- 

saturated poroelastic medium 

This section focuses on the inverse problem of 

determining the coordinates of the point source in the Barry 

and Mercer consolidation model. The Gauss-Newton, 

Levenberg, Marquardt and Nielsen methods are employed, 

using the analytical solutions proposed by Barry et al.[28]. 

The dimensionless 2D Biot's consolidation theory for 

the point source problem can be written as [28] 

2 2 2

2 2

2 2 2

2 2

2 2

2 2

( 1) ( 1)

( 1) ( 1)

u u w p
m m m
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p p
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x z






   
     

    
   

        


   
    


   

  

       （28） 

where ,u w represent the ,x z  components of solid 

displacements, respectively; p  is a scaled applied pressure; 

m  is an elastic parameter;   is a scaled source 

strength[28]; Q  is the point source function (see eq.(29)), 

and   is a scalar function. 

The studied region is a rectangle of 0 x a≤ ≤ and  

0 z b≤ ≤  as Fig. 2 shows, and the point source can be 

located at (x0, z0) and the imposed flow rate is 

   0 0( , , ) sinQ x y t x x z z t              （29） 

where   is the Dirac delta function, and  is angular 

frequency. 

The boundary conditions of the displacement and pore 

pressure fields are 

3

4

0: 0, 0, ( , )

: 0, 0, ( , )

u
z w p p x t

x

u
z b w p p x t

x

 
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
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            （30） 
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Fig.2  Layout of pore water pressure sensors within a 

rectangular poroelastic medium of dimensionless lengths 

a=1.0 and b=1.0. 

 

The case of a point source at  0 0,x z and with zero 

pressure on the boundary such that
1 2p p   

3 4 0p p  leads to the analytical solution [28]: 
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where 2 2ˆ
qn    ; /n n a   ; /q q b   ; and n, q 

are positive integers. 

The following work is finding exact point source 

coordinates Q(0.25, 0.25) based on Barry-Mercer analytical 

solution (Eq.(32)) and pore water pressure measured values 

of sensors at A(x1, z1), B(x2, z2), C(x3, z3) or A(x1,z1), D(x4, z4), 

E(x5, z5). 

According to the Eqs.（7） and （8）, the Jacobian 

matrix A  and the  (th)l  iteration pore water pressure 
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Fig.3  Pore water pressure time history curves at different location of sensors 

 

where vector ( )l
η  represents the set of (th)l iteration 

parameters that need to be identified, ( ) ( ) ( )

0 0[ , ]l l lx zη ; and 

i  is the sensor location’s coordinate, ( , )i i ix z  . 

Assuming that the pore water pressure sensor is very 

accurate, the results of the measurement ( ; )i jp t  is  the 

analytical solutions (Eq.（32）) of the pore water pressure 

generated  by  the location point source Q (0.25, 0.25) as 

Fig. 2 shows: 
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The parameter values of the analytical solution Eq.（32） 

are specified in accordance with the literature by Barry et 

al[28]: 

(1) The location of the point source is Q(0.25, 0.25), 

which is used to calculate three sensor measurements and to 
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verify the validity of the proposed methods. 

(2) Here are two ways to arrange the pore water 

pressure sensors: 

i) A(x1, z1)=(0.2, 0.2), B(x2, z2)=(0.4, 0.2), C(x3, z3)= (0.6, 

0.2）; ii) A(x1, z1)=(0.2, 0.2), D(x4, z4)=(0.4, 0.4), E(x5, 

z5)=(0.6, 0.6). 

Since there is no actual measurement data, the sensors 

are assumed very accurate and the measured values of the 

sensors are obtained by taking ( , )i ix y  ( 1,2,3i   or 

1,4,5i  ) and 
0 0( , ) (0.25,0.25)Q x y  into the analytical 

solution Eq.（36）. 

(3) The initial iteration coordinates of the point source 

are ( (1)

0x , (1)

0z )=(0.05, 0.05) and ( (1)

0x , (1)

0z )=(0.01, 0.01). 

(4) The pore water pressure needs to be chosen at the 

right time so that the pore water pressure function 

( ; )i jp t is monotonic. This will make sure that the correct 

solution for convergence is found. As shown in Fig.3, the 

pore pressure function ( ; )i jp t  is monotonically 

increasing in the time interval, so
1t =3/4 and 

2t =7/8 are 

chosen for the Gauss-Newton, Levenberg, Marquardt and 

Nielsen methods. 

(5) Other parameter values are the same as in the 

literature by Barry and Mercer[28]:  

(6) Convergence occurs when the following condition is 

met: 

( )2 ( )2 9

0 0tol 1 10l lx z                    （37） 

Otherwise, iterations terminate when the iteration count 

exceeds a pre-specified limit and the iteration count is 

1 000. 

The details of the Gauss-Newton, Levenberg, 

Marquardt, and Nielsen methods can be seen in Figs. 4 and 

5. Tables 3–6 show the numerical results of algorithms.  

As shown in Tables 3-6, the Gauss-Newton method 

converges to (27.75, −14.25), (395.7364, −406.1819), 

(241.75, 117.75) and (2.25, −3.75), so the Gauss-Newton 

cannot converge to the correct point source Q(0.25, 0.25), 

but the Levenberg, Marquardt, and Nielsen methods may 

converge to the correct point source Q(0.25, 0.25). 

Table 3 shows when the damping parameter 20  , 

the Levenberg, Marquardt and  Nielsen methods reach the 

same convergent solution (0.263 6, 0.181 9) after 223, 939 

and 12 iteration steps respectively at sensors arrangement (A, 

B, C) and initial iteration point 
(1) (1)

0 0( , )x z   (0.05,0.05) . 

It is clear that the Nielsen method speeds up convergence. 

On the other hand, compared to the Levenberg method, the 

Marquardt method extends the valid range of damping 

parameter from [0.05, 1.00] to [0.25, 2.25] (1.00−0.05=0.95 

to 2.25−0.25=2.00) but reduces the speed of convergence. 

Tables 4 and 6 represent that valid intervals of the 

damping parameter   are [0.25, 0.75]∪[1.50, 2.75]∪
[9.00, 10.25] and [0.25]∪[1.00, 5.25]∪[7.50, 10.25] by the 

Nielsen method in which the coordinates converge to the 

correct  point source Q(0.25, 0.25), thus the Nielsen 

method may result in discontinuous valid intervals for the 

damping parameter and more convergence point sources, 

which increases the difficulty of accurately determining the 

point source. 

 

Algorithm 1: Pseudocode for Gauss-Newton, Levenberg and Marquardt methods 

Input: Coordinates of sensors (A, B, C or A, D, E) 

Input: 2.0  , a=b=1.0, 2.0   

Input: test time: [3π / 4,7π / 8]t   

initial iteration:  (1) (1) (1)

0 0( , )x zη    

/* (1) (1)
0 0( , ) (0.01,0.01)x z   or (0.05, 0.05)  */ 

Output: the location of point source  

91 10    and (1) 1.0 ‖ ‖η  

iteration number:  count =1 

while ( )l  ‖ ‖η  do 

for i ← 1 to 3(three sensors positions) do 

for j ← 1 to 2(two test time data) do 

for n ← 1 to 10 do 

for q ← 1 to 10 do 

  Eq.（36）(sensors measurements) 

  Eq.（35）(iteration values) 

end 

end 

end 

end 

compute error vector: Eq.（8） 

compute Jacobian matrix Eq.（7） 

damping parameter   

Gauss-Newton method: ( )lη [Eq.（6）]  

Levenberg method: ( )lη [(Eq.（15）]  

Marquardt method: ( )lη [Eq.（17）]  

update the point source ( 1) ( ) ( )l l l   η η η  

compute tolerance ( )l‖ ‖η  

iteration number: count=count+1 

If ( 1)l
η =(0.25, 0.25) then 

break  

end 

If count>1 000 then 

break 

end 

end 

Fig.4  Pseudocode for Gauss-Newton, Levenberg and 

Marquardt methods 

 

Table 5 demonstrates the point source will converge to 

the correct solution Q (0.25, 0.25) using the Levenberg, 

Marquardt, and Nielsen methods only if the damping 

parameter   is set to any value in this interval [1×10−7, 

1.00]. Therefore, the exact point source can be determined 

using a smaller positive damping parameter whose valid 

intervals are close to half-open interval (0, a] (a is a number 

greater than or equal to 1.00), which is easier to select than 

choosing a number from a specific interval in the positive 

real number domain as required in Tables 3, 4, and 6. 

Therefore, the sensor arrangement (A, D, E) and the initial 
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iteration point source (0.05, 0.05) are deemed the most 

suitable sensor configuration and initial iteration point. 

 

Algorithm 2: Pseudocode for Nielsen method 

Input: Coordinates of sensors(A, B, C or A, D, E) 

Input: 2.0  , a =b=1.0, 2.0   

Input: test time: [3π / 4,7π / 8]t   

initial iteration:  (1) (1) (1)

0 0( , )x zη    

/* (1) (1)

0 0( , ) (0.01,0.01)x z   or (0.05, 0.05)  */ 

Output: the location of point source  

91 10    and (1) 1.0 ‖ ‖η  

iteration number:  count =1 

damping parameter   

while ( )l  ‖ ‖η   

for i ← 1 to 3(three sensors positions) do 

for j ← 1 to 2(two test time data) do 

for n ← 1 to 10 do 

for q ← 1 to 10 do 

  Eq.（36）(sensors measurements) 

  Eq.（35）(iteration values) 

end 

end 

end 

end 

compute error vector: Eq.（8） 

compute least squares function Eq.（1） 

compute Jacobian matrix Eq.（7） 

Nielsen method: ( )lη [(Eq.（15）] 

update the point source ( 1) ( ) ( )l l l  η η η  

compute tolerance ( )l‖ ‖η  

iteration number: count=count+1 

update least squares function Eq.（1） 

compute the gain ratio  （Eq.（19）） 

If 0   then 

3max{1/ 3,1 (2 1 2}) ;          

else 

; 2         

end 

If ( 1)l  = (0.25, 0.25) then 

break  

end 

end 

Fig.5  Pseudocode for Nielsen method 

 
Tables 3–6 indicate how the valid intervals of the 

damping parameter vary significantly with the sensors 

location and initial iteration point source for various 

algorithms. For instance, when considering the arrangement 

of sensors (A, D, E) and the initial iteration point source 

(0.05, 0.05) as presented in Table 5, the Levenberg method 

determines the valid interval for the damping parameter 

is 7[1 10 ,1.25] . This interval is considered plausible. 

However, when the initial iteration point source is changed 

to (0.01, 0.01) as shown in Table 6, only two values of the 

damping parameter (0.25 and 1.25) are able to accurately 

Table 3  Point source identification according to sensors 

arrangement (A, B, C) and initial iteration source (0.05, 

0.05) 

Methods   l 0x  0z  Note 

Levenberg method 

 0.001 136 −6.263 6 −16.181 9 

[0.05,1.00]  * 

 0.010   9 −0.250 0  −0.250 0 

 0.050   6  0.250 0   0.250 0 

 0.250   7  0.250 0   0.250 0 

 0.500   6  0.250 0   0.250 0 

 0.750  10  0.250 0   0.250 0 

 1.000  16  0.250 0   0.250 0 

 1.250  21  0.263 6   0.181 9 

 1.500  26  0.263 6   0.181 9 

 2.000  23  0.263 6   0.181 9 

 2.250  31  0.263 6   0.181 9 

 2.500  33  0.263 6   0.181 9 

 5.000  60  0.263 6   0.181 9 

20.000 223  0.263 6   0.181 9 

Marquardt method 

 0.001  37 371.736 4 −24.181 9 

[0.25, 2.25]  * 

 0.010  26   9.736 4 −18.181 9 

 0.050   8   0.263 6   0.181 9 

 0.250  17   0.250 0   0.250 0 

 0.500  24   0.250 0   0.250 0 

 0.750  26   0.250 0   0.250 0 

 1.000  32   0.250 0   0.250 0 

 1.250  15   0.250 0   0.250 0 

 1.500  35   0.250 0   0.250 0 

 2.000  64   0.250 0   0.250 0 

 2.250  61   0.250 0   0.250 0 

 2.500 209   0.263 6   0.181 9 

 5.000 455   0.263 6   0.181 9 

20.000 939   0.263 6   0.181 9 

Nielsen method 

 0.001  7 1.750 0 −4.250 0 

[0.01,0.75]  * 

 0.010 17 0.250 0  0.250 0 

 0.050  4 0.250 0  0.250 0 

 0.250  6 0.250 0  0.250 0 

 0.500  4 0.250 0  0.250 0 

 0.750  6 0.250 0  0.250 0 

 1.000  7 0.263 6  0.181 9 

 1.250 10 0.263 6  0.181 9 

 1.500 11 0.263 6  0.181 9 

 2.000  9 0.263 6  0.181 9 

 2.250  9 0.263 6  0.181 9 

 2.500  9 0.263 6  0.181 9 

 5.000 10 0.263 6  0.181 9 

20.000 12 0.263 6  0.181 9 

Gauss-Newton 

method 
 0.000 28 27.750 0 −14.250 0 ― 

Note: * The point source converges to the correct solution Q(0.25, 0.25) 

when damping parameter  takes a value in the interval. The sensors are 

arranged at A(x
1
, z

1
)=(0.2, 0.2), B(x

2
, z

2
)=(0.4, 0.2), C(x

3
, z

3
)=(0.6, 0.2). 

 

identify the source point using the Levenberg method. 

Therefore, it is crucial to select appropriate initial iterative 

points. When the damping parameter exceeds a threshold, 

the Levenberg and Marquardt methods converge the point 

source to a single value, whereas the Nielsen method 

permits the point source to converge to multiple values. For 

example, as shown in Table 5, when the damping 

parameter 2.5≥ , the point source converges to the 

coordinates (0.161 8, 0.161 8) using the Marquardt and 
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Levenberg method. However, the Nielsen method 

converges multiple point sources, which include (3.75, 

−4.25), (−0.25, −0.25), and (4.25, 2.25). More convergent 

values make it more difficult to identify the correct point 

source Q(0.25, 0.25). 

 
Table 4  Point source identification according to sensors 

arrangement (A, B, C) and initial iteration source (0.01, 

0.01) 

Methods   l 0x  0z  Notes 

Levenberg method 

 0.001  12 1.750 0 1.750 0 

[0.05,0.50]  * 

 0.010   9 1.750 0 1.750 0 

 0.050  11 0.250 0 0.250 0 

 0.250   9 0.250 0 0.250 0 

 0.500  18 0.250 0 0.250 0 

 0.750  15 0.181 9 0.181 9 

 1.000  17 0.181 9 0.181 9 

 1.250  17 0.181 9 0.181 9 

 1.500  21 0.181 9 0.181 9 

 2.000  30 0.181 9 0.181 9 

 2.250  32 0.181 9 0.181 9 

 2.500  34 0.181 9 0.181 9 

 5.000  61 0.181 9 0.181 9 

10.000 116 0.181 9 0.181 9 

20.000 227 0.181 9 0.181 9 

Marquardt method 

 0.001  25 −84.263 6 17.818 1 

[1.25,9.50]  * 

 0.010  46  −1.750 0 10.250 0 

 0.050  29  12.250 0 −1.750 0 

 0.250  15 −11.736 4 −3.818 1 

 0.500  17  −0.263 6 −0.181 9 

 1.000  61  −4.250 0 −2.250 0 

 1.250  57   0.250 0  0.250 0 

 2.000  67   0.250 0  0.250 0 

 3.000 125   0.250 0  0.250 0 

 5.000 185   0.250 0  0.250 0 

 7.000 193   0.250 0  0.250 0 

 9.500 248   0.250 0  0.250 0 

 9.750 248   0.263 6  0.181 9 

10.000 553   0.263 6  0.181 9 

20.000 868   0.263 6  0.181 9 

Nielsen method 

 0.001 21 −1.736 4  4.181 9 

[0.25,0.75]

[1.50, 2.75]

[9.00,10.25]*

 



 

 0.010 15  1.750 0 −0.250 0 

 0.050 17  0.263 6  0.181 9 

 0.250  8  0.250 0  0.250 0 

 0.750 14  0.250 0  0.250 0 

 1.000 10  0.263 6  0.181 9 

 1.250  9  0.263 6  0.181 9 

 1.500  7  0.250 0  0.250 0 

 2.750  8  0.250 0  0.250 0 

 3.000  6  0.263 6  0.181 9 

 8.750 10  0.263 6  0.181 9 

 9.000  9  0.250 0  0.250 0 

10.250  9  0.250 0  0.250 0 

10.500 10  0.263 6  0.181 9 

20.000 11  0.263 6  0.181 9 

Gauss-Newton 

method 
 0.000 17 395.736 4 −406.181 9 ― 

Note: * The point source converges to the correct solution Q(0.25, 0.25) 

when damping parameter   takes a value in the interval. The sensors are 

arranged at A(x
1
, z

1
)=(0.2, 0.2), B(x

2
, z

2
)=(0.4, 0.2), C(x

3
, z

3
)=(0.6, 0.2). 

 

Table 5  Point source identification according to sensors 

arrangement (A, D, E) and initial iteration source (0.05, 

0.05) 

Methods   l 0x  0z  Notes 

Levenberg method 

1×10−8 72 79.750 0 −130.250 0 

7[1 10 ,1.00]   * 

1×10−7  9  0.250 0    0.250 0 

1×10−4  4  0.250 0    0.250 0 

 0.001  4  0.250 0    0.250 0 

 0.010  5  0.250 0    0.250 0 

 0.050  5  0.250 0    0.250 0 

 1.000  4  0.250 0    0.250 0 

 1.250  6  0.250 0    0.250 0 

 2.000  6  0.161 8    0.161 8 

 2.250  7  0.161 8    0.161 8 

 2.500  7  0.161 8    0.161 8 

 5.000  9  0.161 8    0.161 8 

10.000 13  0.161 8    0.161 8 

Marquardt method 

1×10−9 19 −36.250 0 23.750 0 

8[1 10 ,2.25]   * 

1×10−8 13   0.250 0  0.250 0 

1×10−4  4   0.250 0  0.250 0 

 0.001  4   0.250 0  0.250 0 

 0.010  5   0.250 0  0.250 0 

 0.050  5   0.250 0  0.250 0 

 0.500  7   0.250 0  0.250 0 

 1.500  9   0.250 0  0.250 0 

 2.000 11   0.250 0  0.250 0 

 2.250 13   0.250 0  0.250 0 

 2.500 15   0.161 8  0.161 8 

 5.000 25   0.161 8  0.161 8 

10.000 48   0.161 8  0.161 8 

Nielsen method 

1×10−9 39 −6.250 0 23.750 0 

8[1 10 ,1.25]

[2.50,2.51]*

   
 

1×10−8 12  0.250 0  0.250 0 

1×10−4  4  0.250 0  0.250 0 

 0.001  4  0.250 0  0.250 0 

 0.010  4  0.250 0  0.250 0 

 0.500  4  0.250 0  0.250 0 

 1.250 51  0.250 0  0.250 0 

 1.500 42  0.250 0  4.250 0 

 2.500 28  0.250 0  0.250 0 

 2.510 28  0.250 0  0.250 0 

 2.520 28  3.750 0 −4.250 0 

 5.000 37 −0.250 0 −0.250 0 

10.000 33  4.250 0  2.250 0 

Gauss-Newton 

method 
 0.000 60 241.750 0 117.750 0 ― 

Note: * The point source converges to the correct solution Q(0.25, 0.25) 

when damping parameter   takes a value in the interval. The sensors are 

arranged at A(x
1
, z

1
)=(0.2, 0.2), D(x

4
, z

4
)=(0.4, 0.4), E(x

5
, z

5
)=(0.6, 0.6).  

 
On the other hand, the range of effective damping 

parameter Marquardt method is superior to the Nielsen and 

Levenberg for identifying the point source. 

To assess the robustness of the algorithms, random noise 

was introduced into the measured pore water pressure: 

( ; ) ( ; )N i j i jp t p t η η N                   （38） 

As indicated in Table 5, with a damping parameter of 
41 10   , both the Levenberg, Marquardt and Nielsen 

methods successfully converge to the accurate solution of 

(0.25, 0.25). Six random tests were performed using 

the Levenberg, Marquardt, and Nielsen methods, with a  
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Table 6  Point source identification according to sensors 

arrangement (A, D, E) and initial iteration source (0.01, 

0.01) 

Methods   l 0x  0z  Notes 

Levenberg method 

 0.001 224 27.750 0 9.750 0 

[0.25] [1.25]   * 

 0.010 253  1.749 9 3.750 1 

 0.050   5  0.783 1 0.783 1 

 0.250   4  0.250 0 0.250 0 

 0.500   4  0.161 8 0.161 8 

 0.750   5  0.161 8 0.161 8 

 1.000   7  0.161 8 0.161 8 

 1.250   8  0.250 0 0.250 0 

 1.500   7  0.161 8 0.161 8 

 2.000   7  0.161 8 0.161 8 

 2.250   8  0.161 8 0.161 8 

 2.500   8  0.161 8 0.161 8 

 5.000  10  0.161 8 0.161 8 

10.000  15  0.161 8 0.161 8 

20.000  25  0.161 8 0.161 8 

Marquardt method 

 0.50  8 0.783 1 0.783 1 

[4.00,10.00]  * 

 0.75  4 0.783 1 0.783 1 

 1.00  9 0.783 1 0.783 1 

 1.25 11 0.783 1 0.783 1 

 1.50 11 0.783 1 0.783 1 

 2.00  6 0.485 6 0.485 6 

 3.00  7 0.485 6 0.485 6 

 3.50  9 0.485 6 0.485 6 

 4.00 22 0.250 0 0.250 0 

 5.00 25 0.250 0 0.250 0 

10.00 40 0.250 0 0.250 0 

10.25 40 0.161 8 0.161 8 

12.50 28 0.161 8 0.161 8 

15.00 61 0.161 8 0.161 8 

20.00 91 0.161 8 0.161 8 

Nielsen method 

 0.10 52 −0.250 0 −0.250 0 

[0.25]

[1.00,5.25]

[7.50,10.75]*

 

  

 0.25  4  0.250 0  0.250 0 

 0.50 40  1.750 0 −0.250 0 

 0.75 21 −1.750 0  2.250 0 

 1.00  9  0.250 0  0.250 0 

 5.25 21  0.250 0  0.250 0 

 5.50 38 −1.169 3 −1.296 4 

 7.00 42 −0.250 0 −0.250 0 

 7.25 39 −2.250 0 −0.250 0 

 7.50  8  0.250 0  0.250 0 

10.75  8  0.250 0  0.250 0 

11.00 50  9.750 0  5.750 0 

11.25 68 −1.750 0 14.250 0 

15.00 65 15.750 0 15.750 0 

20.00 37 −2.250 0  9.750 0 

Gauss-Newton 

method 
 0.00 15 2.250 0 −3.750 0 ― 

Note: * The point source converges to the correct solution Q (0.25, 0.25) 

when damping parameter  takes a value in the interval. The sensors are 

arranged at A(x
1
, z

1
)=(0.2, 0.2), D(x

4
, z

4
)=(0.4, 0.4), E(x

5
, z

5
)=(0.6, 0.6). 

 

damping parameter 
41 10    and the sensor 

arrangement (A, D, E) and the initial iteration point source 

(0.05, 0.05). The accuracy of identification depends on the 

level of noise applied. When the noise is relatively small 

compared to the precise measurements, the identification is 

more effective. However, when the noise is significant, it 

becomes difficult to accurately identify the point source 

(0.25, 0.25). In this study, a small amount of noise was 

applied and the identification results, as shown in Table 7, 

demonstrate minimal error from the exact point source (0.25, 

0.25). Thus, the Levenberg, Marquardt, and Nielsen methods 

exhibit robustness against noise. 

 

Table 7  Identification of (x0, z0) after adding noise 

Methods (x0, z0) l 

Levenberg method 

(0.250 0, 0.250 0) 4 

(0.250 0, 0.250 0) 4 

(0.250 0, 0.250 0) 4 

(0.241 7, 0.257 1) 12 

(0.243 9, 0.255 4) 13 

(0.250 0, 0.250 0) 4 

Marquardt method 

(0.253 7, 0.246 5) 14 

(0.255 4, 0.243 8) 14 

(0.254 0, 0.245 3) 13 

(0.250 0, 0.250 0) 4 

(0.253 3, 0.246 4) 14 

(0.252 8, 0.246 6) 12 

Nielsen method 

(0.250 0, 0.250 0) 4 

(0.250 0, 0.250 0) 4 

(0.250 0, 0.250 0) 4 

(0.241 7, 0.257 1) 12 

(0.243 9, 0.255 4) 12 

(0.249 9, 0.249 9) 33 

Note: Damping parameter 0.0001  and the sensor arrangement is (A, D, E). The 

initial iteration point source is (0.05, 0.05). 

 

5  Discussions 

The theory of consolidation is fundamental to soil 

mechanics. Traditional studies typically involve solving the 

consolidation differential equation to obtain an analytical 

solution for pore water pressure. This paper explores an 

inverse problem in consolidation theory, focusing on 

extracting relevant geotechnical parameters from pore water 

pressure measurements and corresponding analytical 

solutions. However, geotechnical engineering encompasses 

various variables that vary temporally and spatially, 

including stress, strain, displacement, and pore water 

pressure. This study separates time and spatial variables in 

the pore water pressure function, resulting in the 

development of a novel Jacobian matrix that accommodates 

any number of time points and spatial coordinates. The 

update rules for the Gauss-Newton, Levenberg, Marquardt, 

and Nielsen methods are then derived. 

The effectiveness of the proposed algorithm is validated 

through two numerical examples. Case 1 involves 

identifying the consolidation coefficient in Terzaghi's 

classical consolidation model, using 2 coordinate variables 

and 3 time points. Case 2 aims to identify the point source 

in the analytical solution of Barry and Mercer problem 

within a saturated porous medium, based on poroelastic 

consolidation equations, using 3 coordinate variables and 2 

time points. The results clearly demonstrate the algorithm's 

capability in identifying model parameters. Compared to the 
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PINNs for geotechnical parameter identification, the 

proposed method offers the advantage of requiring fewer 

measurements and shorter time, thus enabling the 

identification of relevant geotechnical parameters in 

consolidation models more efficiently. 

It should be noted that the identification of the Terzaghi 

classical consolidation model assumes a constant 

consolidation coefficient with respect to pore water pressure. 

However, in some measurements, the consolidation 

coefficient can change significantly as the pore water 

pressure dissipates, indicating that soil consolidation is a 

nonlinear process[35–37]. Therefore, the algorithm has 

limitations when identifying consolidation coefficients; it is 

only applicable for short measurement intervals where the 

consolidation coefficient can be assumed constant. In such 

cases, the identified consolidation coefficient reflects the 

consolidation behavior over that short period. To address the 

issue of nonlinear consolidation coefficient identification, a 

nonlinear consolidation model could be adopted, with an 

analytical solution for pore water pressure variation over 

time to further verify the algorithm's accuracy.  

In recent years, the use of PINNs to predict 

consolidation model parameters has gained widespread 

attention. However, many challenges remain unresolved in 

the theoretical and practical applications of PINNs. One 

major obstacle to using PINNs for solving PDEs is the 

excessively long training time, which stems from the use of 

first-order gradient methods. A promising solution is to 

employ faster second-order optimization algorithms for 

training neural networks to solve PDEs. The 

Levenberg-Marquardt algorithm is a well-known 

second-order gradient optimization method [38]. A key factor 

in the Levenberg-Marquardt method is how the gradient is 

defined, which involves the Jacobi matrix. The time- and 

space-varying Jacobi matrix (Eq.（7）) proposed in this paper 

could be an important aspect to investigate in its application 

to PINNs and it deserves further research in geotechnical 

engineering. 

6  Conclusions 

This paper presents four methods for identifying 

parameters related to the analytical solution of two 

consolidation models and pore water pressure 

measurements. Considering the temporal and spatial 

variations of pore water pressure, a novel Jacobi matrix 

accounting for both time and spatial variables in pore water 

pressure is constructed. The main conclusions can be drawn 

as follows: 

(1) For the consolidation coefficient identification 

problem in 1D Terzaghi’s consolidation model, all four 

methods (Gauss-Newton, Levenberg, Marquardt, and 

Nielsen methods) accurately identify the consolidation 

coefficient. A larger damping parameter leads to slower 

convergence with the Marquardt method. 

(2) For the point source identification in Biot’s 2D 

poroelastic problem, the Gauss-Newton method fails to 

determine the correct location of the point source. The 

Nielsen method accelerates convergence but results in 

discontinuous intervals for the effective damping coefficient, 

complicating the determination of the point source location. 

The Marquardt method slows convergence but expands the 

valid range of the damping parameter. The Marquardt 

method is better than the Levenberg and Nielsen methods. 

Suitable arrangement of pore water pressure sensors and the 

initial iteration location of the point source results in a 

plausible interval for the damping parameter. 

(3) When random noise is introduced and the 

appropriate damping parameter is chosen, the results 

validate the robustness of the algorithms for parameter 

identification in both consolidation models. 
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