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ISING MODEL AND BINARY SOLUTION MODEL
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Abstract The introduction and study of physics often begin with the observation of changes
between the three states of matter, which encompass phase transitions, a common phenome-
non in nature. Phase transitions also serve as a key topic in thermodynamics-related courses.
To provide a concrete representation of phase transitions and support the comparison of theo-
retical results, this paper designs and conducts Monte Carlo simulations of the phase transi-
tion processes in both the Ising model and a binary water-oil solution model. The system’s
evolution during the phase transition is visualized, while the temperature dependence of rele-
vant physical quantities such as energy, specific heat, and magnetic susceptibility is tracked.
The phase transition points of the system are determined, and phase diagrams are construc-
ted. Additionally, the effects of system size on the phase transition process and the corre-
sponding physical quantities are discussed. This paper offers a numerical experimental method
that allows undergraduate and graduate students to intuitively understand phase transitions,
aiming to stimulate their enthusiasm for learning, understanding, and further exploring the
physics of phase transitions.

Key words phase transition; the binary water-oil solution; Ising model; Monte-Carlo simulation

YR HE: 2024-01-25

ESTH. HEAARFIESE (12422501;512374204;12105012) ¥ 1,

BIEEH . 2. yanweili@bit. edu. cn,

SIscAgsC. AR M. O AR A eI O A A BRI LT . MBS TR . 2025.35(6) 1 246-251.
Cite this article;: LIM Y. LI Y W. Numerical simulation of phase tansitions in Ising model and binary solution model[J]. Physics and Engi-
neering, 2025, 35(6): 246-251. (in Chinese)



WS T Vol.35 No.6 2025

Wy TR A 22 TB) 1 A AR S F AR B P R DL R
Z A ERETWEEANTZ —,

AR 4l A 722 sk R PR R Ak 2 R — B S B Il
A AR AT A T A A AR B R 4 o — R AR R
AR WA AR AR S AR Al 2R SR AL Bk
& P AH AT LA i 2 A7 T A Ak 2 ) — B e
ANHH S L FHAS SRR A W AR R R 2 A8, i 2R AH AR
— AR AR LB K B TR AR R TR 9 Ak
I LR (1 — G A AR o AR L 8 W — G A AR B AR I 2
—EIEAFAE TR RS . AR o R
T AR A2 38 R T — B e 5 25 82 i HE A
FAERAS NI AR AR B A I AR R R AR
IR HE R K R SRR 48 REETE A8,
R G ITURG 7 738 OB A Wi 5 SRk ) 6 78 3 )& T
AR,

AR A YA R A5 8 L 95 IO 235 4 L B LY
T W T 4 0 AR Ak 3 A 23 R 4 BE AL = 52 ) AR AR
EEHNESY, 5HAMEHRET R — 2
WIS Y B RS Y B R B
S TR RE R NS . SR A AR AR R
Hep R re A BB Y B ERMG Bh S TR A DL R
3 SRR A ) R, ) G B AR A P R iR T
Hs Aot (LA S B 52 365 mh 4 0 8 AT 2 o TR Hfe
Y BRI T — AN T DU ER 2 R ff 5 A9 52 56 34
5o DME UL AR AR B4, [RI , 38 aok B8 (B AR 48 40 B
I A S5 BT A9 AT R 3 5 R 45 SR AE LB, A B IR
AT S A5 AU LI B30 5 9 WA TR . AR SCRTH
SR DA Ty 1k A B AR R K I o0 i W
RIS TR S50, LA Z% I P A 2 i A A8 o % iR
FEARA B R 1 7K I A 3 5 R R S TR Y R A AR 1
R G AHAR RS R R AT LA T s L I X A 4
P £ ACELAAR 53 A 5 B () 2 U8 TR A b 3L i A A

1 HEEHEHEEMRE

1.1 Z4fAEiEa

A B4 8 P R R F TR T A R LR T B IE R
BTz iEw e, BE 10 e,y
P A S0 R I R R o AR B < IR R LA L
BRE R EREVESY . H R — A B % 1) v Ak R
TR FREAE s, HBEEAT B AT T
W, TERREOT G2 3l b7 322 AL, )
R TG HEAR o DR b 38 A 1A 1) SF- 34 i A 5
R 05 U B FEAR BN G IR B T, LLF R R

Z P AHE AR R S S A fE R Bk b B )
B R R MR X — D AR R
1920 4F , B R4 Y 1 AT LA fifd 8 Bk 1 AH A2 1
B (Ising model), FF H1 fib 19 2% A= 7 2F 52
O PR AR A SRR, A R R S
RS R D ABE s, SR AR AE s, 7]
PIHCAHT 8 — 1. AR TR ARE ., — DA
P ) BROURR 2 & B ROUR 43 A R
S, = {sk,sh, e 58} @)
5 [ T A R 48 FE A A= AH B T B
SMIMEY B G RER
E=—] 25,.\‘/ (2)

Hoh, ] RAASEGL A FRBERS ] 0. Gl j)
SRS T/ . 20 0 R AL 3 B 2 i AL
4

N
M:Zs, m:M (3

; N

Hrp N RGBT

XF TR K ARG R GE . R G A BEAE A BRI
6] P Al 3 Jey ¥ e B i sh B g Ak 5 R A
AIAH . FERLRLE FE T Clom | AR ) T Lk £
TE AR B B AR S

MG 2 M3 5 F0, B A A e 4 19 7] —
T3] o Z8 58 0 °F- 12 1 A 9 BE 26 X (E B K, BB i B
NG AR H BETE AR 220 BE AR L Bk 3 /N, S R

TERRME ZR GEAH L 1 i A b, BB LE ARG Ak
RN T AR SCRIEA A . R4 T 2= ge it b
AYAH SR, OR S S B T s B A (SH Y

%%ﬁﬁu@=%2A$nﬂ“nﬁ¢mﬁ@
S

. o 1 . .

BZ =" pg=—1 T WEGIHRE.
- kyT

H(S)=E(S)., WImMI22E L, hh
1dE 1 d 1

~ 2= 85 —E(S)/B
C=Ndar T Ndr ZEE(S)e

b
NZ*

BOIE(S) e P
S

|:Z EBEZ (S) e—E(swﬁ/T o
3

ZE (S) eiE(S)'/ﬁ/T}
S

1 [ 2 ~ —E(S)/B
= e — | ZDE*(S) "
ENT? 77 ZS] ¢




248

7

W5 T Vol.35 No.6 2025

DIES)e VYT E(S)e**“‘”"’ﬂ
S S

1

T NE,T?
[ B, FRATTAT AR 2N J7 U itk %, B B A
R R R B S L bR R

(E?) —(E)") D

(M) — M| 5

" NksT
R HAETE  EEY AT T 2E S 8k, &
A1, PRI B R RE AL 2R 40 0
11

~_ 2N 2

(’*N —Tz<<E y —(EYH) )
X—ii<<M2>—<\M\>2) )
" NT

B Binder ratio % # H T & 1k R 4 00 = B gL it
TR R4 I R AT L BRI N

(m*)
:< |m |)°
K Q) FAL T F ¥ 16 Ak ik BE (9 Bk 7% . 7E A TP A L 1%
EHE T 1, U8 Wk V& /0N 5 10T 7E TC R A L % R
K AEAHZZ s HL A5, Binder ratio I8 7 — 15 R
T IE Y R E B X R R G I AT B — R
fiE o 3 — e FATTAT Lo o AR S i BAK T
Pod M TR [E RS 9 &R 48 19 — B Binder ratio
Bt it B 1 A2 A6 IF VR ET, B T Binder ratio 75 AH7E
BT AbR—D5RAFTERMEB AR &5
1 Binder ratio #1223 7E1% 8 381 1% s %I 1Y it
JERI T
1.2 Kl s ikiEs

JKIMAR G B 2 R TP 5 R R 4, FeAT]
3 3 ST 0 K I VR AL R KR S/ O B
L AR AR R AR AR AT A < R B RS Bk iR
AW — DI 22 SR A A2 43 85 S Ak
SRS

IH A AR 2 R0 P = A R S AL ) i B R,
2SR5 N=n® D4 F B0 F 0T DL K
A B (B s dl . 7 A% 7 0 1K I p, =
L A p, =0, AERROIRES & R

xp =Apiepisaphd

Q ®

(9
HA

JNf\:ZPf

Niy=>1a—pH (10)

N =N + Nj
Hor e, SRS R BBOW A N FING 2300 3k
AN IZIR A HR KR o A R

A AR SBH% T Ciu g o ) B9 AR B AR HT L 4B 62
il Al KK MK B EATTZ T8 Y BE A e an —epp =
0. K FM Z 18] B BE BN e ap = 1. R TEAH SR AL 5
HH B[R] o s, B AR5 T B AN [R] B 4 S
AE i . X ONAEEE EAAREL S AKIh R B 4K R A AL AR
ERYRER R AL, KR BRERY

E, = ZP?P?SAA + 2(1 *Pf)(l 7Pf)€]§]_’> +

Gy

DILA—phpt+ptA—pHTew (D

i IR TN pt=ph =1.40AD)
S — TN R R TTHRAE I e 00 5 7 XA T
B ) pl=pi =0, QD HAH W
KRR TTRRBE I € pp s A DA T BEAS R S AU A9 A 5
P 02 31D A HA 5 I R R BTk AR i
eapo GHFRIRIZEAL, (R R 0T BB 5 10 7 22
i

12

1, )
_((E*) — (E)*
o )

Flory-Huggins #& H (09 & 70 7 % W “ 1 5
g 7 AB R O U TR R A AL, AT Ot b A A
AT LAY B & 43 1 W W I A v B OY L (H R
BE R TR S IR SRR T, H L BRI
P VAW 1 R o - o

2 __
O =

2 BETTE

4L Hh R B Metropolis-Hastings & K
MR R, LR G IRES £ 3 R RN
Py KT RER 75 R 58 B HIL2E %
PN HE 28 40 35 K /3 o IR 2S5 D S AR A o
BEDLIESE— DA% T IR S — D A e, M FE R 4E
e b AE=E, —E,, 3% IR S 2 10 1 1

Jl AE <0
Py, = {6Xp<*k”€1) 0] (13)



WS T Vol.35 No.6 2025

ISR W] 2R A O S BCR SER RE BRI
D] 22 32 R 25 80 5 4 AR S U 5 B R S e i T
e DU B R 2 g A R RO — E R R AR
AL . A AR U L W) AR G AR B B A
B ORI R B A 1 R A R A A
FIWr i A Bz o Kl 0 T IOBE RS iy T oK /A%
R 2 [ B () AR S HN R T R ST RE A, (ML
HAHRAR Al kS s 22 18] B 22 S BOR RE 22

RE ARG B - L
L apidl

!

=]

BV 10> 455k
\(
W32 He/
S Hek

TR 77 R (13)

R T

—  IHk

Hr gy
Bl 1 SR 2 BUE A o 7 1A
-LOF n=5
15 H e g !!F/
2.0} & n=10 g&
LQ—Z‘S: v nilé g
H <& n=36 [d
-3.0F f
35k
—-4.0+F ‘w“‘ ‘
0 1 2 3 4
T
(a)
8 F
6
SAr
2
0F ooooooom’)"{’“c'
0 1 2 3 4

K3 PR AR ST RGN (0 E g

(©

3 EHER

3.1 fREER

AR 4 B S 55 R B 5% T 4 IO A
A5, T 2 [ aT Ak R R R TR B R ARG R 36 X
36 [ 4 1R R B ERY AR Ak L R s
RFEATEM bR AR TR A BER T . R
I, P A TE D P B FE TC 5 HE A AR A 3 7 v Ak
N — ABERA . N TG AR R R %0 2 5
AIEE I FRAT I TR » (2 =5.8,10,16,36) HL
BT HEr B X g B,

(d) (e ()
B2 REEEEG T=4.0; (b) T=3.5; (¢) T=2.3;
() T=1.65 (&) T=1.2; () T=0.1 WA

B 3Ca) FE 3(b) xR T AR SFHIIKRR, &

1.0+ w\‘
0.8 gﬁ
0.6} T
g t EAa
04r \v ;ﬁimﬂ
r ER A
02} s e i
r v
0.0 -
0 1 2 3 4
T
(b)
20
15+
~ L
10 +
5 L
0 L

(b) SFRREALTRIEL 5 (o) s (d) RE AL A BEIR B 38 1k




7

W5 T Vol.35 No.6 2025

45 fig 5 R 4 G Al 5 B BE IR BE B Ak B R EE
W AR R B B . A BEHRSE T X%, Ptk
SR m AR A TR KRIKRR (n=36).m iR 0,
B A Ul R B AIG AA &R B i /N . FHOE B 1) P AT HE
G, WAL BE T . AN TR RS (9 2R G fE i M W Ak
SR AR AR AR TR H B R R RS RE BT,
HT T /N RS 28 6 1 3k 98 AR K, - 2 6 Ak ik B2 7E
M ABERH] 0,

3Co) M 3(d) 43l & A [f R~ i R4 L
FRRI G Ak 23 B UL 3 78 A, RS B I i B sy,
RS B L I R EEAE 2. 3 BT FE SCRR[ 124
0 AT L N 5 L AR R G RE B 0 LB ) 3 B, e
HIAT N UE BT T X 28 58 RO 11 fE 5 14 i B2 22 ] Y
KARMANW . B 5, 3 Fh6e & F1 % Ak o B2 B R
7S ST Ll BRI AL R K SR AT O 2
% o

FFH — B Binder ratio #f & AH A% & 7] PL sk /)
ROT RO 2, ] 4 R iim SRS Ry T, =
2.268, 5 Kramer % A 45 (19 Z 4k 1F J7 5 4% 1l 5t
LR T /ey T =0, 4407 HEIE

1.6[ n=>5

H —e—n=8

[| ——n=10
141
| —=—n=16
Q

[| —e—n=36

1.2:

10}

Bl 4 PreE RN ) RS R G800 Z B Binder ratio B IR EE 1Y
A

3.2 KA REE

AKIMEL K =1+ 1 (% Lt 5 BE AL HE A5 75 — 4 4%
ML B R R BEAR R R R AR . B S
ATALAL I R 7R 1 AN A g ok AL P PR A
S AR s B A% R A S KA R A%
e L KM SR A RGcre i (8] 6(a)) s Bl
EHE A KBRS ARE, RGREE W
A RGBS K S /N (B 6 (b)),
JOOE R IR R A I SR L R G Ak T A B RS
FATIEE T oK L B 6 JEoR T R K I L
T R e o S AR 2 B IR B Y A Ak, 45 SR 3R BT OK T
{5708 LBk I AR A A5 R AR Y LR D R G R e

U i SRR AN P T T B R

IR L A 22 AR P
} AN
E :
! g "1
un o o
@ ©

(®)

—— -
) (e) ()

K5 AKNEEE (@) T=4.0; (b) T=3.5; (¢) T=2.5;
(d) T=1.5; (&) T=1.0; () T=0.5 RZGE Mk

160
140 |
120 [

= 100 |
80 |
60
40
20 L

05 1.0 15 20 25 3.0 35 40
T
@

70 |
60 |
50
40 |
30

20 |
10 f
0 b ‘

05 1.0 15 20 25 3.0 35 40

Cv

vy

T
(b)
B 6 AFDKIH LB U RS () R (b) A%
1.0}
0.9
0.8t
0.7}t
0.6t

0.0 0.2 0.4 0.6 0.8 1.0
K

B 7 oKl —IoiE AR A . SRR O KRR A I SR



WS T Vol.35 No.6 2025

AT T B AU KK 0 % TR A I
TR SRR B, DRI S5 5 Y A B AE A
R ERER T BE Dy n] E 4R i B 401
K 0 R R e B R TR AR S R R K AE
Hetg i nyEAL, AT AR RE R A B
AT P A AH AR S R R T A L A Tk 2 Y B
AR R WA AR SR T AR A, IR
TR F RSE RN FHAS (452 0]

A SCHIE S Y T B ORE A A A 34 Sy R AR A
5 ik AR BE N m R A P AR Y T A oo B 0 S
b, AN T B H 2% = Oy A H IR R i B A
SR BT 525 R BRI, IR VG M, O s 1 AR
&G ABHE R A 2% 2] SR ARAS . T A
SEAEVAIR 53 A A8 AN BR T S 42 K i 7Kl — T i
RUF = B AL, 32 AT A AT BT R B 0w o 1
VA WORE B 86 3F Flory-Huggins 18, H A 15 2 5
IR AH AR R b A5 Y 35 IE — 0 AH AR 5 A
708 Xof Yk BE AR 5

2 £ x #

(1] Memig, skiSE. Moy msm gLl wis TR,
2020, 30(2): 54-58.
LIU F T, ZHANG S Y. The development of thermodynam-
ic phase transition theory[J]. Physics and Engineering,
2020, 30(2): 54-58.
[2] KOSTERLITZ J, THOULESS D. Ordering, metastability

(in Chinese)

and phase transitions in two-dimensional systems[]J]. Jour-
nal of Physics C: Solid State Physics, 1973, 6: 1181.

[3] HALPERIN B 1, NELSON David R. Theory of two-dimen-
sional melting[J]. Physical Review Letters, 1978, 41(2)
121-124.

[4] YOUNG A P. Melting and the vector coulomb gas in two

(5]

[6]

(7]

(8]

9]

[10]

[11]

[12]

[13]

dimensions[ ] ]. Physical Review B, 1979, 19(4). 1855-

1866.

LIY W, CTAMARRA M P. Attraction tames two-dimen-
sional melting: from continuous to discontinuous transitions
[J]. Physical Review Letters, 2020, 124(21): 218002.
LIYW, YAO Y G, CIAMARRA M P. Two-dimensional
melting of two- and three-component mixtures[ J]. Physical
Review Letters, 2023, 130(25) . 258202.

LIY W, CIAMARRA M P. Phase behavior of Lennard-
Jones particles in two dimensions[]J]. Physical Review E,
2020, 102(6): 062101.

Bate, BEE R, St M dbat: B2 A,
2008.

LIANG X X, BAN S L. Statistical thermodynamics[ M ].
Beijing: Science Press, 2008. (in Chinese)

FHGE. ZFECEVFSC G EIM B BEWERREEOR I
Ji#t . 2006.

LEE T D. Lectures by Tsung-Dao Lee: Statistical mechan-
icsf M. Shanghai: Shanghai Scientific & Technical Publish-
ers, 2006. (in Chinese)

TRk AIMR, BRIEAA. 30 %A AR L AL B EL g M.
JEmT: B2 AL, 2016.

YU L, HAOBL, CHEN X S. Edge miracles: Phase tran-
sitions and critical phenomena[ M]. Beijing: Science Press.
2016. (in Chinese)

ol & IRLLAR, R 2, 55 W T BLLM. 3 . B .

AR 2007,

HE M J, ZHANG H D, CHEN W X, et al. Polymer
physicsL{ M]. 3rd ed. Shanghai: Fudan University Press.
2007. (in Chinese)

ARAE T, 2 A= B AR A I S IR R BB LT DL K
SWIFL, 2000, (5) :13-15.

LIN X S. A simulation calculation of the critical tempera-
ture of 2D Ising mode[ J]. College Physics, 2000, (5): 13-

15. (in Chinese)

KRAMERS H A, WANNIER G H. Statistics of the two-
dimensional ferromagnet. part [ [J]. Physical Review,

1941, 60(3): 252-262.

N





