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ABSTRACT: This paper investigates safe formation control of intelligent and connected vehicle swarm (ICVS) systems in 

obstacle-rich environments with nonlinear dynamics, bounded safety constraints, and model uncertainties. First, a constraint-

oriented modeling framework is developed for ICVS systems, in which artificial potential field (APF) functions describe 

obstacle evasion and inter-agent collision avoidance, while formation deformation and recovery are integrated into a unified 

constrained-motion objective. Second, a generalized Udwadia–Kalaba (GUK) approach with diffeomorphism-based 

transformed constraints is applied to the constrained vehicle swarm system. The diffeomorphic transformation maps bounded 

inter-vehicle distance constraints into unconstrained variables, thereby supporting spacing regulation for both fixed and time-

varying reference distances. Third, an adaptive robust controller is designed to achieve obstacle avoidance, collision avoidance, 

formation adjustment, and trajectory following in the presence of model uncertainties and external disturbances. The adaptive 

robust controller (ARC) is further compared with an LQR-based controller under the same constraint-following framework. 

Simulation results show that ARC produces smaller constraint errors and stronger disturbance attenuation while maintaining 

safe cooperative motion. 

 

KEYWORDS: Intelligent and connected vehicles, Vehicle swarm systems, Generalized Udwadia-Kalaba approach, Constraint following, 

Adaptive robust control. 
 

Nomenclature 

iq  
Generalized coordinate vector of the i-th ICV (m, 

m, rad) 

|i ix y  Planar coordinates of the i-th ICV (m) 

i  Heading angle of the i-th ICV (rad) 

vN  Number of intelligent and connected vehicles (–) 

ip  Planar position vector of the i-th ICV (m) 

( )a tp  
Reference attraction point on the desired trajectory 

(m) 

o

kp  Position vector of the k-th static obstacle (m) 

oN  Number of static obstacles (–) 

ijd  Distance between vehicles i and j (m) 

o

ikd  Distance between vehicle i and obstacle k (m) 

|d d  
Lower and upper bounds of the inter-vehicle 

distance (m) 

|o od d  
Minimum obstacle safety distance and obstacle-

repulsion activation radius (m) 

if  
Artificial-potential-field guidance vector of vehicle 

i (m·s⁻¹) 

a

if  Attraction-guidance component (m·s⁻¹) 

v

if  
Inter-vehicle avoidance and cohesion guidance 

component (m·s⁻¹) 

o

if  Obstacle-repulsion guidance component (m·s⁻¹) 

x y

i if | f  x- and y-components of the guidance vector (m·s⁻¹) 

ak  Attraction gain (s⁻¹) 

|v vk k  
Lower-bound collision-avoidance and upper-bound 

cohesion gains (model-dependent) 

ok  Obstacle-repulsion gain (model-dependent) 

a

i  APF-induced desired heading angle (rad) 

a  Heading-convergence gain (s⁻¹) 

A  Constraint coefficient matrix (–) 

ib  Velocity-level heading-constraint term (rad·s⁻¹) 

v
d  Adjacent-vehicle distance vector (m) 

fd  Reference inter-vehicle distance vector (m) 

ve  Inter-vehicle distance-error vector (m) 

| vve e  
Lower and upper bounds of the distance-error 

vector (m) 

η  Normalized distance-error vector (–) 

ξ  Diffeomorphically transformed error vector (–) 

pK  
Proportional gain matrix of the transformed-error 

dynamics (s⁻²) 
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dK  
Derivative gain matrix of the transformed-error 

dynamics (s⁻¹) 

  Total generalized control input (N, N, N·m) 

g  
Nominal generalized Udwadia–Kalaba control term 

(N, N, N·m) 

s  
Constraint-error stabilizing control term (N, N, 

N·m) 

r  Adaptive robust compensation term (N, N, N·m) 

M  Inertia matrix of the ICV system (mixed SI) 

C  Coriolis–centrifugal matrix (mixed SI) 

ab  Acceleration-level constraint term (rad·s⁻²) 

  
Nominal constraint-following acceleration vector 

(m·s⁻², rad·s⁻²) 

  Null-space projection matrix (–) 

  Auxiliary acceleration input (m·s⁻², rad·s⁻²) 

1h  
Drift term of the transformed constraint dynamics 

(s⁻²) 

2h  
Input mapping of the transformed constraint 

dynamics (model-dependent) 

1H  
Range space of the transformed-constraint input 

mapping (–) 

2H  
Null space of the transformed-constraint input 

mapping (–) 

  Null-space secondary input (m·s⁻², rad·s⁻²) 

1gτ  
Nominal constraint-following control component 

(N, N, N·m) 

2gτ  
Auxiliary transformed-constraint control 

component (N, N, N·m) 

β  Velocity-level constraint-error vector (rad·s⁻¹) 

βk  Constraint-error feedback gain (s⁻¹) 

P  Positive-definite weighting matrix (–) 

|M C  
Nominal inertia and Coriolis–centrifugal matrices 

(mixed SI) 

C M |  Uncertain parts of the dynamic matrices (mixed SI) 

  Uncertain parameter vector (–) 

  Unknown compact set of uncertain parameters (–) 

D  Nominal inverse-inertia matrix (mixed SI) 

D  Inverse-inertia mismatch matrix (mixed SI) 

E  Dimensionless inverse-inertia error matrix (–) 

Ξ  Auxiliary robustness matrix (–) 

E  
Lower bound associated with the symmetric part of 

the robustness matrix (–) 

  
Continuous uncertainty-bound function (model-

dependent) 

  
Unknown positive parameter vector of the 

uncertainty bound (–) 

  
Known basis-function vector for the uncertainty 

bound (–) 

  Sinusoidal smoothing factor (–) 

  Smoothing threshold of the adjustment factor (–) 

  
Adaptive estimate of the uncertainty-bound 

parameter vector (–) 

1k  Adaptive-law gain (model-dependent) 

2k  Leakage coefficient in the adaptive law (s⁻¹) 

  Transformed constraint-state vector (–) 

e  Uncertainty-bound parameter-estimation error (–) 

z  Augmented closed-loop error vector (–) 

ξA  State matrix of the transformed-error dynamics (s⁻¹) 

ξR  Positive-definite Lyapunov matrix (–) 

Q  
Positive-definite matrix in the Lyapunov equation 

(–) 

V  Lyapunov candidate function (–) 

  Upper bound of the basis-function norm (–) 

1 2 3| |耨 ?  
Coefficients in the Lyapunov-derivative upper 

bound (model-dependent) 

1 2|   
Lower and upper Lyapunov comparison constants 

(–) 

0 | | |cr r r r  
Initial, critical, lower ultimate, and selected 

ultimate radii (–) 

0( )rL  Uniform bound determined by the initial radius (–) 

0( , )T r r  Finite convergence time to the ultimate bound (s) 

0P  Initial-position matrix of the four ICVs (m) 

o
P  Obstacle-position matrix used in simulation (m) 

or  Radius of a circular obstacle (m) 

a
P  

Point matrix used to generate the attractive 

trajectory (m) 

im  Mass of the i-th ICV (kg) 

iI  Yaw moment of inertia of the i-th ICV (kg·m²) 

i  
Distance from the center of mass to the rear axle 

(m) 

i  Velocity-coupling scalar in the dynamic model (N) 

iT  
Wheel-torque-to-generalized-force mapping matrix 

(mixed SI) 

iu  Left/right wheel-torque input vector (N·m) 

ir  Wheel radius (m) 

w

i  
Lateral distance from each wheel to the vehicle 

centerline (m) 

|L R

i iu u  Left- and right-wheel torques (N·m) 

| iim I  
Nominal mass and nominal yaw moment of inertia 

(kg, kg·m²) 

|xi yi   
External disturbance forces in the x- and y-

directions (N) 

i  
External disturbance moment in the heading 

direction (N·m) 

1f
d  Fixed reference inter-vehicle distance (m) 

iW 
 Accumulated sliding-variable error index (rad) 

dW  Averaged formation-distance error index (m) 

( )
2f

d t  Cosine-type time-varying desired distance (m) 

( )
3f

d t  Exponential-type time-varying desired distance (m) 

1. Introduction 

Intelligent and connected vehicle swarm (ICVS) systems 

coordinate multiple connected and autonomous vehicles 

through information sharing and cooperative motion. Their 

autonomy, scalability, and collective capability make them 

promising for intelligent transportation and other tasks 
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requiring coordinated mobility. Formation control is a 

fundamental problem in ICVS coordination because it 

enables multiple vehicles to maintain prescribed geometric 

relationships while moving as a group. Chen (2008) 

investigated the boundedness, convergence, and control of 

artificial swarm systems. Hwang and Abebe (2022) 

developed finite-time formation-tracking control for 

generalized heterogeneous multi-agent systems, whereas 

Chu et al. (2024) reviewed multi-vehicle consensus under 

uncertain communication networks. Cai et al. (2022) applied 

multi-vehicle formation control to flexible-lane unsignalized 

intersections, and Axelsson (2017) systematically reviewed 

safety issues in vehicle platooning. These studies provide 

effective coordination mechanisms when the prescribed 

formation remains feasible. In confined or obstacle-rich 

environments, however, a fixed formation may become 

temporarily infeasible. Vehicles must then avoid obstacles 

and inter-vehicle collisions, deform the formation when 

necessary, and recover the nominal formation after leaving 

the constrained region. These coupled requirements make 

safe formation control more difficult than conventional 

formation tracking or platoon stabilization. Therefore, 

deformation and recovery should also be considered in safe 

formation control. Fig. 1 shows the considered ICVS system. 

 
Fig. 1. Schematic of the ICVS system. 

Collision risks may arise from environmental obstacles, 

neighboring vehicles, and abrupt changes in the available 

workspace. Q. Dong et al. (2023) developed graph-based 

scenario-adaptive lane-changing trajectory planning for 

autonomous vehicles. Gao et al. (2025) introduced behavior-

constrained multi-agent reinforcement learning for 

cooperative vehicle control at intersections. Q. Liu et al. (2025) 

investigated conflict-risk prediction in highway 

maintenance areas, whereas Y. Liu et al. (2025) developed 

proactive longitudinal control to assist lane changes in 

mixed traffic. Recent advances in interactive autonomous 

driving were reviewed by Y. Yang et al. (2025), and Zheng et 

al. (2025) proposed an emergency collision-avoidance 

method based on phase-plane regression regions. Although 

these studies improve safety in specific driving scenarios, 

obstacle avoidance, inter-vehicle collision avoidance, and 

formation adjustment are frequently treated as separate 

planning or control tasks. Artificial potential field (APF) 

methods are attractive because attractive and repulsive 

interactions can be represented in a compact form. 

Yamashita et al. (2003) applied motion planning to 

cooperative manipulation and transportation by multiple 

mobile robots, whereas Pizetta et al. (2019) used repulsive 

interactions to avoid obstacles during cooperative load 

transportation. Nevertheless, APF terms are commonly 

introduced as auxiliary guidance forces or local path 

corrections rather than being incorporated into a unified 

dynamics-based formulation. Consequently, obstacle 

avoidance, inter-vehicle collision avoidance, formation 

deformation, and formation recovery are often implemented 

through separate components without a common constraint 

representation. 

The Udwadia–Kalaba (U–K) equation provides an explicit 

description of constrained mechanical motion and offers a 

direct basis for constraint-oriented control design. Udwadia 

et al. (1997) derived the equations of motion for constrained 

mechanical systems from the extended D’Alembert principle. 

Udwadia and Kalaba (2002a, 2002b) subsequently examined 

the foundations of analytical dynamics and the general 

explicit form of constrained equations of motion, whereas 

Udwadia (2023) presented the general Gauss principle of 

least constraint. Within this framework, desired system 

behaviors can be expressed as motion constraints, and the 

corresponding constraint force can be obtained explicitly. 

This property makes the U–K framework suitable for 

converting coordination and safety requirements into a 

dynamics-consistent control formulation. R. Zhao et al. (2020) 

developed U–K constraint-based tracking control for 

artificial swarm mechanical systems. C. Wang et al. (2021) 

applied the U–K approach to synchronization control of 

networked mobile robots. Zhu et al. (2023) extended the 

generalized U–K approach to robust constraint-following 

control of uncertain mechanical systems, whereas P. Liu et al. 

(2024) developed distributed formation-containment control 

for networked mobile robots. However, most conventional 

U–K formulations focus on equality constraints, prescribed 

trajectories, or fixed geometric relationships, whereas inter-

vehicle safety requirements are naturally expressed as 

inequality constraints. Zhang et al. (2024) developed a 

generalized U–K control method for inequality-constrained 

systems, and Lu et al. (2024) used a diffeomorphism-based 

transformation to handle bounded saturation constraints. 

Such transformations map bounded physical variables into 

unconstrained coordinates so that regulation of the 

transformed variables maintains the original variables 

within their admissible ranges. Nevertheless, the combined 

use of diffeomorphic constraint transformation, APF-based 

safety guidance, and generalized U–K dynamics for ICVS 

systems with fixed or time-varying formation spacing 

remains insufficiently investigated. 

Model uncertainties and external disturbances introduce 

an additional challenge. Vehicle motion may be affected by 

uncertain parameters, tire–ground interactions, tire slip, 

unmodeled nonlinearities, actuator imperfections, and 

environmental disturbances. Sun et al. (2023) developed 

adaptive robust formation control for connected and 

autonomous vehicle swarms, whereas S. Yang et al. (2025) 

investigated robust constraint-following control for 

uncertain networked multi-agent systems. P. Dong et al. 

(2025) developed continuous-integral-sliding-mode path-
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tracking control for intelligent vehicles equipped with wheel 

modules. Li et al. (2025) proposed an adaptive-neural-

network-based hierarchical path-tracking method 

considering parametric uncertainties and tire slip, whereas 

Z. Yang et al. (2022) designed fuzzy robust path-tracking 

control for autonomous vehicles. Prescribed-performance, 

game-theoretic adaptive robust, and compensation-based 

methods provide additional tools for regulating transient 

behavior and suppressing uncertain dynamics. F. Wang et al. 

(2024) developed prescribed-performance adaptive robust 

control for robotic manipulators, Yin et al. (2025) 

investigated prescribed-performance trajectory tracking for 

uncertain nonholonomic mechanical systems, Zhao et al. 

(2026) developed a fuzzy-theoretic cooperative game 

framework for adaptive robust control of air–ground vehicle 

systems, and Z. L. Zhao et al. (2021) developed 

compensation-signal-driven control for uncertain nonlinear 

systems. Classical robust-control results established by Chen 

(1996), Chen and Zhang (2010), and Corless and Leitmann 

(1981) provide boundedness and performance guarantees 

for uncertain systems. For safe ICVS formation control, 

however, uncertainty compensation must be coordinated 

explicitly with obstacle-clearance regulation, inter-vehicle 

distance constraints, formation deformation, and formation 

recovery. These requirements are still frequently designed as 

separate components, which makes it difficult to provide a 

unified closed-loop interpretation of the complete maneuver. 

To address these limitations, this paper develops a 

constraint-oriented adaptive robust control framework for 

uncertain ICVS systems operating in obstacle-rich 

environments. APF-based guidance, inter-vehicle safety 

requirements, and formation-adjustment objectives are 

formulated as coupled motion constraints. A diffeomorphic 

transformation converts bounded inter-vehicle distance 

constraints into unconstrained regulation variables, 

allowing the transformed constraints to be incorporated into 

a generalized U–K dynamics formulation. Based on this 

formulation, an adaptive robust controller is developed to 

achieve constraint following while compensating for 

uncertain dynamics. The main contributions of this paper are 

summarized as follows: 

• Constraint-oriented ICVS formation formulation: The 

performance objectives of ICVS systems are transformed 

into motion constraint expressions that are isomorphic to 

physical constraints. Then, a unified constraint-oriented 

framework is constructed for ICVS systems, integrating 

inter-agent collision avoidance, obstacle evasion, 

formation deformation and recovery, and casting coupled 

coordination and safety requirements as motion 

constraints. 

• Generalized Udwadia–Kalaba modeling approach: A 

generalized Udwadia–Kalaba dynamics formulation with 

a diffeomorphic constraint transformation is derived. The 

transformation maps bounded physical constraints to 

unconstrained variables while preserving the physical 

meaning of inter-agent distance constraints and supports 

both fixed and time-varying formation spacing within the 

constraint-following dynamics. 

• Adaptive robust constraint-following control: Based on 

the derived dynamics model, an adaptive robust control 

scheme is developed for uncertain ICVS systems by 

combining constraint following, transformed-constraint 

regulation, and robust compensation to realize constrained 

motion and disturbance suppression, and the closed-loop 

properties are analyzed. 

The remainder of this paper is organized as follows: 

Section 2 presents the ICV motion constraint formulation 

and APF-based guidance constraint. Section 3 introduces the 

generalized Udwadia–Kalaba approach. Section 4 derives 

the GUK-based adaptive robust controller and proves 

closed-loop stability. Section 5 presents the simulation 

design and results. Finally, Section 6 concludes the paper. 

2. ICV motion constraint formulation 

Consider a fleet of vN  intelligent and connected vehicles 

(ICVs) operating in a planar workspace. A centralized 

architecture with a connected V2V communication graph is 

adopted. Vehicle states are shared via V2V, the reference 

trajectory is provided via V2I, and static obstacle information 

is obtained via V2I or onboard sensing or prior maps. Ideal 

communication without delay or packet loss is assumed. The 

generalized coordinates of the 𝑖-th ICV are defined as 

   3, 1,2, , .i i i i vx y i N=  = q
•

 (1) 

The ICVS system is required to satisfy the following 

motion requirements. 

• Collision avoidance: Each ICV is required to maintain 

prescribed minimum safety distances from  obstacles 

and neighboring vehicles. 

• Cooperative formation: The ICVS is required to maintain 

or recover the desired relative configuration. 

The above requirements are formulated as motion 

constraints for controller design. The APF provides 

avoidance-oriented guidance, whereas the diffeomorphic 

transformation enforces bounded adjacent-vehicle distance 

constraints. A schematic diagram of this constraint logic is 

presented in Fig. 2. 
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Fig. 2. Schematic diagram of cooperative formation tracking. 

The planar position of the i-th ICV, the position of the k-th 

static obstacle, and the reference attraction point on the 

desired trajectory are defined as  

 
   , ( ) ( ) ( ) ,

, 1,2, , .

i i i a a a

o o o

k k k o

x y t x t y t

x y k N

= =

 = =  

p p

p

晻

•
 (2) 

where oN  is the number of static obstacles. 

The inter-vehicle distance and the vehicle-obstacle 

distance are defined as 

 
( ) , , 1,2, , , ,

( ) , 1,2, , .

ij v

o o

j

i kk

i

i o

d i j N j i

d k N

= − =  

= − = 

q p p

q p p
 (3) 

The vehicle interaction bounds, the obstacle-repulsion activation 

interval, and the geometric safety relations are specified as 

 
2 2

v v v v v o o

( ) , ( )

1
,2 , .

,

2

o

ij o ik od d d d d d

R L W R d R R d

   

= +  + 

q q
 (4) 

where d and d are the lower and upper inter-vehicle 

distance bounds, while od and od denote the minimum 

obstacle-clearance distance and repulsion activation radius. 

vL , vW , vR , oR and denote the vehicle dimensions and 

corresponding envelope and obstacle radii.  

For vehicle i, the APF-based guidance vector is constructed 

as 

 .
x

a v o i

i i i y

i

i

f

f

 
= + + =  

 
f f f f  (5) 

The vector if  combines attraction guidance, inter-vehicle 

avoidance guidance, and obstacle-repulsion guidance. The 

terms
a

if ,
v

if , and 
o

if  denote the corresponding guidance 

components, respectively. 

The attraction guidance vector is defined as 

 ( ) , 0.a a a

i a ik k= − f p p  (6) 

where
ak  is the positive attraction gain. 

The positive projection operator is defined as 

   max{ ,0}.s s
+
=  (7) 

which activates the corresponding repulsive or cohesive 

guidance term according to the distance condition.  

The inter-vehicle avoidance guidance vector and the 

obstacle-repulsion guidance vector are designed as 

 

( )

( )

( )

( )

2
1

2
1

1 1

,

1 1

.

{

}

v

o

N v
v

i

j ijij ijj i

v

ij i j

ij

N o
o

i oo o
k ik o o oik ik o

o

i k

k

d d d dd d d

k
d d

d

k

d d d dd d d

=
+

+

= +

 
= − 

− − −  

 − − − 

 
= − 

− −−  

 −





f

p p

f

p p

 (8) 

where 0vk   and 0vk   are the positive gains 

associated with the lower-bound and upper-bound inter-

vehicle distance terms, respectively, and 0ok   is the 

positive obstacle repulsion gain. The lower-bound inter-

vehicle term is used for collision avoidance, the upper-

bound inter-vehicle term is used for formation cohesion, and 

the obstacle-repulsion term is used for obstacle avoidance. 

Based on the APF-based guidance vector, the desired 

guidance direction of vehicle i is defined as 

 ( )atan 2 , .a y x

i i if f =  (9) 

where 
a

i  is the APF-induced desired heading angle. 

To align the vehicle heading with the APF-induced desired 

direction, the desired heading-rate constraint is prescribed as 

 ( ) , 0.a

i a i i a    = − −   (10) 

where a  is the positive heading convergence gain. The 

heading error in Eq. (10) uses the shortest angular difference 

in (-π, π]. 

The desired heading-rate constraint in Eq. (10) can be 

expressed in the standard first-order constraint form: 

.ii =
.

Aq b  (11) 

where 

   ( )0 0 1 , .a

i a i i  = = − −A b  (12) 

Here, A  selects the heading-rate component from i

.

q , 

and ib  represents the APF-induced desired heading-rate 

constraint. 

3. Generalized Udwadia-Kalaba approach 

The ICVs are indexed in a closed-chain order with adjacent pairs 

(1, 2), (2, 3), ..., 1, )( v vN N− , and ( ,1)vN ; the entries of the 

adjacent-distance vector ( )v
d q  follow the same order. 

The adjacent-pair distance constraints are reformulated as 

bounded error constraints. Based on the adjacent-pair 

distance vector ( )v
d q , the distance error vector is defined 

as 

Ju
st

 A
cc

ep
te

d



6 

 

 ( ) ( ) ( ), .v

v ft t= −e q d q d  (13) 

where ( ) vN

f t d  denotes the corresponding reference 

distance vector. 

The admissible bounds of the distance error vector are 

defined as 

 ( ), , .v vv vv t + = 0＜＜e e q e e e  (14) 

where the vector inequalities are understood 

componentwise. 

The diffeomorphic mapping satisfies 

 

( )

( )
( )

( , )

,

lim , ,

lim , .

t

t

t

t

→

→




 +


= −

= 

+
v v

-
v v

e q e

e q e

ξ q

ξ q
 (15) 

The normalized error vector is defined as 

 ( )
( ) ( )2 , ,

, .
t t

t
− −

= =
−

v vv v

v vv

e q e e e q
η q

e e e
 (16) 

When ( ), ( , )t  vvve q e e , one has ( ), ( 1,1)t  −η q . The 

transformed error vector is defined as 

 

( )
1 1 ( , )

( , ) arctanh ( , ) ln
2 1 ( , )

( , )1
ln .

2 ( , )

t
t t

t

t

t

 +
= =  

− 

 +
=  

− 

vv

v v

q
q q

q

e q e

e e q


 


 (17) 

The desired transformed error dynamics is assigned as 

 0, 0, 0.d p p d+ + =  
.. .

ξ K ξ K ξ K K  (18) 

where pK  and dK  are positive definite gain matrices for 

the transformed error dynamics. 

Remark: With positive gains pK  and dK , Eq. (18) yields 

 ( )lim .
t

t
→+

= 0  (19) 

According to the inverse diffeomorphic mapping in Eq. 

(17), the inter-vehicle distance asymptotically approaches

( )f td . 

 ( ) ( )( )tanh .
2 2

t t
+ −

= +
v vv v

v

e e e e
e   (20) 

 
It follows from Eq. (13), Eq. (14), and Eq. (17) that 

( ) ( ) ( )lim , 0 lim .f
t t

t t
→+ →+

=  =v

v
e q d q d  (21) 

4. Control design and stability analysis 

This section presents the constraint-following control 

design, including the nominal GUK-based control, the 

adaptive robust compensation, and the closed-loop stability 

analysis. The overall control input is designed as 

 .g s r= + +     (22) 

4.1. GUK-based adaptive robust control 

Based on the Lagrangian formulation, the dynamics of the 

ICV are described by 

 ( , , ) ( , , , ) .t t+ =
.. . .

M q q C q q q    (23) 

Differentiating Eq. (11) gives 

 , .= = −
.. . . .

a aAq b b b Aq  (24) 

Here, ab denotes the acceleration-level constraint term 

obtained from the time derivative of the velocity-level 

constraint. 

Based on Eq. (11), Eq. (23) and Eq. (24), the nominal 

acceleration can be derived as 

.= +
..

q    (25) 

where 

( )1/2 1/2

( )

,

1 0 0

0 1 0 .

0 0 0

+
− −

= +

−

 
 

= − =
 
  

.-1

a

.-1

+

Γ M AM b AM C q

M C q

I A A

 
(26) 

Here, Γ  is the nominal constraint-following acceleration, 

  is the auxiliary acceleration term, and ( )
+

 denotes the 

Moore–Penrose pseudoinverse. 

Differentiating Eq. (17) gives 

 .
t

 
= +
 

. .

ξ q
q

 
 (27) 

Differentiating Eq. (27) and substituting Eq. (25) yields 

 

( )

( , , ) ( , , )

d d

dt q q dt t

d d

dt q q dt t

d d

dt dt t

t t

    
= + +   

    

    
= + + +   

    

     
= + + +   
     

= +

.. . ..

.

.

. .

1 2

ξ q q

q

q
q q q

h q q h q q

  

  
 

   
 



 (28) 

Here, 1h represents the drift term of the transformed 

constraint dynamics, and 2h  maps the auxiliary input   to 

the transformed acceleration
..

ξ . 

Assumption 1: For all admissible ( , , )t
.

q q , let 1H  and 2H  

denote the range space and null space of 𝐡2 , respectively. 

The following feasibility conditions are satisfied: 

 

( )

1

2

( , , ),

( , , ).

d pK K t

t


− − − 

 − 


. .

1

.
+

2 2

h ξ q q

I h h q q





H

H

 (29) 

Under Assumption 1, the auxiliary input is selected as 
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 ( ) .d pK K
 

= − − − + − 
 

.
* + +

2 1 2 2μ h h ξ I h h   (30) 

The first term enforces the desired transformed error 

dynamics, while the second term introduces a secondary 

objective without changing it. The null-space input 𝛎  is 

designed as 

 ( ) ( ) .a a  = − − − −
 

x y
x f y f 0

•

 (31) 

Here, the null-space input drives the translational velocity 

components toward the APF-induced guidance vector 

without changing the heading constraint. 

Substituting Eq. (25) derived from Eq. (23) into the nominal 

dynamics gives 

 

( )1/2 1/2 1

( )

( )

( )

.

+
− −

= + = + +

= + + =

=

+

+

1 2

.. . .
*

g

.
*

g g

.

a

*

τ M q C q M χμ C q

MΓ C q Mχμ τ τ

M AM b AM C q

+Mχμ



 (32) 

Here, 
1gτ is the nominal constraint-following term, and 

2gτ  is the nominal auxiliary transformed-constraint term. 

The combined velocity-level constraint error is defined 

according to Eq. (11) as 

 ( , , ) ( , ) ( , ).t t t= −
. .

q q A q q b q  (33) 

Here,   denotes the velocity-level constraint error 

associated with the APF-induced guidance constraint. The 

stabilizing control term is 

 ( )
1

, 0, 0.βk k
−

= −  -1

sτ MA AA P β P
晻

 (34) 

Here, P  is a positive definite weighting matrix, and k  is 

a feedback gain for suppressing the constraint error. Based 

on the ICV dynamics established in Eq. (23), the aggregate 

dynamic matrices of the multi-vehicle system are 

decomposed into nominal and uncertain components as 

 
( , , ) ( ) ( , , ),

( , , , ) ( , ) ( , , , ).

t t

t C t

 = + 

 = + 

. . .

M q M q M q

C q q C q q q q

 

 
 (35) 

where M  and C  denote the nominal inertia matrix and 

Coriolis–centrifugal matrix, respectively, while M  and 

C  are their corresponding uncertain parts. The uncertain 

parameter vector   belongs to an unknown compact set  , 

and the uncertainties are bounded with unknown bounds. 

Here, t accounts for time-varying model uncertainty. 

The auxiliary matrices are defined as 

 

1

1
1

1

( ) ( ),

( , , ) ( , , ) ( ),

( , , ) ( ) ( , , ) .

t t

t t

−

−
−

−

 =


 = −


= −

D q M q

D q M q M q

E q M q M q I

 

 

 (36) 

Here, D , D , and E  are introduced to characterize the 

inverse-inertia mismatch caused by dynamic uncertainties. 

Assumption 2: For a given positive definite matrix P , 

define 

 ( )( )t
-1

-1
Ξ q,σ, = PADEMA AA P .

晻
 (37) 

There exists a constant 1E  −  such that 

 ( )min

1
min ( , , ) ( , , ) .

2
Et t  + Ξ q Ξ q   •

 (38) 

Assumption 3: For the given positive definite matrix P , 

there exists an unknown positive constant vector   and a 

known continuous bounding function ( , , , )t
.

q q  such 

that for all ( , , , )t
.

q q  and all   , 

 

max

(1 ) ( , , , ).E t 



 
 − + + −  

 

 + 

. .

g s

.

PA D C q τ τ PAD C q

q q

 

 (39) 

Assumption 4: The uncertainty bound function is linearly 

parameterizable. There exists a known continuous basis 

function vector ( , , )t
.

q q  such that 

 

2

2

( , , , )

max , , 1
2

( , , ).

t

t

 = + +

  
 +  

  

= 

2

2

. . .

q cq

.
q

cq

.

q q α q α q α

α
α α q

q q
•



 
(40) 

The function ( , , , )t
.

q q  is linear and non-decreasing 

with respect to  . 

The sinusoidal adjustment factor is defined as 

 ( )

1, ,

sin , .
2









 




 



 = 
  
   

Π

Π Π
Π

 (41) 

This factor smooths the robust compensation near zero. 

The adaptive update law is 

 ( )
.

1 2 .k k  =   −  (42) 

where 1 0k   is the adaptive gain, 2 0k   is the leakage 

coefficient, and 0( ) 0t α  componentwise. 

The adaptive robust compensation term is 

 ( ) ( )( )
2

1
1 . 

−
−= −  rτ MA AA P

•
晻   (43) 

The implementation of the proposed framework is shown 

in Fig. 3 and summarized as follows: 
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•The diffeomorphic barrier transformation converts 

bounded formation safety constraints into unconstrained 

error variables and introduces the auxiliary boundary-

related term. 

•The constraint formulation leads to velocity- and 

acceleration-level constraint equations, from which the 

nominal constraint-following term is derived for nominal 

control design. 

• Stabilizing and adaptive robust terms are designed based 

on constraint errors to regulate the ICV Lagrangian 

dynamics under uncertainties. 

 
Fig. 3. Hierarchical control and optimization flow chart. 

4.2. Closed-loop stability analysis 

Theorem: Consider the constrained multi-vehicle system 

under Assumptions 1–4. With the adaptive law in Eq. (42), 

the control input in Eq. (22), and suitable control gains, the 

closed-loop system has the following properties: 

1. Uniform boundedness: For any initial bound 0 0r  , 

there exists 0( )L r    such that 0 0( )t r‖ ‖z  implies 

0( ) ( )t L r‖ ‖z  for all 0t t . 

2. Uniform ultimate boundedness: For any 0 0( )t r‖ ‖z , 

there exists 0r   such that, for any r r , there exists a 

finite time 0( , ).T r r  for which ( )t r‖ ‖z  holds for all 

0 0( , )t t T r r + . 

Proof. Define the transformed constraint state as 

 
2

.vN 
=  
 

.
•

•

•    (44) 

Define the uncertainty bound estimation error and the 

augmented error vector as 

 , .e e    = − =  z
•晻 ?   (45) 

From the transformed constraint dynamics assigned in Eq. 

(18), define 

 
0

.
p d

 
=  

− − 
ξ

I

K K
A  (46) 

Choose 0p K  and 0d K  such that ξA  is Hurwitz. 

Then, for any 0Q , there exists a positive definite matrix 

ξR  satisfying 

 .+ = −ξ ξ ξ ξ Q
•

A R R A   (47) 

Choose the Lyapunov candidate as 

 
1

1
0.E e e

k
   




+
= + + V β Pβ

晻 ?
R   (48) 

where 0  , 0P  , and 0 R . 

By Assumption 4, ( , , )tΠ
.

q q is continuous. On any 

compact admissible set considered in the analysis, it is 

bounded as 

 0, ( , , ) .t   Π
.

q q  (49) 

Differentiating V  along the closed-loop trajectories and 

using Eq. (18), Eq. (44), Eq. (22), Eq. (47), and Assumptions 2–

4, and then applying Young’s inequality (Chen, 1996; Chen 

and Zhang, 2010), yields the following inequality: 

 

( )

2

22

1

2

min

22

1

2 (1 )

(1 )
(1 )

2 (1 )

(1 )
.

2

E

E
E

E

E

k

k
e

k

k

k









 


 

     




  − − + 

 +
− − + 
 

− + +

+
+ +

‖ ‖

‖ ‖

‖ ‖ ‖ ‖‖ ‖

‖ ‖

V

Q





 

(50) 

Moreover, from Eq. (45) one has 

 

2 2 2 2

, , .

e

e





= + +

  

‖‖ ‖ ‖ ‖ ‖ ‖ ‖

‖ ‖‖‖ ‖ ‖‖‖ ‖ ‖‖‖

z

z z z

 

 
 (51) 

Therefore, Eq. (50) can be upper bounded by 

 
2

1 2 3 , − + +‖‖ ‖‖V z z耨 ?  (52) 

where 

 

( )1 min

2

1

2

22
3

1

min 2 (1 ), ,

(1 )
(1 ) 0,

2 (1 ) ,

(1 )
.

2

E

E
E

E

E

k

k

k

k

k

 



   


 

 



= − +

+
− + 



= +

+
= +

α

α

‖‖

‖‖

Qñ

ñ

ñ



 (53) 

From Eq. (48), there exist positive constants 1  and 2  

such that 
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2 2

1 2 ,  z V z  (54) 

where 

 

( ) ( )

( ) ( )

1 min min

1

2 max max

1

1
min , , ,

1
max , , .

E

E

k

k

 

 


   


   

  +
=  

  


 +
=  

 

P

P

R

R

 (55) 

The critical radius associated with Eq. (52) is determined 

by 

 

2

2 2 1 32

1 2 3

1

4
0 .

2
c c cr r r

+ +
− + + =  =

耨 耨
耨 ?

ñ
 (56) 

When cr‖‖z , Eq. (52) gives 0V . Then, for all 0t t , 

the uniform boundedness property follows as 

 

2
0

1

0

2
0 0

1

, ,

( ) ( )

, .

c c

c

r r r

t r

r r r













 = 







‖ ‖z L  (57) 

For any r r , define 

 
22 1 1

1 2 3

1 2 2

, 0.cr r r r
  


  

= = − − 耨 ?  (58) 

The corresponding convergence time can be selected as 

 

1
0

2

0
2 2

2 0 1 1
0

2

0, ,

( , )

, .

r r

T r r
r r

r r





  

 





= 

−





 (59) 

Thus the uniform ultimate boundedness property is 

obtained as 

 0 0( ) , ( , ).t r t t T r r  +‖ ‖z  (60) 

This completes the proof. 

5. Simulation validation 

This section presents the simulation settings and compares 

the proposed adaptive robust controller (ARC) with an LQR-

based controller. The initial positions of the four ICVs are 

arranged clockwise as 

 0

1.70 6.85 6.35 2.10

16.20 16.30 12.60 12.90
m

 
=  
 

P  (61) 

The positions of the three circular obstacles and the 

obstacle radius are given by 

 
o

o

15 35 55
m, 3.0m.

15 15 15
R

 
= = 
 

P  (62) 

The five points used to generate the quartic attractive 

trajectory are 

 
a

4.25 15 35 55 70
m.

14.50 21 9 21 15

 
=  
 

P  (63) 

The corresponding quartic attractive curve is expressed as 

 

5 4 3 3

1 2

( ) 3.6928 10 5.3974 10

2.5054 10 3.9443 1.8597.

ay x x x

x x

− −

−

= −  + 

−  + +
 (64) 

The attractive point 
a

P  in Eq. (2) moves along Eq. (64) at 

a constant arc-length speed.  

For the dynamic modeling of the differential-drive ICV, 

the inertia matrix in Eq. (23) is 

 

0 sin

0 cos ,

sin cos

i i i i

i i i i i

i i i i i i i

m m

m m

m m





 

 
 

=
 
  

M

I

 (65) 

where im , iI , and i  denote the mass, yaw moment of 

inertia, and distance from the center of mass to the rear axle 

of the i-th ICV, respectively. 

The velocity-dependent term is given by 

 

2

2

cos sin

sin cos ,

i i i i i i

i i i i i i ii

i i

m

m

  

  

 − 
 

= +  
 −  

.

C q  (66) 

where 

 ( )cos sin .i i i i i i im x y   = +  (67) 

The generalized force iτ  is obtained from the left- and 

right-wheel torques through the input mapping 

 
w w

cos cos
1

sin sin ,

i i L

i

i i i i i R

i i

i i

u

r u

 

 

 
  

= =   
  − 

τ T u  (68) 

where ir  is the wheel radius, 
w

i  is the lateral distance 

from each wheel to the vehicle centerline, and 
L

iu  and 
R

iu  

are the left- and right-wheel torques, respectively. 

The basic parameters of each ICV are listed in Table 1. 

Table 1 Basic physical parameters of each ICV 

Parameter im  
iI  ( )mi  ( )mir  ( )w mi  

Value 50 12.5 0.30 0.08 0.35 

To evaluate disturbance compensation, the vehicle mass 

and yaw moment of inertia are both varied periodically: 

 
( ) 0.06 sin(2.0 ),

( ) 0.06 sin(2.0 ).

i i i

i ii

m t m m t

t t

= +


= +I I I
 (69) 

In addition, sinusoidal perturbations are applied to the 

four ICVs, as shown in Table 2. 

Table 2 Sinusoidal disturbances on each ICV 

ICV xi (N) yi (N) ψi  (N·m) 

1 2.0 sin t 1.5 cos t 0.40 sin t 

2 1.6 cos t 2.0 sin t 0.35 cos t 

3 2.2 sin t 1.8 cos t 0.45 sin t 
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4 1.8 cos t 2.4 sin t 0.50 cos t 

For the LQR-based comparison, the adaptive robust 

compensation term in Eq. (22) is replaced by 𝜏𝐿, defined as 

 

( )

0

( ) 0 .L

a

L

M q

K

 

 

 
 

= −  
 

−  

 (70) 

The APF and control parameters are listed in Table 3. 

Table 3 APF and control parameters 

APF parameters Control parameters 
ak  0.50 P  1.0 

ok  3.0 (0)α  1.0 

a  1.0 ( )β,k  (1.0,18) 

( | )d d  (2.0, 6.0) m 1 2( | )k k  (5.0, 0.02) 

( | )o od d  (4.0, 8.0) m |p d（ ）K K  (12, 6) 

( | )v vk k  (5.0, 0.40) ( ), LK  (1, 0.15) 

According to Eq. (13), the reference inter-vehicle distance 

is selected as 

 4.
21f

d d
d

+
= =  (71) 

The trajectories in Fig. 4 show that the APF guidance and 

distance constraints enable both controllers to avoid inter-

ICV and obstacle collisions while completing the prescribed 

path. 

 
Fig. 4. Trajectory tracking and obstacle-avoidance results. 

Fig. 5 shows the adjacent-vehicle distances. Initially, the 

APF-based inter-vehicle repulsion separates neighboring 

vehicles, while the GUK constraint regulates the spacing 

toward the prescribed desired value. 

 
Fig. 5. Inter-ICV distance responses under ARC and LQR. 

Fig. 6 shows the vehicle-obstacle distances and the number 

of activated obstacle-avoidance constraints. The obstacle 

repulsion is activated as vehicles enter the prescribed 

detection range and is released after they leave it. 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Fig. 6. Obstacle-distance responses and activation of the 

obstacle-avoidance constraints: (a) distances to obstacle 1; (b) 

distances to obstacle 2; (c) distances to obstacle 3; (d) number 

of ICVs within the obstacle-detection radius. 

Fig. 7 shows the sliding-variable responses defined by Eq. 

(33). In ARC, an increase in   strengthens the adaptive 

update in Eq. (42), so the robust compensation is adjusted 

online when disturbances enlarge the constraint error, 

whereas the LQR controller has no corresponding adaptive 

update. 

 
Fig. 7. Sliding-variable responses under ARC and LQR. 
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The accumulated constraint error of each ICV is quantified 

by 

 ( ) ( ) ( )
0

d .
T

a

i i a i iW t t t t     = + −   (72) 

where iW 
 denotes the accumulated sliding-variable 

error of the i-th ICV over the simulation horizon. 

Fig. 错误 !未找到引用源。  compares iW 
 for the LQR 

controller and four ARC parameter settings; the quantitative 

results are summarized in Table 4. The reduction in iW 
 

indicates that stronger adaptive settings enhance error-

driven compensation. 

 
Fig. 8. Accumulated sliding-variable index for each ICV 

under ARC parameter variations and LQR. 

Table 4 Comparison of the accumulated constraint-error index 

Method 
1K  2K  (0)α  iW 

 (rad) 
Reduction 

(%) 

LQR -- -- -- 0.308125 -- 

ARC-1 0.02 0.45 0.05 0.284783 7.58 

ARC-2 1.00 0.05 0.50 0.205893 33.18 

ARC-3 2.00 0.02 0.80 0.123622 59.88 

ARC-4 5.00 0.02 1.00 0.084882 72.45 

For the distance-constraint parameter scan, pK and dK  in 

the transformed-error dynamics in Eq. (18) are varied. The 

averaged formation-distance error index is defined as 

 ( ) ( ) ( )f
0

1

1
, d .

vN
T

v

d p d i

iv

W K K d t d t t
N T =

= −  (73) 

Fig. 9 shows the dW  over the pK – dK grid; where lower 

values indicate smaller spacing errors.. pK  is scanned from 

5 to 40 and dK  from 2 to 30 on a 6 × 6 grid. Each case is 

simulated for 60 s using ode15s with RelTol = 1e-5, AbsTol = 

1e-7, and MaxStep = 0.05 s. 

 
Fig. 9. Parameter-scan surface of the averaged formation-

distance error index. 

Fig. 10, Fig. 11, and Fig. 12 show the generalized control 

inputs in the x-, y-, and heading directions. In ARC, the 

adaptive robust term changes with   and the online 

estimate, so disturbance-induced constraint errors directly 

modify the total generalized force. LQR uses fixed-gain 

feedback and does not adaptively rescale this compensation. 

 
Fig. 10. Generalized control input in the x-direction. 

 
Fig. 11. Generalized control input in the y-direction. 
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Fig. 12. Generalized control input in the heading direction. 

Fig. 13 shows the wheel torques mapped by Eq. (68). Left- 

and right-wheel torque adjustments reflect ARC’s online 

compensation for disturbances and parameter uncertainties. 

 
(a) 

 
(b) 

Fig. 13. Mapped wheel torques of the ICVs: (a) left-wheel 

torques; (b) right-wheel torques. 

Based on Eq. (5), Fig. 14 shows the x- and y-direction 

velocity responses during reference tracking, obstacle 

avoidance, and formation adjustment. 

 
(a) 

 
(b) 

Fig. 14. ICV velocity (a) x-direction; (b) y-direction. 

According to Eq. (32), Fig. 15 and Fig. 16 show the x- and 

y-direction components of the transformed-constraint 

control term, which vary with adjacent-distance error to 

support formation deformation and spacing recovery.  

 
Fig. 15. Transformed-constraint control in the x-direction. 

 
Fig. 16. Transformed-constraint control in the y-direction. 

Fig. 17 shows the heading-direction component induced 

by planar-heading coupling in Eq. (65). 

 
Fig. 17. Transformed-constraint control in the heading 

direction. 

To examine the flexibility of the proposed GUK constraint 

controller under different spacing requirements, additional 

tests with time-varying spacing are conducted under 

nominal conditions. The parametric variations in Eq. (69), the 

disturbances in Table 2, the stabilizing term in Eq. (34), and 

the adaptive robust compensation term in Eq. (43) are 

excluded. Two representative time-varying desired-distance 

profiles are considered. 

The first desired distance follows a cosine-type periodic law, 

defined as 

 ( ) 4.0 1.5cos .
102f

d t t
 

= +  
 

 (74) 

The cosine-type results are shown in Fig. 18, where the 

adjacent-vehicle distances follow the periodic reference 

while the vehicles execute the corresponding formation 

adjustment. 
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(a) 

 
(b) 

Fig. 18. Responses for cosine-type time-varying formation 

spacing: (a) ICV trajectories; (b) adjacent-vehicle distances. 

To further examine performance under monotonic spacing 

adjustment, the second desired distance follows an 

exponential decay law given by 

 
0.08( ) 3.0 2.5 .

3

t

fd t e−= +  (75) 

Fig. 19 shows the exponential-spacing case, in which the 

adjacent-vehicle distances continuously adjust toward the 

prescribed final value. 

 
(a) 

 
(b) 

Fig. 19. Responses for exponential-type time-varying 

formation spacing: (a) ICV trajectories; (b) adjacent-vehicle 

distances. 

Together with the fixed-spacing case, these results 

demonstrate that the same GUK constraint-control structure 

can accommodate fixed, periodic, and monotonic spacing 

profiles. 

6. Conclusion 

This paper investigated the safe formation control problem 

for uncertain ICVS systems in obstacle-rich environments. A 

unified constraint-following formulation was established to 

describe inter-agent collision avoidance, obstacle evasion, 

formation deformation, and formation recovery within the 

same framework. Artificial potential field functions were 

used to characterize obstacle-avoidance and collision-

avoidance requirements, while diffeomorphism-based 

transformed constraints were introduced to handle bounded 

distance constraints between adjacent ICVs. Based on the 

generalized Udwadia–Kalaba equation, the coupled safety 

and formation requirements were converted into a 

constraint-following control problem suitable for uncertain 

nonlinear swarm dynamics. An adaptive robust controller 

was then developed to compensate for model uncertainties, 

parameter perturbations, and external disturbances. 

Theoretical analysis proved the boundedness of the closed-

loop signals. Simulation results, including the comparison 

between ARC and the LQR-based controller, verified 

obstacle evasion, collision prevention, formation 

maintenance, and spacing recovery. ARC also reduced the 

accumulated constraint error and adjusted the generalized 

control force and corresponding wheel torques online in 

response to disturbance-induced errors. These results 

demonstrate the effectiveness of the proposed constraint-

oriented framework for safe and robust ICVS formation 

control in obstacle-rich environments. Future work will 

consider more practical scenarios, including communication 

delays, sensing uncertainties, dynamic obstacles, and 

experimental validation on physical ICVS platforms. 
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