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A MORE ACCURATE INVESTIGATION INTO
THE RELATIONSHIP OF ORIGINAL AIR
VOLUME AND PRESSURE WITH
CRITICAL DEPTH OF THE CARTESIAN DIVER

13 5C 3y

ZHU Siyin ZHOU Shiyun
(Department of Physics, Fudan University, Shanghai 200433)

Abstract The purpose of this paper is to investigate the effect of the original air volume and
air pressure on the critical depth of the Cartesian diver. Using a transparent cylindrical tube as
a container and a plastic tube as the Cartesian diver, the linear relationship between the critical
depth A, and the volume of trapped air inside the diver V., as well as the linear relationship

between the critical depth &, and the initial pressure inside long tube P, , were proven. In

tube
order to improve the accuracy of the experiment, the independent variable of V,,, must be
carefully controlled. Therefore, we focused on the relationship between the critical depth A,
and the change of trapped air volume AV ., , rather than the original V,,, thereby improving
the control accuracy from ImL to 0. 01mL by adding air to the Cartesian diver with a syringe.
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The Cartesian diver, created as a classic sci-
ence experiment which proves Archimedes’ prin-
ciple and the ideal gas law, is now widely used as
a teaching aid"'’. A simple Cartesian diver con-
sists of a little downward bottle with its lid open
and some air trapped in. And the diver flows on
the water surface in a big airtight container al-
most filled with water. When we increase the
pressure inside the container, such as pressing
the walls of the container, the little bottle sinks
from the surface of the water. When the pressure
changes back to its initial value, the little bottle
may return or never return to water surface, de-
termined by the kinematic velocity and depth of
the Cartesian diver’s movement when we change
the pressure.

Plenty of apparatuses have been designed
and fabricated to demonstrate this phenomenon.
To better control and measure the initial pressure
in the long tube, a demonstration apparatus was
built with a transparent cylindrical tube and a
flange cover connected with a digital manome-
ter”). Some others focused on its teaching appli-
cation and made it interesting, like using two
kinds of liquids in the large bottle'* or making it
like a fishing game™"'. There are also articles fo-
cused on dynamic phenomenon, like the Cheerios
effect”™ and the ‘smoke ring’ phenomenon with
water flowing out".

In addition, the most attracting phenomenon
is that sometimes the Cartesian diver can’t return
to the initial place even though the pressure in-
side the container changed back to its initial val-
ue. At present, theoretical researches have been

]

done using the dynamic method "', Besides, the

calculation of its potential energy has given us a

better condi-

o]

understanding of its returning

tion It has been shown that in static equilibri-
um, the key criterion of diver’s resurfacing or
sinking is whether the diver’s position reaches
the critical depth, which depends on the initial
pressure of the container, the amount of air
trapped inside the diver and the diver’s own

properties such as its volume and mass, etc.

However, there are few experimental stud-
ies on the parameters affecting the critical depth.
Therefore, a set of experimental instruments was
developed, with variables specially designed to
accurately probe the dependence of the critical
depth on the volume of air trapped in diver and

the initial pressure inside the tube.

1 Models of divers

A transparent cylindrical tube is used as the
container and a downward test tube is used as the

There are both

water and air inside the Cartesian diver at the wa-

diver (as shown in Figure 1).

ter surface. When the pressure inside the tube
increases, the air volume inside the diver decrea-
ses and the buoyancy declines, resulting in the
sinking of the Cartesian diver. When the diver
sinks to a certain depth, let’s discuss whether it
will return to the water surface after returning
the pressure in the tube to its initial value.

To simplify the model, we only consider a
diver with solid enclosure. This means that we
do not consider the effect of its shell deformation
on the air volume trapped inside. Since the mov-
ing of the diver is much slower than the change
of the air volume trapped inside the diver during
its movement, we only need to perform a static
force analysis to determine its movement trend at
a certain depth. Therefore, only gravity, buoy-

air

water

air \

tube
ate \
Cartesian
= diver

Figure 1 A draft of our model
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ancy and surface tension should be considered
and resistance exerted by water can be neglected
(as shown in Figure 2). When the Cartesian div-
er balances at a certain depth, it will remain mo-
tionless. If the diver rests at a shallower place,
the air volume in the diver will become larger as
well as the buoyancy. so the diver will go up.
With the diver going up, the air volume will in-
crease further, so the diver will continue going
up until it reaches the water surface. On the oth-
er hand, if the diver rests at a deeper place, the
air volume in the diver will become smaller as

well as the buoyancy, so the diver will go down.

pressure P,

l initial volume V¢

and pressure P,
volume V,;(h) and
pressure P,;(h) at
the depth £

enclosure mass 71,
enclosure volume Vj
cross sectional area S

Figure 2 Variables used in calculation

Therefore, the key point is the depth at
which the buoyancy is equal to the gravity plus
surface tension, called the critical depth. If the
diver’s position exceeds the critical depth after
we increase the pressure in the tube, it will not
be able to return to the water surface even if the
initial pressure is restored.

Some approximations are made to simplify
the model and calculation for the critical depth.
First, air is considered as ideal gas, as our exper-
iments were done at room temperature and at-
mospheric pressure. Second, the mass of the
trapped air, which is much smaller than the mass
of the diver’s enclosure, is neglected""”.

Using the ideal gas law for trapped air in the
diver, we have

P..oVio =P (W) V,, (h) @D)
whereP .., V., are the pressure and volume of
trapped air under atmospheric pressure, respec-
tively, and P, (h),V

volume of trapped air in the diver at depth of &,

(h) is the pressure and

air

respectively. h is defined as the distance from
the top of the diver to the water surface when it
is underwater, and P,, is the pressure inside
the tube, as shown in Figure 3.

Also, we have

Ve (B )

P., (h)zP,,,,,L,erg(h—O— S (2)

where P,, is the pressure inside the tube, S is
the internal cross section of the diver enclosure.
At the certain depth A, using Archimedes’
principle for the diver, we have
F,=pg V. (h)+Vy) (3
whereF ; is buoyancy on the diver,p=0. 995 X
10°kg/m?® is the water density, g=9. 794m/s” is
the gravitational acceleration at Shanghai, V| is
the volume of the Cartesian diver’s enclosure.
If the diver is just at the critical depth &,
we have the force balance equation
F,=m,g +F, (4)
Where m, is the mass of the Cartesian diver’s
enclosure and F, is the surface tension (as

shown in Figure 3).

Figure 3 Force analysis of the Cartesian diver

With equations (1) ~ (4), we can get the
expression of the critical depth &,
P iroViiro P o myg +F, *ngo

h, = —
mog +F, —pgV,  pg 0gS

(5
2 Experimental Setup

Noticing that the critical depth A, has linear
relationship with V, and P,,, we can prove
their relationship by experiment. The overall ex-

perimental setup is shown in Figure 4 (a), and

N
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50mL syringe barometer

the Cartesian diver

moving flat

(an iron piece moving
transparent by magnets outside
cylindrical

the long tube)
long tube

ImL syringe

P tube

(b)

() (d)
Figure 4

© ®

Experimental setup

(a) A sketch of experimental installation. (b) A sketch of 1mL syringe and a flexible hose. (c¢) The Cartesian diver used

in experiments. (d) The long transparent tube, 50mL syringe and barometer. (e) The 1mL syringe and the flexible hose.

(f) The moving platform made by an iron piece inside the long tube and magnets outside.

the used diver is shown in Figure 4(c).

It is a good way to use a large syringe to
control the pressure inside the tube, and to show
the value of pressure with a barometer, as shown
in Figure 4(d). As the piston of syringe slides in
or out, the air pressure inside the long tube in-
creases or decreases. If the piston is held in a
certain place, the air pressure will remain the
same. In this way we can control P,,,.

If the diver can hover naturally at the critical
depth, the value of h, can be accurately meas-
ured. In experiment, however, this hovering
rarely occurs because h. is an unstable equilibri-
um point. Therefore, in our experiments, a hor-
izontal platform that can move up and down in
the tube was added to control the diver’s position
in the water, as shown in Figure 4(a) and 4(f).
Apply a specific external pressure to the water

surface to make the diver sink to the platform,

then restore the pressure to its initial value, and
observe the diver’s movement. If the diver floats
up at depth h, and sinks at depth &, , the critical

depth A, at pressure P,,, is just between h,; and

. . hy+h,
h,. That is, the critical depth h, = Ti
hy,—hy . .
5 By carefully adjusting the platform, the

error bars of h, could be narrowed to 2~4mm in
our experiments.

Another problem is how to measure the ini-
tial volume of trapped air V,, in the Cartesian
diver. Unfortunately, V.., significantly affects
the critical depth h.. Take the typical parame-
ters in our experiments as an example: P, =
P, = latm, m, = 50g, F, = 6 X 10 °N, V, =
20mL, S=5X10"" m*. If V,,, is 34mL, then
h.is 0. 993m. But if V., is 33mL, then A, is

0.656m. Therefore, the accuracy of volume V.,



WS T Vol.33 No.3 2023

is very important in this experiment. In order to
meet the requirement of a total air volume of
about 40mL, we usually use a graduated cylinder
with a total volume of 50mL to measure the in-
jected air volume. However, its typical accuracy
is only 1mL, which is much lower than the accu-
racy of 0.01ml required in this experiment.

Our solution is following. As what we need
to verify is the linear relationship between A, and
V.os we can measure the volume change AV,
rather than V,, and prove the linear relationship
between A, and AV,,,. Let V,,.,=V ., +AV....

That is to say, what we need to verify is

Per
h, = AV .0+
mog +F, —pgV, v
( P - P g +F, *{Ogvo)
m,g +F,—ogV, " pg pgS

(6)

To control and measure AV, , each time we

use a syringe to obtain a certain amount of air at
room temperature and atmospheric pressure, such as
0. 30 mL, and inject it into the Cartesian diver
through a flexible hose, as shown in Figure 4 (b)
and 4(e). In this way, a small syringe with a
range of 1mL and the minimum scale value of
0.01mL can be used, which improves the relia-
bility of the experimental verification of the line-
ar relationship between A, and V,,,. In our ex-
periment, the error bars of AV, , could be nar-

rowed down to 0.01~0. 03mL.

3 Results

With methods above, the linear relationship
between the critical depth h. and the volume of
trapped air V,,, is proved (as shown in Figure 5).
The fitting function is A, =32. 1(cm/mL) AV, +
16.8(cm), and R*=0.9995.

We can compare the experimental and theo-
retical results. A linear fit to the experimental

data gives a slope of

ki =1(32.14+0.3)cm/mL

(o)) (o]
(=] (=]
T T

o
S
T

Critical depth /./cm

20 +

0.5 0.0 0.5 1.0 1.5 2.0 2.5
AV i,o/mL

Figure 5 The linear dependence between the critical depth

and the volume of air trapped inside the Cartesian diver

And from expression (5), the theoretical slope

under the current experimental conditions is

k/: P, =(33.34+0 5)cm/m1
g +F, —pgV, o ‘

Since there is only a 3. 6% deviation between the

experimental and theoretical slopes, the relation-
ship between the critical depth and the volume of
trapped air is proven.

Besides, the linear relationship between the criti-
cal depth h. and the initial pressure inside long tube
P, is also proved (as shown in Figure 6). The
fitting function is h, = —10. 7(cm/kPa) P, +
1.15X10°(ecm) » and R*=0.998.

80

Critical depth /4 ./cm
N oy
(=) (e}

[
(=]
T

0 .
100 101 102 103 104 105 106 107
P,L,b{,/kPa

Figure 6 The linear dependence between the critical

depth and the initial pressure inside long tube

A linear fit to the experimental data gives a
slope of
k, =(—10.340.2)cm/kPa
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And from expression (5), we can compute the
theoretical slope
k', _ L =(—10.7=%0.3)cm/kPa
08
Therefore, the linear relationship between the
critical depth and the initial pressure is also dem-

onstrated.
4 Discussion

We notice a 3. 6% discrepancy between k,
and £;. Here is one possible explanation. When
air is injected, the port of flexible hose is below
the water surface., causing the pressure at its
port increases slightly compared with atmospher-
ic pressure and resulting in a reduction of air vol-
ume that is actually injected into the diver.

In our experiment, the depth of the hose
port is not more than 5cm. and the air imported
by the syringe is expected to be 0. 30ml for each
injection, so the total air volume inside the syr-
inge and the hose does not exceed 1mlL. Let us
take h,,, =~0.05m and V ,, = 1mL to estimate
the deviation of each imported air. The pressure
inside the syringe is P, + pgh. =~ 1. 015 X
10°Pa. Therefore, the deviation of the imported
air volume (that is, the deviation of AV, each

P tube V.\ +h
P . tpgh

According to the above estimation, if the actual

time) is 6V = —V,.,,=0.005mL.

imported air per injection is smaller by 0. 005ml.,
the obtained slope of the fitting curve in figure 5
will be at most 2cm/ml smaller, which is 6%
smaller than the theoretical slope £’,. This is
consistent with our experimental results.
Besides, we can imagine that if the internal
diameter of the hose becomes smaller, the devia-
tion of the slope will reduce as well due to the
decrease of V,.,. In our experiment, we used
the thinnest possible hose with the internal diam-
eter of Imm, since the needle on the syringe is
only slightly less than Imm, and the length of

the hose is as short as possible. To prove our

speculation, we repeated our work using a flexi-
ble hose with 2mm of inner diameter and the
same length. As we expected, the slope of the
fitting curve to the new data is (29. 940. 2)cm/
mL, which deviates more from the value of theo-

retical slope k1.

5 Conclusions

In the research, we experimentally proved
the relationship between the critical depth A, of
the Cartesian diver and its initial conditions,
which was only studied theoretically in the past.
Under the presumption of static equilibrium, ex-
perimental evidences show that the critical depth
h. of the Cartesian diver is linearly related to the
initial volume of trapped air V., and also to
the initial pressure above the water surface P,,,.
It should be notified that our experiment was
done at room temperature and atmospheric pres-
sure, so it is reasonable to use ideal gas law. If
not, the relationship between h, and V., or
P, will show deviation from linearity.

Considering that the accuracy of measuring
V..o 1s the main factor affecting the reliability of
the proof of linear relationship here, we paid our
attention to the air volume change AV, , rather
than the total air volume V,,, and used a small
syringe with a minimum division of 0. 01ml to
add air into the Cartesian diver, which improved
the accuracy of our result. As shown in the esti-
mation in Experimental Setup, the error of the
independent variable itself was decreased from a-
bout 1mL to about 0. 01mL. In this way, the re-
lationship between the critical depth A, and the
initial volume of trapped air V,,, can be studied
more accurately.

In scientific research, trying to improve the
control accuracy of independent variables can ob-
tain more convincing experimental results. The
method of verifying the linear relationship by re-
placing the independent variable itself with the a-

mount of change of the independent variable can
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be used in other experiments. Also, the method

of using upper and lower limits to determine the
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