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Abstract

The targeted design of multi-RE-principal-component RE>Si>O7 disilicates
((nRE,)2S1207) for environmental barrier coatings (EBCs) applications requires
customizing the multi-RE compositions to achieve maximal optimization of the target
properties. A critical prerequisite is the retention of a stable - or y-polymorphic phase
under high-temperature service conditions. This, however, is challenged by their rich
polymorphic phases, which varies with the elemental properties of the RE cationic sites.
In this study, a random forest (RF) model with high accuracy is developed to classify
the four types of phase composition — single-f, single-y, single-6/mixed 6+y, and
separate phase — identifying the average RE*" cationic radius (¥) and the deviation of
RE*" cationic radius (o,.) as the most influential factors. The well-trained model is
validated by predicting the phase compositions of (GdxiHox2Ybx3Lux4)2S1207 and
(Ndx1iHox2YbxsLux4)2S1207 systems, supported by experimental characterization of
representative compositions. High-throughput DFT calculations reveal that the
formation of their phases correlates with the low energy costs to accommodate
configurational randomness into the multicomponent system, characterized by rapid

convergence of the configurational entropy of mixing with increased excitation energy.
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The quantitative design criteria for single-phase B-(nREx;)2Si207 and y-(nRE,;)2S1207
disilicates are established: (i) 7 < 0.885 A for B-polymorphs and 0.885 A <7 < 0.900
A for the y-polymorphs; and (ii) sufficiently small o,, whose upper bound increases
monotonically with 7, reaching o, ~ 0.04 at the vicinity of 7 ~ 0.885 and 0.900 A. This
work provides an investigation paradigm enabling the targeted design of (nRE.;)2Si207
EBCs candidates.
Keywords

High-entropy rare-earth disilicates, Phase composition, Machine learning,
Environmental barrier coatings
1. Introduction

In the gas turbine technology, the development of environmental barrier coatings
(EBCs) is a critical research branch — specifically aimed at protecting the SiC¢/SiC
ceramic matrix composites (CMCs) engine components from high-temperature high-
velocity steam-induced oxidation and recession during service [1,2]. Rare-earth
disilicates (RE2Si1207) show great promise for the EBCs applications due to their good
CTE compatibility (specially for the B- and y-polymorphs) with SiC¢/SiC CMCs
substrates [3-7]. They have been integrated as a critical intermediate layer in the state-
of-the-art multilayer EBCs to effectively mitigate the CTE mismatch between the
SiC¢/SiC CMCs substrates and the top coats, which minimizes the inter-layer thermal
stress during thermal cycling, thereby preventing delamination and coating failure [8].
Constrained by up to seven polymorphic types and the complex polymorphic phase

transformations amongst [9], the commercialized research and development of



RE»Si,07 disilicates for EBCs applications are mostly concentrated on 3-RE>Si,07 (RE
=Sc, Yb, and Lu) disilicates mainly due to their good phase stability up to melting point
[6]. Meanwhile, y-RE>Si,07 disilicates are also being developed as acceptable EBCs
materials, because the high-temperature y phase can be kinetically stabilized down to
lower temperatures; plus, the volume change associated with B — y polymorphic
transformations is extremely small, due to the crystallographic similarity between these
two polymorphic structures as well as their identical CTE values [10], making the
product phases relatively benign during coating service. However, the performance of
traditional single-RE-principal-component B-RE»Si>O7 and y-RE»>Si,07 EBCs under
high-temperature corrosive environment cannot meet the requirements of the next-
generation gas turbine engine [11], and therefore need to be comprehensively optimized.

A promising strategy to overcome these challenges is to design multi-RE-
principal-component RE>S1>O7 disilicates (abbreviated as (nREx;)2S1207). The concept
of high-entropy or multicomponent materials was originally proposed in metallic alloys
in 2004 [12], subsequently extended to ceramics in 2015 [13]; and has since undergone
rapid development in a wide range of material systems, with a particular burst in high-
temperature protective coating materials [14-21]. Recently, significant progress has
been achieved in the development of (#RE,;)>S1207 materials, wherein a collection of
properties, including superior high-temperature stability, low or even amorphous-like
thermal conductivity, matched CTE with SiC¢/SiC CMCs, excellent resistance against
water vapor and CMAS corrosion, etc. have been reported, showing remarkable

optimizations as compared to the constituent single-RE-principal-component RE>S1,07



materials [22-25]. Particularly, dedicated efforts have been focused on elucidating the
critical role of individual RE constituents as well as their synergistic effects in tailoring
the specific properties of (nREx;)2S1207 materials. For instance, Sun et al. reported that
RE elements with larger cationic radius (such as Er and Tm) take effects in suppressing
the corrosion activity of CMAS melts, whereas those with smaller cationic radius (such
as Yb and Lu) helps retaining the structural stability of disilicates [23]; and thus, the
overall CMAS corrosion resistance could be optimized by adjusting the relative
proportion of the two types of RE elements [26]. Wang et al. reported that the
incorporation of Sc into the multi-RE (RE = lanthanides) composition enables electrons
transfer from Si-O bond to Sc, facilitated by the local charge disorder, and thereby
yields adjustable CTE values [27]. Thanks to these efforts, the cutting-edge
development of (nRE\)2S1207 materials is progressively transitioning from a
conventional trial-and-error paradigm to a rational, target-driven design framework.
Within this framework, the multi-RE combinations can be exquisitely customized by
leveraging the distinct functional roles of individual RE elements, and then the
(nRE)2S1207 compositions can be fine-tunned to retain a desired polymorphic
structure, thereby harvesting the maximum optimization on target properties.

The prime challenge in precisely designing (#RE,;)>S1207 EBCs candidates is the
fast identification of available multi-RE combinations — from all the permutations and
combinations of seventeen RE elements — that can form into a single-phase - or -
polymorph with good high-temperature stability. Many pioneering works have revealed

that the stabilized phase composition of high-entropy or multicomponent ceramics,



such as oxides, carbides, borides, silicates, etc., should be governed by numerous
factors, including lattice constants, bulk modulus, Fermi level, band gap, atomic radius,
molar fraction, valence electron concentration, mixing enthalpy, and the configurational
entropy, just to name a few [28-31]. However, such knowledge may not be directly
transferred to the (nRE.;)2S1207 systems, in that the prediction of their stabilized phase
composition is a non-independent multi-objective problem, due to their complex crystal
structures and various polymorphic types. To circumvent this obstacle, one may
leverage the recent prosperity of machine learning (ML) method, which is particularly
well-suited for modeling problems involving non-independent variables and capable of
establishing a relatively straightforward physics-informed relationship with the target
property. Up till now, ML method has been innovatively utilized to investigate the phase
formation capability, mechanical, thermal and corrosion properties of single-RE-
principal-component or multi-RE-principal-component silicates [31-38]. Particularly,
Meng et al.’s work has established a multi-class classification ML model to predict the
polymorphic phases of (nRE.:)2S1,07 disilicates, identifying the average ionic radius as
a single criterion in distinguishing the phases [39]. And, Fan et al.’s work has developed
a ML model combined with decision fusion strategies to predict the phase formation
capability of (nREx),S1207 disilicates, revealing that phase stability is governed by
descriptors such as average ionic radius and ionic radius deviation, average mass, and
electronegativity deviation, with their relative importance varying with the
compositional complexity [31]. These studies demonstrate the capability of ML in

decoding the composition-phase relationships within the (#RE,;)>S1207 systems; and



together with our prior work [40], consistently identified the ionic radius — average and
deviation — as a critical descriptor governing the stabilized phases. In this respect,
further efforts to outline the quantitative boundaries of the ionic-radius-based
descriptors for stabilizing specific polymorphs would be of significant value, as it could
provide direct design guidelines for rapidly screening viable multi-RE combinations
and, more importantly, for quickly identifying the most practically useful - and y-phase
candidates for EBCs applications.

In this study, the phase composition of (nRE.;)2Si207 is investigated by combining
machine-learning, high-throughput calculation and experimental validation. Firstly, the
phase composition of 114 (nRE,;)Si,07 disilicates is quantitatively investigated by ML
algorithms, with the aim of developing a most reliable ML model as well as elucidating
the key factors determining the phase compositions of (#RE,;)>S1207. Subsequently, the
optimal random forest model (RF) is utilized to predict the phase composition of
(Gdx1Hox2Ybx3Lux4)2S1207 and (Ndxi1Hox2 Ybx3Luxs)2S1207 systems, which validates the
robustness of the RF model. Among these, six representative samples are synthesized,
and their phase composition i1s examined through X-ray diffraction (XRD)
measurements, Rietveld refinement analysis, scanning electron microscope (SEM)
observation, and transmission electron microscope (TEM) characterizations. The
underlying mechanisms governing the formation of their phases are revealed by
evaluating the configurational entropy of mixing through high-throughput density
functional theory (DFT) calculations coupled with statistical mechanics theory. Finally,

the phase compositions of (nREy)2Si2O7 materials are projected onto the dual-



descriptor space of average RE>" cationic radius () and the deviation of RE*" cationic
radius ( 0, ). The critical thresholds of 7 and o, parameter as well as their
interdependence are established, which set the criteria of designing single-phase [-
(nRE,;)2S1207 and y-(nREy;)2S1,07 disilicates as potential candidates for advanced
EBCs applications.
2. Methods
2.1 Machine learning model

The training dataset contains the phase composition of 114 (nREx;)>Si,07 materials
collected from the published papers as well as our own experiments, including 40
materials in single-f phase, 36 materials in single-y phase, 8 materials in single-0 phase
or mixed d+y phase due to the reversable y & & phase transformation, and 30 materials
showing separate phase (listed in Supplementary Table S1). These compositions are
widely collected to sample over various RE elements (lanthanides and Y), while
considering different total number of multi-RE components, in equimolar and non-
equimolar ratios. And, the phase composition information was manually checked to
ensure that only the polymorphic phases retained after high-temperature processing
were designated for each compound, whereas any low-temperature phase appeared
intermediately during materials synthesis were excluded. The machine learning model
was constructed based on Random Forest (RF), Support Vector Machine (SVM), and
Artificial Neural Network (ANN) algorithms using the scikit-learn Python package
[41,42]. The hyperparameters of the ML models, such as the number of decision trees

and the maximum depth in RF model, the kernel type and regularization parameters in



SVM model, the number of hidden layers and the number of neurons in each layer in
ANN model, etc., were optimized via a grid-search technique combined with fivefold
cross validation to enhance the model generalization and avoid overfitting.

The descriptors utilized in this study include the fundamental physical and
chemical properties of RE elements (ionic radius, atomic mass and electronegativity),

taken as their weighed average and deviation:

D= Xit1Xi "D (1)

0p = /2 % - (0 — P)? (2)
Herein, p and o, are the weighed average and standard deviation of a considered
elemental parameter p, which could be specified as the RE*" cationic radius (), atomic
mass (m), and electronegativity (X); n is the total number of RE components in a
(nREx)2S1,07 composition; p; and x; are the elemental parameter and molar fraction of
the i RE component, wherein Y1, x; = 1. Another descriptor taken into consideration
is the theoretical configurational entropy of mixing (Sg i) for an ideal (nRE;)2Si207

config

solid solution:

ngmﬁg = —R[Z Zf":RlE xIn(x;) + 2 Zjvjl len(xj) +7 Z,’le xkln(xk)] 3)
wherein, R=8.31 J-mol '-K ! is the ideal gas constant; NRE, N and N° are the number
of components in the sublattice of RE, Si and O, and x;, x; and x; are their molar fraction.
These descriptors have been proved to be effective in predicting the formation
capability of high-entropy alloys and ceramics [30,43]. In total, seven descriptors (7,
o,, M, 0y, X, and oy, Sg’gnﬁg) for all samples constituting a 114x7 matrix was randomly

partitioned into nonoverlapping training subset (80%) versus testing subset (20%).



Feature scaling was performed using a standard scaler fitted exclusively on the training
data, with the same parameters subsequently applied to transform the test set, thereby
preventing data leakage from the test set into the preprocessing stage. The rationale of
constructing the training dataset and the descriptor set is presented in the
Supplementary Note 1.

To address the class imbalance issue in the training dataset — particularly the
underrepresentation of the single-6/mixed d+y category (only 8 samples), the Synthetic
Minority Over-sampling Technique (SMOTE) was applied to balance the four phase-
composition categories prior to model training, with three nearest neighbors used to
define the neighborhood during synthetic sample generation. Herein, the SMOTE was
applied exclusively to the training subset, so that the synthetic samples never enter the
test subset. This prevents the optimistic bias that would arise from evaluating the model
on synthetic data generated from the same minority-class instances used for training. A
detailed discussion of the SMOTE implementation and its influence on model
generalization is provided in Supplementary Note 2.

2.2 Configurational entropy of mixing

The temperature-dependent configurational entropy of mixing for the
(nREx)2S1207 materials is calculated based on the equilibrium statistical mechanics. An
ensemble constituted by large amounts of metastable configurations is constructed,
wherein the multiple RE** cations are randomly distributed the on the sublattice sites.
The partition function is used to describe how the probabilities are partitioned among

different metastable configurations according to their individual configurational
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energies [28,44]:

Z=3nexp (- k) @)
Herein, m is the total number of the metastable configurations in the ensemble, which
is factorially related to the number of doped RE elements and the number of available
RE sites within the lattice; kg is the Boltzmann constant; 7 is the absolute temperature.
E is the mixing energy for the /™ metastable configuration:

E; = Emix — Xiz1 XiEggi 6))
where Epjy is the total energy of the (nRE.:)2S1207 unit cell; Eggi is the total energy of
the i single-RE-principal-component RE»Si»O7, calculated using the same
polymorphic structure with that of the (nRE:)2S1207 system; and 7 is the total number

of RE components in the composition. Then, the configurational energy and the free

energy (due to configurational disorders) could be written as:

(E) = 3 31 Erexp (— %) (©)

F = —kgTInZ (7)
The ensemble average is performed over a representative subset of the whole

population, restricted by:

z 7
o (8)

m

Herein, m’ is the total number of the sampled metastable configurations; and Z’ is their
partition function. Therefore, the free energy can be reformulated into:

m' Eq
i=1 €Xp| ——=
F = —kgTlnm — kBTln# 9)

And, the configurational entropy of mixing is derived from:
Sconfig =({EY-F)/T (10)
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In this study, the B-type (y-type, or o-type) configurational ensembles are
constructed to include 119 (114, or 31) unique configurations, each configuration
containing 110 (110, or 220) lattice sites. The metastable configurations (supercells)
in each ensemble are generated using the special quasirandom structures (SQS)
generation code implemented in the Alloy Theoretic Automated Toolkit (ATAT)
package [45]. The sizes of supercells are carefully chosen to ensure reliable
reproduction of the compositional stoichiometry without causing unbearable
computational expense. Herein, each configurational ensemble contains over 100
unique configurations (except for the d-polymorph ensemble), which, based on the
convergence test in our previous work, is expected to yield reliable simulation of the
energy distribution among the metastable configurations within the ensemble [40].
Specially, the d-type configurational ensemble is constructed using larger but fewer
supercells, primarily due to the highly complex crystal structure of the 8-RE>S1,07
disilicate (44 atoms in the primitive unit cell with two types of crystallographically
inequivalent RE sites). This means that larger “minimum cell” is required to
reproduce the compositional stoichiometry, and consequently, the computational
expense for the Density-functional-theory energy calculations is excessively high.

2.3 Details of DFT calculations

Density functional theory (DFT) calculations are conducted using the Vienna Ab
Initio Simulation Package (VASP) [46]. The projector augmented wave (PAW) method
[47] 1s used to describe the interactions between core electrons and valence electrons.

The Perdew-Burke-Ernzerhof (PBE) [48] form of the generalized gradient
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approximation (GGA) is used to describe the electronic exchange and correlation
interactions. The energy cut-off for plane-wave basis is set as 600 eV. The Brillouin
zone (BZ) is sampled using the I'-centered Monkhorst-Pack [49] k-mesh in the
resolution of 2x0.03 A™!. The convergence criteria for geometric optimization are set
as 1x107 eV for the total energy and 5x1073 eV/A for the ionic Hellmann-Feynman
forces, respectively. The valence electron configuration is 5s25p®5d'6s? for Nd, and
5p®5d'6s? for Gd, Ho, Yb and Lu.
2.4 Experimental

Commercially available powders of Nd2O3, Gd203, Ho203, Yb203, and Lu2O3
(Rear-Chem. Hi-Tech. Co. Ltd., Huizhou, China), and SiO> (Sinopharm Chemical
Reagent Co. Ltd., Shanghai, China) were used as starting materials to fabricate the
(nREx)2S1207 samples. For each composition, RE>O3 and SiO> powders were weighed
according to the desired stoichiometry, and then mixed with ethanol in a S13N4 mill jar
for 24 h. The obtained slurry was dried at 60°C for 24 h and then passed through a 120-
mesh sieve. Pressure-less synthesis method was adopted to synthesize the (#RE,;)>S1207
powders at 1550°C for 6 h. And, in order to sufficiently promote the mass transfer in
the solid-state synthesis reaction, the as-synthesized (nRE,;)>S1207 powders were hot-
pressed in a BN-coated graphite mold at 1800 °C under the pressure of 30 MPa for 2 h,
in a flowing argon atmosphere. The phase compositions of (nREx;).S1207 samples were
characterized by X-ray diffractometer (D/max-2400, Rigaku, Tokyo, Japan). Rietveld
refinement method was used for quantitative phase analysis using the General

Structural Analysis System (GSAS) program [50]. Phase identification and rare-earth
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elements distribution of bulk samples were observed with a scanning electron
microscope (SUPRA 55 SAPPHIRE, Zeiss, Oberkochen, Germany) equipped with an
energy dispersive spectrometer (X-MAX, Oxford Instruments, Oxford, UK), and the
point analysis for each sample was repeated for at least 10 times. The atomic
distributions of rare earth elements in (nREx)2S1207 samples were characterized by a
double aberration-corrected scanning transmission electron microscope (STEM) (Titan
Themis Z, Thermo Fisher Scientific, Waltham, USA) equipped with high angle annular
dark field (HAADF) detector.
3. Results and discussion
3.1 Machine learning prediction on phase composition

A correlation analysis on the input features is performed prior to ML modeling
training, wherein highly correlated (i.e. correlation coefficient exceeding 0.8) and
redundant descriptors should be identified and eliminated prior to model training. As
shown in Fig. 1(a), the Spearman correlation coefficients (p) of the seven selected
features are all below 0.8, indicating no significant correlation among them. The
relatively higher negative correlation (p = -0.79) between 7 and m is a reasonable
consequence of the systematically decreased RE*" cationic radius and increased atomic
mass as the RE elements switch from La to Lu; with the exception of Y element, whose
r value fits in the series from La to Lu but its m value is significantly lower than that of
the lanthanides. Therefore, all the seven selected features are retained as effective

descriptors to train the ML models.
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Figure 1. Feature selection and model selection. (a) Spearman correlogram of all
features. (b) The spectrum of accuracy score for RF, SVM and ANN models, collected
from 100 independent runs using randomly selected training-testing subsets for each
model. The mean and median values as well as the standard deviation of accuracy
score for each model are marked in the figure.

Three ML classification models, namely, RF, SVM and ANN are trained to classify
the phase composition of (#REy;)2S1207. A randomly selected 80% versus 20% training-
testing subsets of the training dataset is used for statistical learning and evaluating the
performance of the trained model on previously unseen data. The hyperparameters in
ML models are refined through a grid search technique for each ML model, and the
performance of the ML models is evaluated by measuring the validation and prediction
accuracy through fivefold cross validation. Herein, we carefully checked that the cross-
validation accuracy for the optimal hyperparameters is only marginally higher — but not
significantly superior to — as compared with that of the suboptimal combinations, which
renders the model more robust against overfitting concerns. In order to assess the
variability of the model predictions resulting from the random selection of training and
testing subsets, each ML model is independently run for 100 times, wherein the

training-testing subsets in each run are randomly selected and re-split, and the statistical

distributions of prediction accuracy for each model are analyzed in Fig. 1(b). It is shown



that, the RF model demonstrates the highest mean and median values of the prediction
accuracy score, followed by the SVM model, and the ANN model has the lowest overall
accuracy scores. Meanwhile, the prediction accuracy score of RF model variates from
0.65 to 1.0, in obviously smaller variation range than the SVM and ANN (from 0.57 to
1.0) models; and the standard deviation for the RF model (0.076) is obviously lower
than the other two models (0.086 for SVM and 0.097 for ANN). These results indicate
that the RF model exhibits higher overall prediction accuracy and better reproducibility
associated with randomly selected training-testing subsets. This advantage of the RF
algorithm over SVM and ANN could be rationalized in terms of the specific data
characteristics and the complexity of the feature-label relationship of this study. The
phase prediction of (#nRE,;)>S1207 in this study involves coupled, non-linear interactions
among multiple descriptors, together with limited size of training dataset. In such case,
the fundamental principles of RF algorithm — fitting multiple decision trees on various
sub-samples of the dataset and averaging their predictions — inherently mitigates
overfitting and delivers stable performance on small-to-moderate datasets [S1]. And, its
hierarchical tree splitting naturally captures non-linear interactions and higher-order
feature combinations without assuming a predefined functional form, which is
particularly advantageous for polymorphic phase prediction where the decision
boundaries are irregular and interdependent. Therefore, the RF model stands out as the
optimal model to address the classification problem in this study, and will be the focus
of following discussions.

The confusion matrix and the area under the curve (AUC) of the receiver operating
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characteristic (ROC) graph are utilized to evaluate the performance of the RF
classification model. As shown in Fig. 2(a), all of the four types of phase compositions
are precisely classified. More importantly, the relative proportion of the four categories
of phase compositions in the testing subsets (7:7:2:7 for the categories of single-f3,
single-y, single- or mixed o0+y, and separate phases) is close to that in the original
training dataset (40:36:8:30), which means that the randomly selected testing subsets
properly capture the data distribution of the original dataset. This is a critical advantage
for classification models, as it prevents misleading evaluation of the model performance
due to mismatched data distributions. Furthermore, the ROC curve visualizes the
model’s ability to distinguish between different categories, by plotting the prediction
rate for each category (correctly predicted against incorrectly predicted) across the
entire spectrum of classification thresholds. As shown in Fig. 2(b), the four categories
of phase compositions can be accurately classified with AUC score of 1.0, indicative of
high classification quality of the RF model. Herein, the class imbalance in the original
dataset is effectively mitigated by applying SMOTE prior to model training, i.e., the RF
model trained on the balanced dataset achieves a prediction accuracy of 100% on the

test subset, outperforming the conventional RF model (accuracy of 95.65%) by 4.35%.
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Figure 2. The evaluation metrics of the RF model. The (a) confusion matrix, (b) ROC-
AUC curves, and (c) feature importance of the RF model.
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The importance of input features that influence the RF model prediction is
analyzed in Fig. 2(c). Herein, the average RE*" cationic radius (¥) and the deviation of
RE*" cationic radius (o,) are the two overwhelmingly influential parameters, with their
importance factors added up to over 88%. The 7 parameter fundamentally indicates the
ionic field strength around the RE sites, which primarily determines the unit cell
dimensions and the overall lattice packing (such as the RE-O bond length and the
coordination geometries) of (nRE,;)2Si207, and thus directly dictate which polymorphic
framework is favored. Meanwhile, the o, parameter measures the mismatch of ionic
sizes among the multiple RE constituents. That is to say, while 7 determines which
lattice framework is adopted, g, governs whether the framework can remain stable as
a single-phase solid solution. A larger o, introduces greater local strain fields, and
ultimately drives towards phase separation when exceeding the critical value. This
demonstrates that the RE*" cationic radii serve as sufficiently good indication of the
phase composition of (nRE,;)>S12O7 materials, which lays the foundation for the
classical perception that employs the 7 and o, parameters to describe the phase
formation capability of rare-earth silicates [31,39,40]. In comparison, the features
associated with the atomic mass and electronegativity (m, o,,,, X, and o) have minor
significance. This diminished significance can be attributed, in part, to their indirect
relationship with 1onic field strength — and consequently with atomic bonding and phase
structure; and, in part, to the inherent dependence of machine learning models on the
characteristics of the training dataset when assessing the relevance of lower-ranked

descriptors. Indeed, this latter factor most likely accounts for the discrepancy between
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the descriptor rankings observed in the present study and those reported in prior works
[31,39]. Interestingly, the theoretical configurational entropy of mixing (Sé’gnﬁg) shows
marginal influence in describing the phase compositions of (#RE,;)2Si207 materials.
This could be attributed to the fact that the Scg,, parameter is derived by assuming
homogeneous and uniform solid solution with infinitely large lattice and completely
random occupations on the doping sites, and thus is depend only on the number and

overall molar fractions of the principal RE components, but irrelevant to the specific

combination of RE species, their interchanged relative proportions, or the

oo}

crystallographic polymorph. Detailed discussions on the influence of Sconfg

are
presented in the Supplementary Note 3.

The generalization ability of the trained RF model is then evaluated by making
interpolative prediction on the phase composition of new (#RE.;)>S1,07 materials. This
is a critical procedure for not only measuring how accurate the model is, but also testing
whether the model reasonably captures the fundamental rules governing the phase
composition of (nREy)2Si207 materials. The (GdxiHox2YbxsLuxs).Si2O7 and
(Ndx1Hox2 Ybx3Lux4)2S1,07 (x1+x2+x3+x4=1; x; variates from 0.1 to 0.9, in interval of
0.05), which are not contained in the training dataset, are used as representative
compositions. The rationale for selecting the (GdxiHox2Ybx3Lux4)2Si20O7 and
(NdxiHox2Ybx3sLux4)2S1207 as  validation compositions are explained in the
Supplementary Note 4. The RF model predicts 124 single-3 phases, 235 single-y phases,
93 single-6 or mixed y+6 phases, and 3 separate phases for (GdxiHox2 Ybx3Lux4)2S1207;

while 34 single-B phases, 19 single-y phases, 3 single-6 or mixed y+0 phases, and 399
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separate phases for (NdxiHox2Ybx3Lux4)2Si207. Among these, six representative

compositions, namely, (Gdo.15H00.15Ybo.35Lu0.35)251207,
(Gdo.15H00.35Ybo.35L10.15)2S1207, (Gdo35H00.35Ybo.15Lu0.15)2S1207,
(Ndo.10H00.20 Ybo.30L10.40)2S1207, (Ndo.10H00.50 Ybo.30L10.10)2S1207, and

(Ndo.15H00.35Ybo.15Lu0.35)2S1207, are chosen for further experimental validations in the
following section. Their phase composition predicted by the RF model are summarized
in Table 1, covering the four types of phase compositions.

Before proceeding to the experimental validation, we performed a critical
assessment of whether the six experimental-validation compositions are adequately
distinct from the training dataset. Firstly, we verified that none of the six experimental-
validation compositions is present in the training dataset. And, the closest training-set
neighbors for each experimental-validation sample are recognized by using the
Euclidean distance in the two-dimensional 7-a,- descriptor space; with 7 and o, being
the two most influential factors in determining the phases of (nRE,;)>S1207, according
to the trained RF model. As listed in Supplementary Table S2, the nearest training
neighbors exhibit Euclidean distances ranging from 0.04 to 0.23, with matched
polymorphic phases, confirming that these experimental-validation samples are not
memorized from identical training instances. Furthermore, we performed leave-one-
combination-out (LOCO) cross-validation on a held-out subset, which is consisted of
(1) the closest training compositions for the six experimental-validation samples (listed
in the second column of Supplementary Table S2), and (i) all Gd-Ho-Yb-Lu quaternary
samples present in the training dataset, added up to be seven samples in total. Here we
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note that no Nd-Ho-Yb-Lu quaternary samples are present in the original training
dataset, and thus no corresponding held-out composition is added. This design enables
testing the model’s performance on the most similar but non-identical training samples
as well as the is ability to generalize to an entirely withheld elemental combination.
Thereafter, we systematically excluded all the contained samples in the held-out subset
from the original training dataset, retrained the RF model, and tested its performance
on the withheld system. The LOCO validation accuracy for the held-out systems
remains high (100%), confirming that the RF model generalizes beyond the specific
compositions in the training dataset and captures the intrinsic physical descriptors
governing the phase compositions, rather than merely memorizing compositional
patterns.
3.2 Experiment validation on representative materials

Six representative (GdxiHox2Ybx3Lux4)2S1207 and  (NdxiHox2YbxsLux4)251207
samples are experimentally synthesized. Their phase compositions are characterized by
XRD measurements, and results are presented in Fig. 3. Herein, the XRD patterns are
collected for both the as-synthesized powders obtained from solid-state reaction at
1550 °C as well as the bulk materials obtained after hot-pressed at 1800 °C, in order to
ensure that the phase compositions retained after high-temperature processing is
correctly recognized for each sample. Meanwhile, scanning electron microscope (SEM)
energy dispersive spectrometer (EDS) point analysis is performed on the hot-pressed
bulk samples to quantitatively illustrate the distribution of RE elements, and results are

presented in Table 2. Herein, the SEM-EDS point analysis for each sample is repeated
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at least ten times, and then averaged to obtain the relative ratio of constituent RE
elements. As shown in Fig. 3(a), all the detected peaks for as-synthesized powders and
the corresponding hot-pressed bulk materials of (Gdo.1sH0o.15Ybo 35Luo35)2S1207 could
be indexed to B-Yb2Si207 (PDF#25-1345), indicative of its being stabilized as single-3
phase after high-temperature processing. The homogeneous distribution of the RE
elements is confirmed by the SEM-EDS analysis (Table 2), wherein the atomic ratio of
Gd:Ho:Yb:Lu is measured to be approximately 0.15:0.16:0.35:0.34, close to the
designed ratio of 0.15:0.15:0.35:0.35. As shown in Fig. 3(b), the
(Gdo.15H00.35Ybo.35L00.15)2S1207 powders synthesized at 1550 °C contain y-phase
(indexed to y-Y2Si207, PDF#42-0167) as the major phase, together with a few -phase
as the secondary phase; and the B-phase is completely eliminated after hot-pressing the
sample at 1800 °C, due to the P—y polymorphic transformation. And thus, the
(Gdo.15H00.35Ybo.35Lu0.15)2S1207 sample are ultimately stabilized as single-y phase.
SEM-EDS analysis on the hot-pressed bulk sample shows the atomic ratio of
Gd:Ho:Yb:Lu being approximately 0.15:0.35:0.36:0.14, close to the designed ratio of
0.15:0.35:0.35:0.15. To further characterize the phase composition and RE elemental
distribution at atomic scale, aberration-corrected scanning transmission electron
microscopy (STEM) observations are performed on the bulk samples of
(Gdo.15H00.15Ybo.35L.10.35)2S1207 and (Gdo.15sH00.35Ybo.35L.u0.15)2S1207. Fig. 4(a) presents
the STEM high-angle annular dark-field (HAADF) image of a chosen area in the
(Gdo.15H00.15Ybo.35L10.35)2S1207 sample, and the fast Fourier transform (FFT) pattern
(Fig. 4(b)) is resolved to be B-(Gdo.1sHoo.15Ybo 35L10.35)2S1207, taken in the [112] zone
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axis. Fig. 4(d) presents the HAADF-STEM-image of (Gdo.1sH00.35Ybo35Lu0.15)2S1207
sample, and the corresponding FFT pattern (Fig. 4(e)) is resolved to be the [110] zone
axis of y-(Gdo.1sHo0035Ybo35Lu0.15)2S1207. Fig. 4(c) and 4(f) present the selected
compositional maps from EDS for both materials, which directly visualizes the
compositional homogeneity of RE elements (Gd, Ho, Yb and Lu) on the lattice of B-
(Gdo.15H00.15Ybo35Lu035)2S1207  and  y-(Gdo.1sH00.35Ybo35L10.15)2S1207  samples,
respectively. These observations demonstrate that the (Gdo.1sHoo.15Ybo.35L10.35)2S1207
and (Gdo.15H00.35Ybo.35Lu0.15)2S1207 samples are stabilized as pure single-p and single-

vy phases, respectively, with homogeneous distribution of the RE elements.
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Figure 3. XRD patterns of the synthesized (nRE.;)2S1207 samples. XRD patterns for
the (a) (Gdo.15H00.15Ybo.35L10.35)2S1207, (b) (Gdo.1sH00.35Ybo35Lu0.15)2S1207, (¢)
(Ndo.10H00.20 Y bo.30L.10.40)2S1207, (d) (Ndo.10H00.50 Y bo.30L10.10)2S1207, (€)
(Gdo.35H00.35Ybo.15Lu0.15)2S1207, and (f) (Ndo.15H00.35Ybo.15L10.35)2S1207 samples
prepared at 1550°C (as-synthesized powders) and 1800°C (hot-pressed bulk samples).
“HP” is the abbreviation for “hot-pressed”.
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Figure 4. TEM characterization results of the (Gdo.1sH00.15Ybo.35Lu0.35)2S1207 and
(Gdo.15H00.35Ybo.35Lu0.15)2S1207 bulk samples. (a) The scanning transmission electron
microscopic high-angle annular dark-field (HAADF-STEM) images for
(Gdo.15H00.15Ybo.35L10.35)2S1207; (b) the Fast Fourier transform (FFT) of the HAADF-
STEM images of the crystal taken in the [112] zone axis; and (c) the corresponding
atomic-resolution EDS maps for Gd, Ho, Yb and Lu elements. (d) The HAADF-
STEM images for (Gd(),15H00,35Yb0,35Lu0,15)zsi207; (e) the FFT of HAADF-STEM
images the crystal taken in the [110] zone axis; and (f) the corresponding atomic-
resolution EDS maps for Gd, Ho, Yb and Lu elements. The cyan circles and numbers
in (b) and (e) mark the Miller indices of corresponding patterns.

As shown in Fig. 3(c) and 3(d), the (Ndo.i1Hoo2Ybo3Luo4),SiO7 and
(Ndo.1Hoo.5Ybo3Luo.1)2S1207 samples are found to be stabilized in single-p and single-
v phase, respectively. Herein, their phase compositions remain unchanged for both
powder samples synthesized at 1550 °C as well as bulk samples obtained after hot-

pressing at 1800 °C. According to the SEM-EDS results in Table 2, the atomic ratio of
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Nd:Ho:Yb:Lu in the hot-pressed B-(Ndo.1Hoo2Ybo3Luo4)2Si207 sample is
approximated to be 0.09:0.21:0.31:0.39, and that for the y-(Ndo.1H0o.5Ybo.3Lu0.1)2S1207
sample is 0.08:0.52:0.31:0.09, both in consistent with their designed RE atomic ratios.
These results demonstrate the successful formation of single-phase -
(Ndo.1tHoo2Ybo 3Lu04)2S1207 and y-(Ndo.1Hoo.5Ybo 3Luo.1)2S1207 samples exhibiting
homogeneous RE elemental distributions.

As for the designed composition of (Gdo35sH00.35Ybo.15Lu0.15)2S1207, XRD results
(Fig. 3(e)) show that the as-synthesized powder is the mixture of y-phase and a-phase
(indexed to 0-Y2Si,07, PDF#38-0223) disilicates. Quantitative phase analysis based on
the Rietveld refinement of XRD patterns (Fig. 5(a)) shows that, the y-phase accounts
for 45.13 wt% in the mixture, whereas the a-phase accounts for 54.87 wt%. The hot-
pressed bulk sample consists of y-phase and 6-phase (indexed to 6-Y2Si1,07, PDF#82-
0732) disilicates, in 43.69 wt% and 56.31 wt%, respectively (shown in Fig. 5(b)). SEM-
EDS analysis (Table 2) on the hot-pressed bulk sample reveals slight elemental
segregation in both phases. Specifically, the ratio of Gd:Ho:Yb:Lu in one phase is
estimated to be 0.27:0.32:0.22:0.19, wherein the concentration of Gd and Ho (or, Yb
and Lu) elements are slightly lower (or higher) than the designed composition of
0.35:0.35:0.15:0.15. And the situation is reversed in the other phase, wherein the ratio
of Gd:Ho:Yb:Lu is approximated to be 0.42:0.36:0.11:0.11, and thus the concentration
of Gd and Ho (or, Yb and Lu) is slightly increased (or decreased) as compared with the
designed composition. Therefore, the (Gdo35Ho035Ybo.15Lu0.15)2S1207 sample exhibit
phase separation — mixed o+y phase — with slight elemental segregation.
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Figure 5. Rietveld refinement of room-temperature XRD patterns for the studied
materials. (a) and (b) are the results for the as-synthesized powders of
(Gdo.35H00.35Ybo.15Lu0.15)2S1207 prepared at 1550 °C and the bulk sample fabricated
via hot-pressing sintering method at 1800 °C. (c¢) and (d) are the results for the as-
synthesized powders of (Ndo.1sH00.35Ybo.15Lu0.35)2S1207 prepared at 1550 °C and the
bulk sample fabricated via hot-pressing sintering method at 1800 °C. The reliability
factors Rp and Rwp are also presented in the figures. The short vertical lines at the
bottom of each panel denote the positions of XRD peaks of the constituent phases.

As in  Fig. 3(f), the  as-synthesized  powders  of

show
(Ndo.1sH00.35Ybo.15Lu0.35)2S1207 contain y-phase as the major phase, together with small
amount of B-phase as the secondary phase. Rietveld refinement analysis (Fig. 5(c))
shows that, the y-phase accounts for 94.18 wt% in the mixture, whereas the pB-phase
accounts for 5.82 wt%. And, fewer B-phase (2.38 wt% shown in Fig. 5(d)) can be
detected in the hot-pressed bulk sample. SEM-EDS analysis shows that the two phases

exhibit Nd:Ho:Yb:Lu of 0.39:0.32:0.09:0.20 and 0.11:0.36:0.16:0.37, respectively.
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Interestingly, the ratios of Ho:Yb:Lu in the latter phase are quite close to the designed
ratio 0f 0.35:0.15:0.35; nevertheless, the Nd element is seriously enriched in one phase
and depleted in the other. Such considerable deviation of the RE ratio from the designed
composition demonstrate tremendous elemental segregation in this sample. As
summarized in Table 1, the experimentally observed phase compositions for the six
representative samples are in consistent with the results predicted from the RF model,
which demonstrates the prediction reliability of the RF model in this study.

Apart from the above discussed six representative materials, we further evaluate
the robustness of the trained RF model across different compositional types, by
compiling an additional independent experimental-validation dataset (Supplementary
Table S3) consisting of 67 equimolar and 20  non-equimolar
(nREx)2S1207 compositions collected from literatures as well as our own experiments,
none of which had been involved in the original model training or hyperparameter
optimization processes. The well-trained RF model was applied to predict the phase
compositions of these new samples, achieving accuracies of 97.01% (65 out of 67) for
the equimolar group and 95.00% (19 out of 20) for the non-equimolar group. The
consistently high accuracies across both groups, with only a marginal difference
between the two groups, indicate that the model is not biased toward a specific
compositional type and exhibits robust generalization capability over diverse
compositional spaces. Overall, the high accuracy of 96.55% on this unseen validation
dataset further confirms its reliable predictive performance in practical scenarios. And,

the discrepancy between the RF-predicted and experimentally measured phase
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compositions of the three validation samples may arise from (i) the kinetics effects on
the entropy-stabilized phase induced by the different synthesis conditions, such as
synthesis temperature, synthesis time, heating or cooling rates [39], (ii) the sluggish
polymorphic transformations between neighboring phases [40], or (iii) the inherent
prediction errors associated with the present ML model.
3.3 Insights from configurational entropy of mixing

In addition to ML predictions as well as experimental validations, the formation
of the phases for (nRE.;)2S1207 disilicates can be rationalized from the perspective of
statistical mechanics, by evaluating how much the configurational disorder arising
from the random occupation of multiple RE atoms at the RE cationic sites can be
tolerated by a specific type of polymorphic lattice. To address this issue, the
configurational ensembles of the six representative (GdxiHox2Ybx3Luxs)2Si207 and
(Ndx1Hox2YbxsLux4)2S1207 compositions are constructed, wherein the polymorphic
type for the metastable configurations in each ensemble is constructed according to
the experimentally observed phase compositions after high-temperature processing

for each sample. In total, eight configurational ensembles, namely, f-

(Gdo.15H00.15Ybo.35L10.35)2S1207, v-(Gdo.15H00.35Ybo35L10.15)2S1207, v-
(Gdo.35H00.35Ybo.15Lu0.15)251207, 0-(Gdo35H00.35Ybo.15Luo.15)251207, B-
(Ndo.10H00.20 Y bo.30L10.40)2S1207, v-(Ndo.10H00.50 Ybo.30L10.10)2S1207, B-

(Ndo.1sHo035Ybo.1sLu035)2S1207 and  y-(Ndo.1sHoo35Ybo.15Lu035)2S1207  are
constructed, each containing more than 100 unique metastable configurations; except

for the &-polymorph ensemble, which is constructed in smaller size due to the high
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computational cost for the DFT ground-state energy calculation rising from its
complex crystal structure.

The configurational entropy of mixing (Sconfig) for the eight ensembles is calculated
as a function of thermal-energy excitation (kg7) and temperature (7). The convergence
behavior of the Sconfig~kB7 curve measures the number of metastable configurations that
are excited with increased thermal-energy excitation above the ground state, and
therefore is a direct indicator of the energy cost to achieve configurational randomness.
As shown in Fig. 6(a), the Sconfig~ksT curve for the B-(Ndo.1sH00.35Ybo.15L10.35)2S1207
and y-(Ndo.1sH00.35Ybo.15Lu035)2S1207 ensembles cannot reach convergence at
sufficiently high energy excitations, as compared with the good convergence of the
other six ensembles. Such different trend is inherited from the dispersive features of
mixing energy distributions (discussed in Supplementary Note 5), and is fundamentally
related to the level of strain-field mismatch arising from the occupation of the RE3*
sublattice by multiple RE** cations — each possessing a distinct cationic radius. From
the perspective of statistical mechanics, for the B-(Gdo.1sHoo.15Ybo.35Lu0.35)2S1207, -
(Gdo.15H00.35Ybo.35L10.15)2S1207, B-(Ndo.10H00.20Ybo.30L10.40)2S1207, v-
(Ndo.10H00.50 Ybo.30L10.10)2S1207, v-(Gdo.35H0035Ybo.15L10.15)2S1207, and 0-
(Gdo.35H00.35Ybo.15Lu0.15)2S12007  ensembles, sufficient numbers of metastable
configurations are energetically accessible under modest energy excitation, which
indicates a relatively low energy barrier to achieve substantial configurational
randomness, thereby promoting the formation of a homogeneous solid solution. By

contrast, achieving similar level of configurational randomness in the -
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(Ndo.15sH00.35Ybo.15Lu0.35)2S1207  and  y-(Ndo.1sH00.35Ybo.15L10.35)2S1207 ensembles
requires extremely high energy excitation. Therefore, it is highly impossible to form
(Ndo.15H00.35Ybo.15Lu0.35)2S1207 solid solutions — neither in B nor in y polymorphic
types — with homogeneous RE distribution; rather, the system tends to results in
elemental segregation or phase separation.
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Figure 6. The calculated configurational entropy of mixing (Sconfig) for each
configurational ensemble. (a) The dependence of Sconfig On thermal-energy excitation
(ksT) and temperature (7). (b) The converged Sconfig Values at higher thermal-energy

excitation (i.e., extracted at 20004g) and the ideal configuration entropy of mixing

(Sggnﬁg) for each ensemble. The differences between the converged Sconfig and Sé’fmﬁg

(in %) are marked in pink arrows and the values are presented on the top. The indices
correspond to the ensemble of B-(Gdo.1sHoo.15Ybo35Lu035)2S1207 (#1), v-
(Gdo.15H00.35Ybo.35Lu0.15)2S1207 (#2), B-(Ndo.10H00.20Ybo.30L110.40)2S1207 (#3), v-
(Ndo.10H00.50 Ybo.30L10.10)2S1207 (#4), v-(Gdo.35H00.35Ybo.15Lu0.15)2S1207 (#5), and 6-
(Gdo.35H00.35Ybo.15Lu0.15)2S1207 (#6), respectively.

Besides, it is worth noting that the ensembles of y- and 6-
(Gdo.35H00.35Ybo.15Lu0.15)2S1207 exhibit small fluctuation in mixing energy as well as
the fast convergence of the Sconfig~kBT curve. Both features indicate a high propensity
for forming homogeneous solid solutions, either in the lower-temperature phase (y) or

the higher-temperature phase (8); nevertheless, experimental observations have

revealed coexistence of y and o phases with minor elemental segregation —
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Gd:Ho:Yb:Lu deviating slightly from 0.35:0.35:0.15:0.15 — in both phases. This
discrepancy could be ascribed to the reversible polymorphic transitions of y = §
during solid-state reactions [52,53]. In this scenario, the phase formation is not only
governed by the configurational entropy of mixing; but more intricately, influenced by
the different diffusion rates of multiple RE elements accompanied by the reversible y =
6 polymorphic transitions, resulting in insufficient RE elemental diffusion in either
phase and thus heterogeneous distribution of RE elements in the final phase
compositions. The latter effect is beyond the scope of statistical mechanisms addressed
in this study, and requires further investigations in future works, specifically into the
thermodynamics and kinetics of the y = § reversible polymorphic transitions.
Another point worthy of mentioning is the systematic deviation of the converged
Sconfig Values — obtained at higher thermal-energy excitation (e.g. extracted at 2000kg)
— from their respective ideal configuration entropy of mixing (Sé’fmﬁg), as illustrated in
the Fig. 6(b). This could be understood from the framework of statistical mechanics,
that the Sc‘f,nﬁg parameter defines the ideal configurational entropy, or rather, the
theoretical upper bound of Sconfig for perfectly disordered (nREx;i)2S1207 solid solution
with infinitely large lattice. Specifically, the B-(Gdo.1sH00.15Ybo35Lu0.35)2S1207, -
(Gdo.15H00.35Ybo.35L10.15)2S1207, v-(Gdo.35H00.35Ybo.15L10.15)2S1207 and 0-
(Gdo.35Ho0.35Ybo.15Lu0.15)2S1207 ensembles have the same values of Sggnﬁg =21.68
J-mol K™, whereas the Sg ., values for the B-(Ndo.10H00.20Ybo 30Luo0.40)28i207 and
v-(Ndo.10Hoo.50Ybo 30Lu0.10)2Si207 ensembles are 21.28 J-mol "K' and 19.43

J-mol 1-K'!, respectively. Herein the converged Sconfie values for the B-type and y-type
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config Values;

ensembles show systematic deviation (around 17%) from the respective S
on the other hand, the gap is narrowed down to 10.4% for the d-type ensemble. Such
deviations are originated from the insufficient sampling of the configurational space
due to the limited size of the supercell used for simulation, namely, 110, 110 and 220
lattice sites in the supercells of B-type, y-type and d-type ensembles, respectively. The
larger supercell used in simulating the metastable configurations in an ensemble, the
closer the converged Sconfig Values at high energy excitations approach the theoretical
limit of 25 pfig-

At last, we clarity that the primary objective of the high-throughput DFT
calculations (performed at 0 K) coupled with statistical-mechanics theories in this
section 1s to rationalize the relative tendency of different polymorphic lattices to
accommodate configurational disorder arising from multi-RE mixing. The derived
Sconfig-1" dependency reflects the energy cost to achieve configurational randomness,
and thus fundamentally quantifies the relative propensity of a given polymorphic lattice
to tolerate configurational disorder, without implying any kinetic effects governing
phase stabilization at experimentally relevant temperatures. Notably, the vibrational
contributions to the free energy are not explicitly considered in this framework. A full
thermodynamic description at the typical operating temperatures of EBCs (>1200 °C)
would indeed require inclusion of lattice vibrational entropy; however, the involved
phonon calculations on (nRE,;)>S1207 solid solutions are computationally challenging
due to their complex crystal structures, multicomponent compositions, and low crystal

symmetry. In this regard, incorporating vibrational entropy would be valuable for
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accurately predicting polymorphic phase-transition temperatures of (#RE,;)>Si207 and
represents a promising direction for future work.
3.4 Design criterion for - and y-(nRE\x;)>Si:07

Previous discussions on feature importance of the RF model have demonstrated
that the average RE*" cationic radius () and deviation of RE** cationic radius (o,.) are
the two most important parameters that influence the phase composition of
(nRE\i)2S1207 materials. Herein, the phase composition of all the 120 (#RE,;)2Si207
samples, used in the training dataset [22,40,54-60] as well as fabricated in this study, is
projected onto the dual-descriptor space of 7 and g,., and the results are depicted in Fig.
7. In this two-dimensional space, the four types of phase composition are substantially
segregated. Here we note that the screening of (nRE.:)2S1207 materials for potential
EBCs applications mainly focus on those having single-f or single-y phases, due to
their matched CTE with the SiC¢/SiC substrates, as well as showing good phase stability
during thermal cycling. As shown in Fig. 7, the boundary that defines the stabilization
of (nRE,;)2S1207 as single-p and single-y phases is clearly delineated by the 7 and o,
parameters. For one thing, the region corresponding to single-p phase falls within 7 <
0.885 A, which is consistent with the findings from our previous research; while the
region for single-y phase falls within 0.885 A <7< 0.900 A; and at 7 > 0.900 A, &
phase begins to appear as the primary or secondary phase. For another thing, single
phases of (nREy;)2S1207 could be formed when the o, values are sufficiently small,
whereas larger o, values lead to phase separation. Most interestingly, the boundary
defined by the g, is clearly dependent on 7 values for both single-p and single-y phases
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regions, and exhibits discontinuity at the boundary between the two regions.
Specifically, the upper limit of o,., below which the (nRE\;)2S1207 samples are stabilized
as single-p phase, initially increases with increased 7 and then saturates as 7 approach
the demarcation line between single-P phase and single-y phase (77 ~ 0.885 A); similarly,
for the region of single-y phase, the boundary curve of g, increases with 7 and then
levels off at the vicinity of the demarcation line against the region of 6 or mixed y+6
phase (7 ~ 0.900 A); and in both regions, the maximum o, value could reach up to
approximately 0.04 A. Such dependence of g, -boundary on 7 values could be
understood by digging into the mechanisms of phase formation and stabilization of
(nREx;)2S1207 materials. For a (nRE,;)2Si207 material to be stabilized in single-p or
single-y phase, the mixed multiple RE elements need to construct a spatial framework
of a thermodynamically favored polymorphic lattice, wherein the RE sites could be
viewed as being occupied by a pseudo atom having the average bonding characteristics
of the mixing RE atoms (represented by 7) [40]. Meanwhile, the perturbation caused
by size mismatch and chemical difference among multiple RE*" cations (represented
by o,,) must be accommodated by the lattice, in order to prevent competition from any
other semi-stable phases that may lead to phase separation. In this scenario, while
maintaining a certain type of polymorphic lattice — governed by 7 criterion, as the
spatial framework expands (corresponding to an increase in 7), it can accommodate a
higher degree of perturbation (corresponding to higher o,) within the lattice; until the
o, reaches a certain threshold, surpassing which the extensive size and chemical

mismatch of multiple RE elements will lead to collapse of the lattice. In addition, this
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criterion is testified to apply to a broader family of multi-RE-component (#RE;)2S1207
systems, and is compatible to the phase formation and transformation diagram of single-
RE-principal-component RE»Si>O7 materials. Detailed results and discussions are

presented in Supplementary Note 6 and Supplementary Fig. S3.
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Figure 7. The diagram of average RE*" radius () and the deviations (o) for the
(nREx)2S1207 (RE = lanthanides and Y) materials. The blue and pink shaded areas
outline the region dominated by the (nRE,)2S1207 that are stabilized in single-$§ and
single-y phases at high temperatures, and the corresponding boundaries at 7~0.885 A
and 7~0.900 A are marked in dash lines and arrows. And, the RE** radius is marked
on the upper x-axis as a guide for the eye.

At last, it is worthy to clarify that this work is oriented towards the targeted design
of single-phase B-(nRE,)2S1207 and y-(nREx;)2S1207 for potential EBCs applications,
which offer favorable CTE matching with SiC¢/SiC CMCs. In this context, rather than
a broader polymorph classification, the present scheme is organized around the specific
design decision of EBCs candidates screening, i.e. retaining single-phase B- or y-
(nREx)2S1207 while avoiding 6-phase formation and phase separation. Compared with
recent works focusing on the phase prediction of (nRE.;)2S1207 disilicates empowered
by machine-learning techniques [31,39] (key ML modeling strategies are compared in

Supplementary Table S4), we herein establish a coupled 7-o,- design criterion with
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quantitative interdependence. This is enabled by the inclusion of deliberately designed
diversity of compositions in the training dataset, which covers the number of RE
components ranging from two to six, equimolar versus non-equimolar, single-phases
versus phase-separated compositions. For one thing, the proposed design criteria — 7 <
0.885 A for single-p phase and the 0.885 A <7< 0.900 A for single-y phase — are
generally consistent with the previously reported phase-composition rules [31,39,40].
For another, the inclusion of compositions approaching phase separation in our training
dataset enables systematic exploration of the upper limit of o, revealing for the first
time a quantitative interdependence wherein the g, boundary rises monotonically with
increased 7 and exhibits discontinuous jumps across different phase regions. In this
respect, the dual-descriptor 7-0,. design criterion with coupled boundaries could be
used as a concise and direct template to guide the compositional design of single-phase
B- and y-(nREy)2S107 (RE = lanthanides and Y) materials. In the meantime, we
emphasize that the compositional design of single-f and single-y (nREy)2S1207
constitutes the initial step; and, comprehensive investigations into EBCs-relevant
properties, including the coefficient of thermal expansion, thermal conductivity, and
resistance to water vapor and CMAS corrosion, etc., are critically prioritized to advance
their practical EBCs applications.
4. Conclusions

In summary, the phase composition of (#nRE,;)>S1207 disilicates is investigated via
machine-learning (ML), high-throughput DFT calculation and experiments. A random
forest (RF) model is developed to reliably predict the phase composition of
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(nREx;)2S1207 disilicates, which exhibits high prediction accuracy and robust
generalization capability over diverse compositional spaces. The reliability of the RF
model is established by successfully classifying the phase compositions of
(Gdx1Hox2 Ybx3Lux4)2S1207 and (Ndx1Hox2YbxsLux4)2S1207 materials into four types —
namely, single- phase, single-y phase, single-d or mixed 6+y phase, and separate phase
— followed by experimental validation on representative materials. Further
investigations through high-throughput DFT calculations reveal that the formation of
single-phase (nRE\;)2S1,07 disilicates correlates with the low energy cost associated
with accessing metastable configurations in a configurational ensemble, featured by
fast convergence of the Sconfig~ksT relationship; whereas high energy cost will lead to
diminished ability to form homogeneous solid solutions; nevertheless, such descriptor
is not applicable to cases involving the 6 phase, due to insufficient RE elemental
diffusion accompanied by reversible y = 6 polymorphic transitions. In addition, the
average RE>" cationic radius (7) and the deviation of RE*" cationic radius (a,.) are found
to be the most influential factors that determines the phase composition of
(nREx)2S1,07 disilicates, based on which the criteria of designing single-phase [-
(nREL)2S1207 and y-(nRE,)2Si,07 are proposed: (i) 7 < 0.885 A for B-polymorphs and
0.885 A <7 <0.900 A for the y-polymorphs, respectively; and (ii) sufficiently small g,
values, with its upper bound increasing monotonically with 7 values and reaching
0,~0.04 as 7 approaches 0.885 and 0.900 A. This work is expected to provide an
investigation paradigm that accelerates the targeted design of (nRE,;)>S1207 disilicates
for their potential applications in the advanced EBCs system.
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Tables
Table 1. Phase composition of representative (nREx)2Si207 materials predicted using

the RF model, in comparison with the experimental results.

ML-predicted

Composition 7 (A) oy (RF model) Experimental
(Gdo.15H00.15Ybo 35L10.35)2S1207 0.881 0.02732 single-f3 single-p
(Gdo,15HOo,35Ybo,35LUO‘15)2Si207 0.889 0.02612 single-y single-y

. single-d or .
(Gdo,35HOo,35Ybo,15LUO‘15)281207 0.903 0.02964 et 'Y+6 mixed y+8
(Ndo,1oHOo,z()Yb(),30LUO‘40)2Si207 0.8833 0.03641 single-B single-B
(Ndo,mHOo,sonogoLUQ10)2Si207 0.8953 0.03357 single-y single-y
(Ndo.15H00.35Ybo.15Lu0.35)251207 0.89435 0.04108 separate separate
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Table 2. The atomic percentage of RE elements (%) in hot-pressed (nREy;)2S1207 samples, analyzed based on SEM-EDS point analysis.

Composition Phase Nd Gd Ho Yb Lu Ratio of RE elements
(Gdo.15H00.15Y b0 35L10.35)2S1207 § / 4.92+0.17 5.24+0.52 11.56+0.29 11.29+0.34 Gdo.15H00.16Ybo.35Lu0 34
(Gdo.15H00.35Ybo 35Lu0.15)2S1207 Y / 4.66+0.11 10.87£0.25 10.89+0.17 4.26+0.15 Gdo.15H0035YboseLuo 14

/ / 12.88+0.54 15.69+1.15 10.85+1.55 9.01+1.53 Gdo27H00.32Ybo22Luo 19
(Gdo.35H00.35Ybo.15Luo.15)281207

/ / 20.58+0.58 17.46+0.81 5.544+0.53 5.25+0.57 Gdo.42Ho036Ybo.11Luo.11
(Ndo.10Ho0.20Ybo.30L.u10.40)2S1207 § 2.78+0.06 / 6.64+0.21 9.91+0.13 12.62+0.18 Ndo.09H00.21Ybo31Luo 39
(Ndo.10Ho0.50Ybo.30Lu0.10)2S1,07 Y 2.59+0.09 / 16.17+0.23 9.86+0.18 2.79+0.17 Ndo.osH00.52Ybo.31Lug.09

/ 19.76+1.06 / 16.12+0.36  4.93+0.34 10.18+0.32 Ndo.30H00.32Ybo.ooLug 20
(Ndo.15sHo0.35Ybo.15Lu0.35)2S1207

/ 5.17+0.32 / 17.20+£0.29  7.49+0.26 17.47+0.44 Ndo.11H00.36Ybo.16Lu0.37
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