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Abstract

The transmission mechanism of high-frequency alternating current (AC) across
rough contact interfaces is a key issue in the design and performance evaluation of
connectors, relays, current-collection systems, and advanced electronic and energy
devices. Under AC excitation, conductive transport occurs through real contact regions,

while capacitance forms naturally across non-contact gaps. These two effects jointly
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govern the broadband impedance response of the interface. However, this mechanism
is affected by surface roughness, normal load, skin effect, electromagnetic diffusion in
the substrate, and the electrical boundary condition at the backside of the substrate. This
study establishes a load-dependent resistance-capacitance model to quantify the
dependence of contact resistance and gap capacitance on load, and reveals how load
and frequency affect the competition between conductive transport through contact
spots and displacement-current transport across non-contact gaps. The conductive
formulation is quantitatively verified against Holm’s DC solution and Bowler’s finite-
frequency analytical solution, with maximum deviations below 3.115% and 0.081%,
respectively. The effects of surface roughness, skin effect, conductor thickness, and
backside electrical boundary conditions on the interfacial impedance response are
further examined. The broadband complex impedance is also investigated as a load-
sensitive electrical signature of the rough contact state under measurement uncertainty.
This study provides a numerical framework for interpreting the load- and frequency-

dependent AC impedance response of rough electrical contact interfaces.

Keywords: rough interface, AC current transmission, contact resistance, gap

capacitance, skin effect

1. Introduction

Contact interfaces are widespread in connectors, relays, switches, current-
collection systems, and advanced electronic and energy devices [1,2,3]. The current
conduction behavior across these interfaces directly determines the performance of

electrical contact devices. As electronic systems move toward higher frequencies,



broader bandwidths, and higher speeds, such as in 5G/6G RF connections, high-speed
interconnects, advanced packaging, and high-frequency power devices, contact
interfaces are subjected to increasing high-frequency alternating current (AC)
excitation [4,5,6]. Therefore, revealing how rough contact interfaces govern the
transmission of high-frequency AC current under loading is a key issue in the design
and performance evaluation of electrical contact devices.

It is well known that, because of the randomness and complex distribution of solid
surface roughness, the real contact area at a contact interface is much smaller than the
nominal contact area. Under loading, the random contact between different asperities
and the unsynchronized deformation of these asperities make the changes in contact
area and contact gap strongly nonlinear. Under direct current (DC), the current
constricts sharply at the interface, which generates contact resistance in the contact
region that is higher than the bulk resistance and thus hinders current flow [7,8,9,10].
Under AC excitation, the situation becomes more complex. In addition to the contact
resistance in the contact region, capacitance naturally forms across the non-contact gaps,
and displacement current also arises [9,11,12,13]. In addition, the skin effect,
electromagnetic diffusion, and the boundary features of the bulk all affect the current
transmission behavior at the contact interface. Therefore, it is necessary to
systematically consider the effect of loading on the contact area and contact gap, and
then establish the broadband complex impedance characteristics that include bulk
resistance, interfacial resistance, gap capacitance, and displacement current

[4,5,6,11,14,15]. Only in this way can the mechanism by which the contact interface



affects AC transport under the combined effects of loading, interface geometry, and
current transmission be clarified.

Existing studies related to electrical transport across rough interfaces can be
grouped into three main aspects. The first aspect concerns contact resistance and
conductive transport through real contact spots. Holm’s classical theory gives the
constriction resistance associated with current transport through micro-contact spots
and lays the foundation for the study of contact resistance [9]. Timsit summarized the
characteristics of electrical contact resistance at stationary interfaces and discussed the
effects of interfacial films, surface condition, and contact state [16]. For rough elastic
contacts, Barber established important relations between contact conductance, contact
stiffness, and rough-surface contact mechanics [17,18]. Yastrebov et al. examined the
representativeness of rough-surface contact simulations and the evolution of true
contact area from infinitesimal to nearly full contact [15,19]. They also developed a
three-level multiscale model for electrical contacts and compared the numerical
predictions with experimental measurements [20]. In addition, Jackson et al. extended
rough-surface electrical contact resistance models by considering scale-dependent
material properties and quantum effects at small asperity contacts [21]. Recent
numerical models have further included asperity interaction, elastoplastic deformation,
and multi-physics coupling, thereby improving the prediction of electrical contact
resistance for rough interfaces [22,23,24].

A second relevant line of work concerns capacitance, local electric-field

enhancement, and dielectric response in rough gaps or rough insulating films. For non-



contacting regions, the local electric field is affected not only by the mean separation
but also by the detailed surface geometry. Zhao et al. showed that surface roughness can
change the electric field, capacitance, and leakage current of insulating films [25].
Bruce et al. further analyzed the capacitance of rough-surface capacitors and proposed
approximate expressions for different roughness regimes [26]. From another viewpoint,
Fosco et al. developed an improved proximity-force approximation for electrostatics
based on a derivative expansion of the electrostatic energy. Their result shows that, for
a gently varying conducting surface facing a plane, the first slope correction to the local
parallel-plate energy has a universal coefficient of 1/3 [27]. More recently, Torabi et al.
showed that realistic rough electrodes can produce excess capacitance in thin-film
capacitors compared with the classical parallel-plate prediction [28]. These studies
indicate that the local parallel-plate formula should not be interpreted as an exact
capacitance for a rough gap. Local slope, curvature, and near-contact geometric features
can induce lateral electric-field components and local field enhancement, which may
change the effective capacitance. In addition, dielectric breakdown in narrow interfacial
gaps has recently been incorporated into electrical-contact models and electrified
elastohydrodynamic line-contact models [29,30]. Related studies on lubricated contacts
also show that surface asperities can enhance micro electrical discharge [31]. These
studies suggest that a purely capacitive dielectric description has a limited range of
validity when the local electric field becomes sufficiently high. This treatment provides
a reduced-order dielectric response before breakdown and clarifies the relation between

the parallel-plate approximation, roughness-induced slope correction, and the full



electrostatic solution.

The third category concerns AC current behavior. Timsit pointed out that passive
contact elements in high-speed connectors cannot be treated simply as static conducting
units, and that their high-frequency response should be analyzed from the viewpoint of
electromagnetic propagation and transmission-line behavior [4]. From the viewpoint of
interfacial electromechanical coupling, Zhai et al. showed that changes in contact state
affect both interfacial conduction and dielectric response [13]. Wang et al. further
investigated the stress-dependent impedance behavior of fractal rough interfaces and
showed that both the interfacial capacitance and the characteristic frequency evolve
with the applied load [ 12]. Dayan et al. showed in their study of passive intermodulation
in rough conductor contacts that contact nonlinearity under high-frequency conditions
significantly affects radio-frequency signal quality [I11]. Zhou et al. further
demonstrated that microscale surface roughness can change AC contact impedance and
signal transmission in radio-frequency coaxial connectors [6].

These studies explain the variation of contact resistance with load under DC
current and establish the relationship between interfacial capacitance and characteristic
frequency. However, many existing studies still treat direct-current and AC current
cases separately and do not provide broadband complex impedance characteristics that
include contact resistance, gap capacitance, displacement current, and skin effect in a
unified load-dependent framework. As a result, the competition and transition between
conductive transport through real contact spots and displacement-current transport

across non-contact gaps remain insufficiently clarified under AC excitation. Meanwhile,



because of the complexity of interfacial roughness, existing contact-resistance
calculations usually consider the load-dependent variation of real contact area, whereas
the corresponding variation of interfacial capacitance caused by the load-dependent gap
field has received less attention. Consequently, it is difficult to accurately characterize
the influence of normal load on the broadband electrical response of rough contact
interfaces.

On this basis, this paper considers the variations in contact gap, contact resistance,
displacement current, and skin effect during interfacial contact under loading, and
provides a characterization of broadband complex impedance. It then establishes a load-
dependent resistance-capacitance model and reveals the mechanism by which rough
contact interfaces govern high-frequency AC transport. The effects of surface
roughness, finite-thickness propagation, and backside electrical boundary conditions
are further examined. The broadband impedance spectrum is finally discussed as a load-
sensitive electrical signature of the rough contact state under measurement uncertainty.
The rest of this paper is organized as follows. Section 2 presents the theoretical model.
Section 3 provides model validation and comparison. Section 4 presents the main
results. Section 5 provides a brief discussion. Section 6 concludes the paper.

2. Theoretical model

To systematically describe the mechanism by which the contact interface affects
AC transport, three aspects need to be analyzed: the contact state and gap distribution
of the interface under load, the current transport characteristics in the bulk and

interfacial regions, and the displacement-current transport characteristics across the



gaps. Therefore, this section first uses contact mechanics analysis to determine the real
contact state and the distribution of non-contact gaps, which provide the geometric
input for the subsequent electrical solution. It then establishes a spectral-domain
surface-impedance representation for the conductive branch based on the frequency-
domain Maxwell equations, which is used to describe electrical conduction in the
contact regions and dispersive propagation in the bulk. Finally, the gaps in the non-
contact regions are closed into capacitive channels and are coupled in parallel with the
conductive branches in the contact regions, thereby yielding the total complex
impedance of the rough interface.
2.1 Interfacial Contact State and Gap Distribution

We consider the contact between a rigid rough indenter and a deformable

conducting substrate under AC excitation, as shown in Fig. 1(a, b).
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Fig. 1. Physical model and equivalent interfacial electrical model of rough-surface electrical contact
under AC excitation: (a) three-dimensional schematic of the nominal contact region under an applied
alternating-voltage difference; (b) cross-sectional configuration of a rigid rough indenter and a
deformable conducting substrate under normal load; (c) schematic of the parallel conductive-
capacitive branch formed jointly by real contact asperities and interfacial gaps; and (d) discrete
representation of the continuous contact-state indicator on the computational grid, where black and

white cells denote contact and non-contact cells, respectively.

The conductive paths across the interface can be represented by a parallel circuit

that consists of several current paths between contacting asperities and several paths



associated with displacement current through the gaps, as shown in Fig. 1(c). When the
interface is discretized, the contact and non-contact regions are found to be randomly
distributed. The contact regions correspond to conductive boundary conditions,
whereas the non-contact regions correspond to the integral boundary condition for gap
capacitance, as shown in Fig. 1(d).

Let the nominal contact domain be Q= [O,Lx ]x[O, Ly] , and discretize it with a
uniform grid. The height field of the rigid rough surface is denoted by h(x, y) and is
taken to have zero mean, the distance from the upper mean plane to the undeformed
nominal surface below is ¢, and the normal displacement of the deformable substrate
surface is u (x, y) . The local mechanical gap is then defined as

&n(%:y)=d ~h(x,y)~u(x,y), (M
where, g, =0 corresponds to closed contact, whereas g, >0 corresponds to a non-
contact gap. The real contact region is thus defined as

Q, ={(x,»)eQ:g(x,y)=0}, )

and the corresponding contact-state indicator function is

1, (x,y)eQ,

0, (x,y)eQ\Q, ’ )

|

In the subsequent electrical model, m(x,y) determines where the conductive
boundary condition is imposed, whereas g(x,y) determines the geometric closure of
the displacement-current branch in the non-contact region. In the numerical
implementation, this continuous indicator function is sampled on a uniform grid;
therefore, the rectangular cells in Fig. 1(d) only represent the computational

discretization.



(a) RMS slope = 0.05 (b) RMS slope = 0.15 (c) RMS slope = 0.25

Surface height h (um)

Fig. 2. Representative rough surface topographies generated from an isotropic power-law spectrum
at three typical roughness levels (RMS slope = 0.05, 0.15, and 0.25), with all other surface
parameters kept constant: H= 0.8, go = q; =4, and ¢q> = 128. Here, qy is the long-wavelength cutoff,
q1 1s the roll-off wavenumber separating the low-wavenumber plateau from the self-affine power-
law regime, and ¢ is the short-wavelength cutoff. The indices L =10 mm, g, =q, =4 and

q, =128 correspond to physical wavelengths of 2.5 mm and 78.125 pm, respectively.

In the periodic-surface convention used here, a dimensionless spectral index q i

corresponds to the physical wavelength A =L/q,. With L =10 mm and N = 512, the
grid spacing is Ax=Ay =L/ N =19.531 um . The long-wavelength cutoff and roll-off
indices are g, =¢q, =4, corresponding to a wavelength of 2.5 mm, whereas the short-
wavelength cutoff ¢, =128 corresponds to the shortest retained wavelength of
78.125 um. The prescribed surface is therefore band-limited and multiscale, rather than
a collection of asperities with one intrinsic radius. In the following, the prescribed
spectral wavelength range is distinguished from the sizes of the connected contact
patches that emerge after deformation.

Under the assumptions of linear elasticity, frictionless contact, and adhesionless



unilateral contact, the surface displacement and the contact pressure p (x, y) satisfy the
linear convolution relation

u(r)=(G*p)r)= J.Q G(r—r")p(r')d4’, 4)
where r = (x, y) ,and G is the surface Green function of an elastic half-space. For a

rigid rough body pressed into an elastic substrate,

1
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" E
E = : 6
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The contact state is determined by the Hertz-Signorini-Moreau complementarity
conditions:

p()20,  ¢g,(X)=0,  p(r)g,(r)=0. (7)

At the same time, the total normal load satisfies the global equilibrium constraint

J.Qp(r) dr="F. (8)

Let 4,=L.L, denote the nominal contact area, and define the nominal contact

pressure as p, = i Here, p, is the total normal load divided by the nominal area

A,

and should not be confused with the spatially varying local contact pressure p(r).

Unless otherwise stated, the numerical calculations use L, =L, =10 mm and hence
A, =100mm> . The load interval F=10 - 5000 N therefore corresponds to

P, =0.1~50 MPa. This interval specifies the numerical loading range considered in
this work; it should not be interpreted as a material-specific elastic range.

For the rigid-rough/elastic-half-space model, the Green function in Eq. (5) is



proportional to 1/E" . Consequently, for a fixed dimensionless topography and
Poisson’s ratio, the elastic contact solution is governed by the normalized nominal
pressure p,/ E". At the same nominal pressure, a smaller effective modulus produces
larger normal deformation and generally increases the real contact area while reducing
the non-contact gaps. These changes affect the subsequent electrical response through
two interfacial fields: the contact-state field m(r), which controls the conductive
branch, and the deformed gap field g, (r), which controls the capacitive branch.

By prescribing an isotropic power-law power spectral density, arbitrary rough
surface morphologies can be generated, as shown in Fig. 2. Equations (1)—(8) define
the load-controlled normal elastic contact subproblem. This subproblem can be solved
by standard boundary-element or boundary-integral methods. In the present numerical

implementation, Tamaas [32] is used as one such boundary-element solver. The

calculation provides the pressure field p(r), the mechanical gap field g (r), and the
contact-state map m(r). The electrical model derived below uses these interfacial fields
as inputs and is not restricted to this particular contact solver or to linear elasticity.
Contact masks and gap fields obtained from measured topographies, anisotropic contact
models, or material-calibrated elastoplastic calculations can be supplied to the same
electrical formulation.
2.2 Spectral surface-impedance formulation

After the contact state and the interfacial gap are obtained, the finite-frequency
current response of the substrate is described by the frequency-domain Maxwell

equations. For a homogeneous isotropic conductive medium with the time dependence



jor
VxE=—jouH, VxH=06E  &=o+jwe, 9)

Here, &= o+ jwe is complex conductivity. At finite frequency, the electric field is

generally not curl-free; therefore, a three-dimensional scalar electric potential is not

introduced. Instead, the surface response is formulated mode by mode in the in-plane

Fourier domain. The detailed derivation is given in Appendix A.

Because the material is translationally invariant in the interfacial plane and the

numerical implementation uses an in-plane Fourier discretization, a two-dimensional

Fourier transform is introduced with the in-plane wave vector q=(q,,q,) and
q=q|. For each nonzero in-plane mode ¢ >0, the normal-current response is
described by the transverse-magnetic (TM) spectral component, for which the magnetic
field is perpendicular to the (q,z) plane. The corresponding Maxwell-based
derivation is given in Appendix A. We define the spectral surface-potential variable

¢3(q, z) through the tangential electric field, B; =— jq(,ig . The Maxwell equations then

reduce to
d2¢? 27 2 2 .
E—F ¢:O, T =q +]C(),Ll&{c (10)

Therefore, each nonzero spectral mode can be treated as an independent one-
dimensional propagation problem, and its coefficients are jointly determined by the
thickness and the back boundary condition.

Define the spectral-domain surface potential ¢?(q) and the normal current density

A

i (q) in the conductive medium. They satisfy the linear mapping

#(q) = K(q,») j(q), (1n)



where K is the surface-impedance kernel, which characterizes the potential response
at the interface generated by a unit normal current. For a half-space conductor, K is
uniquely determined by the decay condition in the bulk. For a conductor of finite
thickness /1, , the back boundary condition enters in the form of an input impedance.

Writing the characteristic impedance as

(g, 0)
Zc(qﬁa)) = &/q2 s q > 0

(12)
the single-layer surface kernel for common configurations can be written in a unified
form as follows: K = Z, for a half-space, K = Z tanh(Th,,, ) when the back surface
is grounded, and K = choth(Fh‘wb) when the back surface is insulated. If a uniform
thin film or a multilayer structure exists on the surface, the total surface kernel can be
constructed from bottom to top by the standard input-impedance recursion, and the
detailed form is given in Appendix B. In this way, substrate boundary configurations
including the half-space case, finite thickness, grounded or insulated back surfaces, and
uniform film layers are all considered. The above TM characteristic impedance is
defined for ¢ > 0. The spatially uniform ¢ =0 component is not obtained by taking
the ¢ — 0 limit of Eq. (12), because it depends on the terminal configuration and the
global current-closure condition. In the present formulation, the ¢ =0 component is
therefore treated separately, as detailed in Appendix B.

For a double-sided contact problem, the total potential difference equals the sum of

the surface potential drops on the two sides. Accordingly, the total effective kernel is

written as

I%eff(qaa)) :[el(qaa))-"lez(qa (0) (13)



This expression is formally consistent with the classical Holm series-constriction form,
but here the dispersion, skin-effect, and finite-thickness propagation effects are all
included in I%eff . Therefore, the dispersion, skin-effect response, and finite-thickness
propagation of current in the bulk are all represented by a nonlocal linear operator
relation on the interface,

=K, (14)
where Keff denotes the complete interfacial operator. Its nonzero-g part is the
convolution operator defined by I%eff (¢, ), whereas the spatially uniform component
is supplied separately by the global current-closure condition.

This operator, together with the contact-state function m(r) , jointly
determines the impedance characteristics of the conductive paths formed by asperity
contacts. Under the conditions of a half-space, no surface film, the direct-current limit,
and single circular-spot contact, this spectral-domain surface-impedance formulation
reduces to the contact resistance in the direct-current case, and the result agrees with
the classical Holm constriction resistance. The cases of a half-space, finite-thickness
conductors with grounded or insulated back electrical boundaries, and double-sided

contact are illustrated in Fig. 3.
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Fig. 3. Schematic illustrations of three different substrate electrical boundary conditions and double-
sided contact: (a) single-sided rough contact with a semi-infinite substrate; (b) single-sided rough
contact with a grounded electrical boundary condition; (c) single-sided rough contact with an

insulated electrical boundary condition; (d) double-sided rough contact between two conductors.

After the surface-impedance kernel has been obtained, the conductive branch is
solved only on the true contact region. Let P denote the restriction operator from the
full interface to Q_. Let P’ denote the zero-extension operator from Q_ to the full
interface. The contact current density is denoted by j . On the contact region, the

surface potential is prescribed to be the applied voltage 7. The boundary conditions

in continuous form are

p(r)=V,, reQ, (15)

c

jr)=0, reQ, Q. (16)



Combining these boundary conditions with the surface relation in Eq. (14), the full
interfacial current density can be writtenas j = P’ j, where j_ is the unknown current
density on the contact region. Restricting the resulting potential equation back to Q_
gives the contact-domain equation

PK4 P j. =1, a7

here, K. is the convolution operator defined by the effective surface-impedance

eff
kernel K_. . This equation is the discrete mixed boundary-value problem for the
conductive branch. The contact region satisfies an equipotential condition. The non-
contact region carries no normal conduction current in this branch.

Each matrix-vector product is evaluated by zero-padding the current field,
applying a fast Fourier transform, multiplying by I%eff, and applying the inverse
transform before restriction to the contact region. This matrix-free procedure follows

the discrete convolution and fast Fourier transform (DC-FFT) method [33]. The

resulting linear system is solved using a Krylov method, such as GMRES or

BiCGSTAB. Once j is obtained, the conductive current is
Icond = -[Q jc (r)dA (18)

under the unit-voltage normalization used in this work, the conductive admittance is

Ycond (CO) = Icond’ (19)

for a general applied voltage ¥, itis

I
Ycond (CO) = oo . (20)
"

2.3 Variationally bounded capacitive closure of non-contact gaps

In addition to the conductive paths in the true contact regions, the non-contact gaps



also support displacement current across the interface. They therefore form a capacitive
branch. This branch changes both the magnitude and the phase of the interfacial
impedance. A detailed variational derivation of the capacitance bounds and their
discrete implementation is provided in Appendix C. Here, we summarize the main

construction and state the reduced capacitive closure used in the numerical model.

Let Q_ be the true contactregion. Let Q =0, Q_ be the non-contact region.
The contact state m(r) and the mechanical gap g _(r) are obtained from the contact
calculation in Section 2.1. In the conductive branch, m(r) determines where the
equipotential contact condition is imposed. In the capacitive branch, g_(r)
determines the local dielectric separation in the non-contact region.
We first consider a general rough gap. The two conducting surfaces are written as
z=h(r), z=h,(r), 1)
where r =(x,y). The local separation is
g(r)=h,(r)=h(r)>0. (22)
The exact capacitance of this rough gap is denoted by C. It is determined by a
three-dimensional electrostatic problem. Solving this problem at every load step is
expensive. A local parallel-plate formula is much cheaper. However, it is not exact for
a rough gap.
The local parallel-plate expression can be interpreted as a variational lower bound.

By the Thomson principle,

d4<C, (23)

C= g-[Q

where ¢ is the permittivity of the dielectric medium in the gap. Thus, the local

w g(r)



parallel-plate formula is not used here as an exact capacitance. It is used as the lower
bound of the capacitive branch.
A computable upper bound can be obtained from the Dirichlet principle. We use a

trial potential that varies linearly across the local gap. This gives

2 2
e L || VA E 41V [ VA -V |y 29
b g(n) 3

For a gently varying conducting surface facing a plane, the same 1/3 slope-
correction coefficient is obtained from an independent derivative expansion of the
electrostatic energy in the improved proximity-force approximation [27]. This
agreement indicates that the present Dirichlet upper estimate has the correct second-
order slope structure in the smooth non-contact asymptotic limit. Therefore, the
capacitance satisfies

C,<C<C). (25)

The difference between C' and C, is associated with the surface slopes. It
measures the additional electrostatic energy introduced by replacing the three-
dimensional electric field in a rough gap with a purely one-dimensional local field
approximation. When the two surfaces are smooth and parallel, the slope term vanishes.
The two bounds then reduce to the classical parallel-plate capacitance. The validity and
sharpness of these capacitance bounds are examined by independent finite-element
electrostatic benchmarks in Section 3.2.

For the contact problem considered here, the mechanical gap may become very
small near contact spots. A dielectric film may also exist in series with the open gap.

We therefore define an equivalent series thickness,



i =—0, (26)
6‘”-

where 7, is the film thickness and ¢, , is the relative permittivity of the film. The

film is treated as a spatially uniform and intact equivalent dielectric layer in this reduced
closure. The effective gap is then written as
Gr)=g, (r)+ f. 27)
A minimum effective gap is also introduced. The regularized gap is
G.(r) =max [G(r), r] = max [gm (r)+z¢, r] , (28)
here, 7 represents unresolved near-contact effects. These effects may include
nanoscale roughness, tunneling, dielectric breakdown, or finite numerical resolution.
The parameter 7 should therefore be understood as an effective cutoff for the reduced
capacitive closure, rather than as an independently measured material thickness. Under
the uniform-film assumption, the minimum effective separation is
G = max(t,,7), (29)
thus, the cutoff is not controlled by 7 alone.
In the numerical implementation of this work, the lower conductor is treated as

locally smooth in the capacitive slope correction. The deformation of the substrate is

retained in the mechanical gap g_, but its surface slope is not included in the slope
correction. The rough upper surface has height /(r). Under this reduced capacitive

geometry, the lower and upper estimates become

2
C,. =5 L, ¢ - &f L VIO, (30)
<=0 G TG wl 3

here, &, isused because the open gap is treated as an air gap, while the film effect has



already been included through the equivalent series thickness ¢, . The upper estimate in
Eq. (30) is interpreted under the locally smooth lower-surface approximation stated
above.

The baseline capacitance estimate used in the model is taken as the midpoint of

these two estimates,

~ _C G
Cpp = %’ (31)
This gives
2
Cop =5, L VRO (32)
=~ %o | 'G(r)" 6G.(r)

the first term is the variational lower-bound contribution. The second term is a slope
correction inherited from the Dirichlet upper estimate. It accounts for part of the
geometric effect of the rough surface. The midpoint value is used as a baseline reduced-
order estimate. It should not be interpreted as the exact solution of the full three-
dimensional electrostatic problem. The interval between C, . and C(']i'jr provides a
measure of the uncertainty introduced by the reduced capacitive closure. In the discrete

calculation, the integral is evaluated over all non-contact grid cells,

. 1 |Vh];
Cop =& Z —+ /

(33)
(i,.f)Ean GT,U 6G77ij

The surface gradient is computed from the same rough surface used in the contact

Py

calculation. In the following sections, C,_ is denoted simply by

eap . unless the

£4

lower and upper estimates are explicitly discussed.

The capacitive admittance is



Y, (@)= joC,,, (34)
the assembly of this capacitive branch with the conductive branch is described in
Section 2.4.
2.4 Assembly of total admittance and computational workflow

The conductive and capacitive branches are assembled at the admittance level. The
conductive branch is obtained from the contact-domain mixed boundary-value problem
in Section 2.2. The capacitive branch is obtained from the bounded gap closure in

Section 2.3. Therefore, the total interfacial admittance is

Ytot (0)) = Ycond (0)) +7Y (0)) = Ycond (a)) + ]a)C (35)

gap gap?

the total impedance is

1
Ztot (a)) = Y (a)) Y (36)

This parallel form is a macroscopic assembly rule. It does not mean that the whole

interface is a spatially uniform lumped R||C element. The conductive branch is

nonlocal. It is controlled by the contact mask m(r) and the surface-impedance kernel

A

K . The capacitive branch is controlled by the non-contact gap field g_(r) and the

regularized effective gap G (r). The transmission of AC current across the interface is

illustrated in Fig. 4.
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Fig. 4. Schematic illustration of current transport across a rough conductor interface: (a) interfacial

current transport under DC excitation; (b) interfacial current transport under AC excitation.

The computational workflow is shown in Fig. 5. First, the rough contact problem
is solved under a prescribed normal load £ . This step gives the contact pressure p(r),
the contact-state map m(r), and the mechanical gap field g_(r). Second, m(r) is
used to define the contact-domain mixed boundary-value problem. The conductive
current density j (r) is then solved by the DC-FFT surface-impedance operator and
a Krylov iterative method. This gives Y, (®).Third, g_(r) is used to compute the
bounded capacitive closure C,,~ over Q . This gives Y, (@)= jwC,, . Finally, the

two branches are added to obtain Y, (w) and Z_ ().
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Fig. 5. Computational flow of the method.

This workflow separates the roles of the two geometric outputs from the
mechanical contact calculation. The contact map m(r) controls the conductive
boundary condition. The gap field g_(r) controls the capacitive closure. The load
dependence of the AC response therefore comes from both the evolution of the true
contact region and the evolution of the non-contact gap distribution.

From Z_ (w),the impedance magnitude, phase angle, equivalent resistance, and

tot
other frequency-domain response measures can be obtained. These quantities are used
in the following sections to analyze the effects of load, roughness, frequency, skin effect,

and backside electrical boundary conditions.



Table 1. Main physical parameters used in the present model (default values)

Parameters Symbol Value
Nominal side length of the contact domain L 10 mm
Poisson’s ratio v 0.30
Elastic modulus E 100 GPa
Effective elastic modulus E*=E/(1—V) 109.9 GPa
Surface Hurst exponent H 0.8
Root-mean-square slope Mirms 0.10
Long-wavelength cutoff q0 4
Roll-off wavenumber qi 4
Short-wavelength cutoff q2 128
Substrate conductivity Osub 5.998x107 S/m
Relative permittivity Ersub 1.0
Relative permeability Msub 1.0
Uniform thin-film thickness Iy 100 nm
Conductivity or 0.01 S/m
Relative permittivity ernf 25
Additional regularization cutoff used for
Capacitive closure in the non-contact region ! tom
Grid resolution N 512x512

(Note: The default material, roughness, and interfacial-film parameters are mainly adopted from
Refs. [12,22] and are used as representative baseline values rather than fitted parameters. The
parameter ranges and variations used in the parametric studies are specified in Section 4. The cutoff

length 7 is introduced for the reduced capacitive closure and is examined separately in Section

43)

3. Verification and model comparison

In this section, the proposed method is examined through comparison with the
Holm model, experimental results, and numerical results for the resistance and
capacitance responses of rough interfaces under DC and AC conditions. The baseline

material, roughness, interfacial-film, and numerical parameters used in the following

calculations are summarized in Table 1.

3.1 DC a-spot benchmark



For the classical case of a single circular asperity contact, the constriction resistance
is given by the Holm model as
R. =P (37)
where o is the bulk resistivity and 4 is the radius of the circular contact spot.
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Fig. 6. Verification of the DC constriction resistance for a single circular contact spot: (a) variation
of the constriction resistance R with @/ L , together with the half-space limit obtained by linear
extrapolation; (b) comparison between the numerical results for the constriction resistance as a
function of load and the Holm theory.

In Eq. (11), when the frequency is zero, the formulation corresponds to the DC
current case. We keep the contact spot radius o constant and gradually increase the
computational domain size L. The ratio (a / L) is used to characterize the strength of
the finite-domain effect. As shown in Fig. 6(a), the resulting constriction resistance
R has an approximately linear relation with a/L (R*>0.998), which agrees well
with the analytical solution of Holm. We further consider the effect of load, and the

variation of contact resistance with load is shown in Fig. 6(b). Over the entire load range,



the maximum relative error between the predictions of the proposed model and those
of the Holm model remains below 3.115%. This error mainly comes from the geometric
approximation of the periodic boundary of the finite domain and the circular contact
boundary on a square grid. These results show that, in the DC limit, the conductive
formulation correctly recovers the constriction-resistance behavior of an ideal single
circular contact spot.

3.2 Finite-element verification of the variational capacitance bounds

The capacitance bounds in Section 2.3 are derived from variational principles.
They are not obtained by fitting to numerical data. To verify their relation to the full
electrostatic solution, we performed three-dimensional finite-element calculations for
several representative gap geometries.

In all cases, the dielectric region between the two conducting surfaces was solved
by the electrostatic equation V -(&V @) =0. The lower electrode was grounded, and the
upper electrode was prescribed as ¢ =7V,.

The lateral boundaries were electrically insulated. The finite-element capacitance

was obtained from the total normal electric displacement on the upper electrode,

Cipm = , D=-£Vg, (38)

L D-ndS

1
4
the analytical lower and upper estimates were evaluated on the projected domain €2,

consistent with the variational expressions in Section 2.3 and Appendix C.

The reference geometry was a parallel-plate capacitor with L =L =10um,

g, =1um,V, =1V, &=g¢,. The corresponding reference capacitance was



&L L
C, 0y (39)
8o

For the parallel-plate case, the finite-element result coincides with C,. This
confirms the electrostatic boundary conditions, the charge integration, and the unit
normalization. Three non-planar gap geometries were then considered.

First, a single sinusoidal upper surface was used,

h1(x,y):0, hz(x,y):g0+acos(2LﬂJ, (40)

X

the amplitude ratio a/g, was varied. As shown in Fig. 7(b), the finite-element
capacitance increases with a/g,, and it remains between the lower and upper bounds
over the entire range. This confirms that the bounds correctly capture the effect of gap-
height variation.

Second, the amplitude was fixed and the wavelength was varied,

h(x,y)=g, +acos(27m%], (41)

X

this changes the root-mean-square slope while keeping the gap-height distribution
nearly unchanged for integer n. As shown in Fig. 7(c), the lower bound changes only
weakly, whereas the upper bound increases with the surface slope. The finite-element
solution remains between the two estimates. This result verifies that the difference
between the two bounds is mainly associated with lateral electric-field energy induced

by surface slopes.
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Fig. 7. Finite-element validation of the variational capacitance bounds for rough gaps: (a) schematic
of the electrostatic problem and boundary conditions; (b) capacitance variation for a single
sinusoidal surface with increasing amplitude a/ g, ; (c) capacitance variation with RMS slope for
a single sinusoidal surface with fixed amplitude and varying wavelength; (d) capacitance variation
for two sinusoidal electrodes with different phase shifts €. All capacitances are normalized by
C, = SOLxLy / g-

Third, two sinusoidal electrodes with a phase difference were considered,

h(x,y) =z, +bcos(kx), (42)

hy(x,y) =z, +g, +bcos(kx +0), k= L—, (43)

the phase difference 6 was varied from 0  to 180°. This case tests the two-surface

slope-correlation term in the upper estimate. As shown in Fig. 7(d), the finite-element



capacitance is again bounded by C, and C,.

When the two surfaces are in phase, the gap height is nearly uniform, but the

electrodes are still curved. Therefore, C,,

is slightly larger than C,, which reflects
the contribution from lateral electric-field components.

Overall, these finite-element results show that the variational estimates provide
valid lower and upper bounds for the full three-dimensional electrostatic capacitance.
They also clarify the physical meaning of the two estimates. The lower bound mainly
reflects the local gap-height distribution, whereas the gap between the upper and lower
estimates reflects the additional electrostatic energy associated with surface slopes and
two-surface geometric correlation.

3.3 Verification against Bowler's analytical solution

Bowler derived an analytical solution for the electric field in a conducting half-
space subjected to alternating current injection at the surface [34]. The solution follows
directly from Maxwell's equations and is expressed using a transverse magnetic
potential. For two surface contacts carrying equal and opposite currents, the total
electric field is obtained by superposition. This solution provides an independent
benchmark for the spectral surface impedance formulation in Section 2.2.

iot

Bowler used the time dependence e’ . After conversion to the e convention
adopted in the present work, the tangential electric field at the surface due to a point

current I can be written as

ES (p,0) = [e_’m + K‘p] , K’ =iouo, Re(x) >0, (44)

2rop’

where p is the surface distance from the current injection point. For a source and



return pair, the total surface field is obtained by linear superposition of the fields
generated by the two contacts, as in Bowler's solution.

The configuration used in the present verification is shown in Fig. 8(a). The two
outer contacts inject and extract currents +I and -I, respectively. Their centers are
located at x=1s . The two voltage probes are located at x==*c. The transfer
impedance is defined as

Z,, = %, AU =V (-c)-V(c) = j E.(x,0)dx. (45)
In the present calculation, s =2.5 mm, c¢=1.25 mm, and the current contact radius is
a =0.5 mm . Bowler's closed form above corresponds to a point current source. For the
finite circular current contacts used here, the analytical reference is obtained by
integrating Bowler's point source field over the same contact regions used in the spectral
calculation. The conductor uses the conductivity and permeability listed in Table 1. The
complex conductivity is reduced to &=o in this benchmark to match the material
model used by Bowler.

The injected and extracted currents have equal magnitudes and opposite signs.
Therefore, the total normal current is zero and jn (0)=0..Thus, the ¢ =0 mode does
not enter this benchmark.

Figures 8(b) and 8(c) compare the magnitude and phase of Z, from I Hz to

100 MHz. The present model agrees closely with Bowler's analytical reference over the

entire frequency range. The maximum relative difference in |Z f p| is approximately

0.081% , and the maximum phase difference is approximately 0.012". The agreement

is maintained from the low frequency limit to the frequency range in which



electromagnetic diffusion becomes important.
These results verify the TM surface kernel and its spectral implementation for the
nonzero Fourier modes. They also show that the closed source and return configuration

is represented without any additional treatment of the ¢ =0 mode.
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Fig. 8. Verification of the spectral surface impedance formulation against Bowler's analytical
solution. (a) Conducting half-space with two current contacts at X =1 and two voltage probes

at X =tc. The outer contacts carry equal and opposite currents +1 and -I. (b) Magnitude of the

transfer impedance Z, , - (¢) Phase angle of the transfer impedance Z, , - The solid lines denote

the analytical reference obtained from Bowler's solution, and the symbols denote the present model.



3.4 Comparison with the response of rough interfaces under DC and AC conditions
We further assess the capability of the proposed method to predict the interfacial
electrical response of random rough surfaces under multi-asperity contact conditions.
For the DC case, we conducted contact resistance measurements and compared the
results with the volumetric contact model previously proposed by our group [35,36].
Copper was selected as the test material and machined by wire cutting into block
specimens of different sizes. Contact surfaces with different roughness levels were then
prepared through cleaning, polishing, sandblasting, and removal of the surface oxide
layer with a brightening cleaner. Current-carrying tests were performed over a wide
compressive load range from 1 N to 1000 N, and the source current was set to 10 mA
to reduce the thermal effect caused by the current. The experimental setup is shown in

Fig. 9. The experimental and numerical results are also shown in Fig. 10.
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Fig. 9. Experimental setup for the DC electrical contact resistance test: (a) overall view of the test

system; (b) photograph of the loading device and the test specimen.

As shown in Fig. 10, the present calculation reproduces the overall decrease in DC
contact resistance with increasing load and remains close to the elastic branch of the
volumetric contact model [35,36]. The remaining differences in absolute resistance,
particularly at higher loads, should not be attributed to plastic deformation alone.
Plasticity is one possible contributor, but specimen-specific roughness spectra and
machining anisotropy, residual interfacial films, uncertainty in material parameters, and
the idealized frictionless and adhesionless assumptions may also affect the comparison.
The scope of the elastic assumption is discussed further in Section 5.

For the AC case, the numerical impedance results for rough interfaces reported by
Wang et al. [12] are used as a reference. Their study considers the effects of surface
roughness, normal load, oxide film thickness, and frequency on the interfacial

impedance. However, the contact state is mainly obtained from the geometric truncation



approximation in Ref. [37], and the actual elastic contact deformation and the associated

detailed evolution of the gap field are not solved explicitly.

(a) RMS slope = 0.0397 (b) RMS slope = 0.16
3x107* - A Experimental data . A Experimental data
Proposed model 4107 Proposed model
— Volumetric contact theory - elastic Volumetric contact theory - elastic
S Volumetric contact theory - elastoplastic| & Volumetric contact theory - elastoplastic
cqq . = 3x107¢ F f
g 2107 F T;
EE g
z ¥ K Z 26107
2 2
g ot g
g g 1x107
o] o}
ot or
L 1 L L L L L 1 L I 1 1
0 200 400 600 800 1000 0 200 400 600 800 1000
Load, F(N) Load,F(N)

Fig. 10. Verification of DC contact resistance [35]: elastic modulus £ = 117 GPa, Poisson’s ratio v
= 0.34, surface Hurst exponent / = 0.8, resistivity p = 1.75 x10® Q-m, yield strength oy = 156 MPa.
(@) go=14, q1 = 4, g2 = 128, RMS slope=0.0397; (b) qo = 4, q: = 20, g2 = 128, RMS slope mms =
0.16.

The comparison in Fig. 11 shows that the proposed model and the model of Wang
et al. predict the same trend of capacitance variation with load. However, the
capacitance obtained from their geometric truncation method and finite element
analysis is consistently higher than that predicted by the present model. This is because
the geometric truncation method usually approximates the contact geometry as a rigidly
truncated surface and neglects the actual local depression in the non-contact region
induced by elastic deformation. As a result, it systematically underestimates the gap
distance and overestimates the real contact area, which leads to an overprediction of

capacitance. By contrast, the proposed model directly uses the actual contact state and



gap field obtained from the mechanical solution as inputs. It therefore provides a more
consistent description of the combined effect of conductive paths and capacitive

bypasses in the non-contact region under AC conditions.
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Fig. 11. Comparison of normalized interfacial capacitance as a function of normal load between

the present model and the numerical results reported by Wang et al. (2021).

4. Results

This section discusses how load, surface roughness, frequency, and the electrical
boundary condition at the backside of the substrate affect the broadband impedance
response of the contact interface. It also examines whether the resulting complex-
impedance spectrum can serve as a load-dependent feature for normal-load
identification.
4.1 Load and roughness dependence of broadband impedance

In this section, 30 independently generated rough-surface realizations are used to

examine the evolution of the macroscopic complex impedance with the root-mean-



square slope and the nominal contact pressure p, =F/4,. Unless otherwise stated,
the numerical pressure range is p, =0.1-50 MPa, corresponding to = 10-5000 N
for 4, =100 mm’. The dimensionless load used for normalization is stated together
with p, . To isolate the effect of interfacial microtopography from the nominal
geometric size, the macroscopic electrical quantities are normalized by the nominal
resistance and the nominal parallel-plate capacitance of a smooth, conforming interface.
In Fig. 12, the solid lines and shaded bands denote the ensemble mean and one standard

deviation, respectively.
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Fig. 12. Morphology-load coupling effects and broadband response characteristics of the contact

impedance of rough interfaces: (a) scaling relation between normalized DC contact resistance and



dimensionless load, for different surface roughness levels; (b) evolution of normalized equivalent
interfacial capacitance with dimensionless normal load, for different surface roughness levels; (c)
broadband dispersion characteristics of the real part of normalized AC contact impedance, for
different dimensionless loads; (d) evolution of the magnitude and phase of the normalized complex

contact impedance.

Fig. 12(a) shows that the normalized DC contact resistance R,./R, exhibits a
power-law decay with the dimensionless load F'/ EA. As the load increases, surface
asperities deform and the real contact area expands. The increase in effective conductive
paths significantly weakens the current constriction effect. Meanwhile, surfaces with
higher roughness show higher contact resistance over the entire load range because their
contact spots are more discrete and sparser. Under AC excitation, the non-contact
regions covered by the film layer form an equivalent gap capacitance of the interface.
As shown in Fig. 12(b), with increasing load, the average interfacial gap is
progressively compressed and the electrostatic coupling becomes stronger, which
causes the normalized interfacial capacitance Ceq /C, to increase monotonically in a
nonlinear manner. In contrast, a rougher surface provides stronger mechanical support
from the asperity summits, which hinders further interfacial closure and thus keeps the
equivalent capacitance at a lower level.

Fig. 12(c) and 12(d) reveal the dispersion behavior of the complex impedance of
the contact interface under broadband excitation. In the low-frequency range, the

system is dominated by conduction current through the real contact spots of asperities



and therefore exhibits a purely resistive response, with the phase angle 6 remaining at
0", and ‘Z ‘/ R,~R,./R,. However, as the frequency increases and exceeds the
critical cutoff frequency, the capacitive bypass through the film-covered region
becomes active. The high-frequency AC signal then crosses the microscopic gaps in the
non-contact region in the form of displacement current. As a result, both the real part
of the impedance, R{Z}/R,, and the total magnitude, ‘Z ‘/ R, , decrease, and the
system undergoes a transition toward a capacitance-dominated state, with the phase
angle 6 approaching —90°. In addition, under a larger load, the contact resistance
decreases markedly, which reduces the RC time constant of the system and shifts this
transition to a higher frequency.

The shaded bands in Fig. 12 represent the standard deviations over 30 rough-
surface samples. The larger scatter at low load arises from sparse asperity contacts,
whereas increasing load activates more contact spots and makes the macroscopic
response statistically more stable.

To further reveal the geometric origin of the load effect and the statistical dispersion
shown in Fig. 12, Fig. 13 presents the contact state, the effective gap, and the
distribution of local capacitive weights in the non-contact region for the same surface
under low and high loads. As the load increases, both the real contact area fraction and
the number of contact spots increase, while the corresponding normalized contact
resistance decreases. At the same time, near-contact regions and narrow-gap regions
increase markedly, which raises the normalized equivalent capacitance. This indicates

that load reduces constriction resistance by enlarging the real contact region and, at the



same time, enhances capacitive shunting by compressing the non-contact gaps; these
two effects jointly determine the load dependence of the interfacial AC impedance.
The capacitive contribution is mainly concentrated in narrow gaps around contact
spots. It appears as isolated hot spots at low load and develops into a broader network-
like distribution at high load. This spatial evolution explains the reduced statistical

scatter with increasing load.
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Fig. 13. Typical contact states of a rough interface, together with the effective gap and local

capacitance distribution in the non-contact region, under low and high loads: (a, b) contact states



under low and high loads; (c, d) corresponding distributions of the normalized effective gap
S ! (t‘ e ) ; (e, f) distributions of the normalized local capacitive weight &/gc in the non-
contact region. The figure also shows the contact area fraction AC / AO, the number of contact
spots N .» the normalized contact resistance RC / R() and the normalized equivalent capacitance
Ceq / Co . Here, C%}c =Cioc / Co denotes the local distribution associated with the integrand in Eq.

(30), and integration over this quantity gives the global C e / Co .

To quantify the characteristic size of the loaded contact regions without assigning a

unique asperity radius to the self-affine surface, contact cells were grouped using

periodic eight-neighbor connectivity. For each connected contact patch with area 4, ,

(4.
an equivalent radius was defined as a,, = —pch At P, =50 MPa, the arithmetic
T

mean of a, is 40.4 - 42.7 um, and the largest equivalent radius is approximately
173.5 - 263.3 um across the roughness levels considered. These values characterize the
post-deformation contact patches at the present grid resolution and should not be
interpreted as intrinsic, scale-independent asperity radii.
4.2 Finite thickness and backside boundary effects on the nonuniform conductive
response
This section examines how conductor thickness and the backside electrical
boundary affect the nonuniform conductive response of a rough contact. The surface,
normal load, and mechanical contact state are fixed throughout the analysis. The
representative contact has m, =0.10, F/(EA)=5x10"", and a nominal size of

L =10 mm. The interfacial film and the displacement current across noncontact gaps



are excluded. Therefore, all differences reported below arise from current propagation
within the conductor and from the backside boundary.

The normal conductive current density is separated into its spatial mean, 7/ A, and
a nonuniform component:

8= i) =, [ Ajr)da=0. (46)
A A

For each backside condition b, the contact problem for the nonzero in-plane

modes is written as

PK°N=V1,  Z]=-L. (47)
here, P restricts the potential to the real contact region, K/™° is the surface kernel
defined in Section 2.2, and ¥, is the common perturbation potential over that region.
The quantity Z; describes the conductive impedance associated with the nonuniform
current generated by rough contact. It does not include the spatially uniform ¢ =0
response, which depends on the external current path and terminal configuration. It is
therefore not the complete terminal impedance.

Three ideal backside conditions are considered. The half-space case represents a
conductor that is sufficiently thick for the relevant nonuniform modes to decay before
reaching the backside. The grounded condition imposes ¢(4)=0 at the backside. It
approximates a large electrode with a low resistance connection that maintains an
almost uniform potential. The insulated condition imposes J_(#)=0 and prevents
normal current from crossing the backside. These conditions act on the same rough
contact state and differ only in their constraint on current propagation inside the

conductor.



Fig. 14 compares the three responses for h = 1 mm over the frequency range from
1 Hz to 10° Hz. The absolute responses in Fig. 14(a) become almost identical at high
frequency, but clear differences appear at low and intermediate frequencies. Fig. 14(b)
shows these differences relative to the half-space response. For the grounded condition,
the magnitude ratio reaches a minimum of about 0.968 and then shows a small
maximum of about 1.006. Its largest positive phase difference is about 1.34". For the
insulated condition, the low-frequency magnitude ratio is about 1.053, while the largest
negative phase difference is about —1.41". The magnitude and phase differences can
change sign in the transition range. Thus, neither finite thickness condition gives a
uniform increase or decrease over the full frequency range. The response is determined

by the complex propagation of the nonuniform current modes.
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Fig. 14. Effect of the backside boundary on the nonuniform conductive response for a fixed rough
contact and 7 =1 mm. (a) Magnitude and phase of the q > 0 conductive impedance for the half-
space, grounded, and insulated conditions. (b) Magnitude ratio | Z; |/|Z, | and phase difference

AG, =argZ, —arg Z, relative to the half-space response.

Fig. 15 shows the corresponding distribution of |J**°| inside the conductor. The
frequency is f =1.585 kHz, at which the insulated case for #=1 mm has its largest
absolute phase difference from the half-space response. The grounded condition fixes
the backside potential but does not require the normal perturbation current to vanish
there. In contrast, the insulated condition imposes J?°(h)=0 . These constraints
produce different penetration and lateral redistribution of the current field. The bulk
fields explain why the same mechanical contact state produces different surface

responses under the two backside conditions.
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Fig. 15. Magnitude of the bulk current density associated with the nonzero in-plane modes for the
same rough contact at #=1 mmand f =1.585 kHz: (a) grounded backside and (b) insulated
backside. Both panels use the same color scale. The black segments at the top indicate the real

contact regions along the selected section.

Fig. 16 shows how the backside sensitivity changes with conductor thickness. Five
thicknesses from 0.1 to 10 mm are considered. The effect is strongest for the thinnest
conductor. For 2 =0.1 mm, the grounded magnitude ratio decreases to about 0.632
and later exceeds unity, while the insulated low-frequency ratio is about 2.02. The
corresponding phase differences are also much larger than those for thicker conductors.
As h increases, both the magnitude and phase deviations decrease. For #=10 mm,
the two finite thickness responses are already close to the half-space result over the full
frequency range.

The thickness dependence is governed by the attenuation factor '/, rather than by

the ratio 4/0 alone. For a good conductor,



I’ =q¢" +iouo, (Th)* = (qh)* + 2{%)2 , (48)
where ¢ is the in-plane wavenumber and o :W is the skin depth. The
term gh describes attenuation associated with the lateral wavelength of each mode.
The term &/ describes attenuation caused by the skin effect. A mode becomes
insensitive to the backside when either gh or h/¢ 1is sufficiently large. Rough
contact excites a broad range of ¢, so the total response is a weighted contribution
from many modes. This explains why the curves do not collapse onto a single function
of h/o.

These results also clarify the relevance of the backside condition in experiments. A
large electrode with a low-resistance connection may approach the grounded condition,
whereas an insulating support may approach the insulated condition. The backside has
the greatest influence when the conductor is thin and when long-wavelength current
variations can penetrate through its thickness. At high frequency, the increase in |T'/|
attenuates the nonuniform modes before they reach the backside, and all three responses
approach the same limit. A complete model of a measured terminal impedance must
additionally specify the ¢ =0 current path, terminal geometry, interfacial film, and

gap displacement current.
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Fig. 16. Dependence of the backside sensitivity on conductor thickness and frequency for the same

rough contact. (a) Grounded magnitude ratio |Zé |/1Z; |, (b) insulated magnitude ratio

| Z[|/| Z4 |, (c) grounded phase difference A@,, and (d) insulated phase difference A6,. The

thicknesses are 2=0.1,0.3, 1, 3, and 10 mm.

4.3 Load-frequency criterion for capacitive relevance

This section further discusses the conditions under which the displacement current
paths in the non-contact region are generally not negligible. Under the modeling
framework in Section 2, the total admittance of a rough interface consists of a
conductive branch and a capacitive branch connected in parallel. Therefore, whether
the air-gap capacitance can be neglected essentially depends on the relative competition

between these two types of paths, rather than on the geometric gap alone. At the same



time, the calculation of the non-contact capacitance must be regularized by introducing
a minimum effective gap or an equivalent series thickness. Otherwise, when the local
gap approaches zero, a purely geometric integral loses a meaningful upper bound.

Fig. 17(a, b) shows the variations of Cgap and the crossover frequency
f.=1/ (27chCgap) with load. As the normal load increases, the mean interfacial gap
is progressively compressed, and the electrostatic coupling in the non-contact region
becomes stronger. As a result, Cgap increases monotonically. At the same time, the
expansion of the real contact area causes the contact resistance to decrease continuously,
which shifts fc markedly toward higher frequencies. This indicates that, within the
present model and parameter range, the importance of the air-gap capacitance is not
determined by Cgap alone. Instead, it is jointly governed by the decrease in R, and
the increase in Cgap . In other words, the higher the load, the more the system remains

approximately resistive at higher frequencies. Under low-load conditions, the

capacitive shunting path enters the observable range earlier.
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Fig. 17. (a) Variation of the gap capacitance Cgap with load for different truncation distances z; (b)

variation of the cutoff frequency f, with load for different truncation distances.



Fig. 17 also shows that the differences among the curves for different  are not
uniform. For 7=0.1-4 nm, the curves almost overlap. Discernible shifts in Cgap
and fc appear only when 7 increases to 1020 nm. This means that, under the
present uniform film model, the upper bound of the capacitance is not controlled by
alone. It is jointly determined by ¢ and the equivalent series thickness of the film. Fig.
18 shows this more clearly: when ¢ is smaller than?, /€., Coap (2’) / Coap (lnm) stays
essentially on a plateau. The capacitance starts to decrease appreciably only after
approaches and exceeds 7, /€., while the corresponding fc increases accordingly.

Therefore, for the uniform film model used in this work, the effective lower bound for

.. . t. . .
capacitive closure is G = max(r, S j, rather than the nominal value of ¢ itself.
&
rf

Consequently, when 7 <7, / &, variations in ¢ do not change the actual lower

bound of G, (r) :
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Fig. 18. (a) Under a representative load, variation of the normalized gap capacitance

C aap (T ) /C aap (1 nm) with truncation distance 7 ; (b) under a representative load, variation of



the normalized cutoff frequency f, (T ) /f. (1 nm) with truncation distance t.

Fig. 19 provides load-frequency maps for judging whether the gap capacitance
should be included. The boundary curves for both criteria move to higher frequencies
with increasing load, indicating that higher load delays the onset of capacitive relevance.
The physical meaning of the selected thresholds can be understood from the ideal
parallel RC limit. If Y =1/R +joC,, and n=wRC, =f/f, then
| @ |=arctann , while the relative magnitude deviation from the purely resistive

1/2

approximation is 1-|Z|/R, =1—(1+n°)"?. Thus, a 5° phase shift corresponds to
n=tan5 ~0.087, whereas a 5% magnitude deviation corresponds to 7 =~ 0.329. This
explains why the phase threshold appears earlier than the magnitude-deviation

threshold: the phase is first-order sensitive to the capacitive branch, whereas the

magnitude deviation is second-order sensitive for small 7. Therefore, the thresholds of

5° and 5% are used as illustrative engineering criteria rather than universal critical

values.
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Fig. 19. (a) Load-frequency map of the phase magnitude |t9 , with the 5° threshold boundary



marked; (b) load-frequency map of the relative magnitude deviation, with the 5% threshold

boundary marked.
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Fig. 20. Comparison of the power factor as a function of normalized frequency between the estimate

from the simplified parallel RC model and the simulation results obtained in this study.

Finally, Fig. 20 compares the full broadband results with a simplified parallel RC
estimate. If the interface can be strictly represented by an ideal lumped R || C network,
the PF curves at different loads should collapse onto the same reference curve when
plotted against f/ fc . The power factor is defined here as PF =cos|€ |, where 6 is
the impedance phase angle. However, the results show that the calculated curves shift
overall toward lower f / fc, and this shift becomes more pronounced as the load
increases. This observation indicates that, although f, provides a convenient and
effective first-order estimate for quickly judging when the capacitive shunting path

starts to become significant, it is not a strictly universal parameter. The reason is that



the conductive branch in this work is not an ideal constant resistor. Instead, it is a
dispersive branch jointly determined by the layered-medium transmission-line kernel
and the contact mixed boundary-value problem. Therefore, the real system often enters
the regime where capacitive effects cannot be neglected earlier than predicted by the
parallel RC model.
4.4 Impedance-based load identification under amplitude gain-bias uncertainty
The previous sections show that the impedance of the rough contact interface
depends on both load and frequency. This means that the impedance spectrum can also
be viewed as a load-dependent signal feature. This interpretation is consistent with
impedance- and admittance-based monitoring studies, where broadband impedance-
related signatures have been used as informative features for damage detection and
mechanical-state assessment [38,39]. To examine this point, we performed a synthetic
inverse test. The purpose of this test is not to provide experimental validation. It is used
to evaluate whether the simulated impedance signatures contain enough information to
identify the normal load under measurement uncertainty.

For a given true load F,

true

the model first gives the complex impedance spectrum
Z(f,,F,,.) - Asynthetic observed impedance was then generated by adding a correlated
amplitude gain bias to the magnitude channel, In|Z(f,,F,  )|+b+0,, where b is a
constant amplitude bias shared by all frequency points, and Q@ is a small independent
random noise term. This bias represents possible amplitude calibration errors, cable or

fixture gain drift, and other multiplicative errors in the measured impedance magnitude.

The phase channel was perturbed independently as ¢, (/) =&(f..F,..)+17,-.



Two representative inverse features were compared. The first one is a single low-
frequency resistance-like feature. It estimates the load by matching only the lowest-
frequency impedance magnitude, F;, =argmin,[In|Z, (f))|-In|Z(f;,,F) |]2 .. The
second one is the broadband complex-impedance feature. It uses the whole impedance

spectrum. To account for the unknown amplitude bias, a constant log-amplitude offset

; 1
is fitted for each candidate load, b (F)= N—Z[ln | Z,.,(f)|-In| Z(f,,F) |] . The load
f i

is then identified by minimizing the combined magnitude-shape and phase residual,
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Fig. 21. Synthetic load-identification test under correlated amplitude gain-bias uncertainty. The
horizontal axis is the logarithmic true load, log,,(F;,. /IN), and the vertical axis is the amplitude
gain-bias level, o, . The color denotes the median absolute load-identification error e,.. Panel (a)
uses a single low-frequency resistance-like feature. Panel (b) uses the broadband complex-

impedance spectrum with a fitted amplitude bias and phase information.
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true

F
The identification error is defined as e, = ‘— x100%.. Fig. 21 shows the

true

load-identification error over the load—bias domain. The single low-frequency feature
becomes more sensitive to amplitude gain bias as the bias level increases. The error also
shows stronger local variation with load. In contrast, the broadband complex-
impedance feature keeps a lower error over most of the domain. This result indicates
that the broadband impedance spectrum provides a more robust load signature than a
single resistance-like feature. The improvement comes from two sources. First, the
spectrum contains multi-frequency information, so the load is constrained by the shape
of the response rather than by one scalar value. Second, the phase response provides an
additional constraint that is not directly affected by amplitude gain bias.

This inverse test remains model-based. It does not replace direct broadband
impedance measurements. It only shows that, within the proposed model, the complex
impedance spectrum contains useful information for load identification under
controlled measurement uncertainty.

5. Discussion

The calculations show that load influences the AC response through two geometric
channels. Enlargement of the real contact region reduces constriction resistance,
whereas compression of the non-contact gaps increases capacitive shunting. Frequency
determines the relative importance of these two branches. The finite-thickness and
backside electrical conditions further modify the nonuniform conductive response when
the relevant current modes penetrate to the backside of the conductor.

For the linear-elastic half-space model, the interfacial deformation scales with



p,/ E~ for a fixed dimensionless topography and Poisson’s ratio. Thus, at a given
nominal pressure, a lower effective modulus generally produces larger deformation, a
larger real contact area, and smaller residual gaps, which tend to decrease the
conductive resistance and increase the gap capacitance. Different PSD bandwidths,
correlation lengths, and anisotropic machining textures will consequently change the
detailed pressure—contact-state—impedance relation. In the present one-way coupling
framework, the mechanical constitutive law does not enter the electrical operator
directly. Its influence is transmitted through the deformed contact-state field m(r) and
gap field g, (r). The electrical formulation can therefore be coupled to measured
interface fields or to anisotropic and elastoplastic contact solvers without changing the
subsequent electrical equations.

The numerical range p, =0.1~50 MPa should not be interpreted as a universal
elastic range. In a multiscale rough contact, yielding initiates locally within
microcontacts and depends on the material yield properties, RMS slope, PSD
bandwidth, and short-wavelength cutoff [40,41]. For a specified ductile material and

resolved surface, a more meaningful local screening parameter can be defined as

_ max, 0:; (r,z)

el
X, = ,, where op
O-y

is the von Mises equivalent stress predicted from

the elastic solution and o, is the material yield strength. A value y <1 indicates

that no local yielding is predicted at the adopted surface resolution and within the

assumed material model, whereas y, approaching or exceeding unity indicates that

elastoplastic deformation should be considered. Once yielding occurs, the subsequent

contact state also depends on the hardening law and loading history. Because specimen-



specific elastoplastic parameters were not calibrated in the present work, the elastic
contact solution is used as an idealized mechanical baseline rather than as a quantitative
prediction for a particular metal over the full nominal-pressure range.

The present model does not include film rupture, wear, local Joule heating,
dielectric breakdown, or two-way thermoelectromechanical coupling, and the dielectric
film is represented by a spatially uniform equivalent layer. These effects may become
important under severe loading or high-field conditions. In addition, the synthetic
inverse test is model-based and does not replace direct broadband impedance
measurements. It only demonstrates that, within the present framework, the spectral
shape and phase provide load information that is less sensitive to correlated amplitude
gain bias than a single low-frequency magnitude.

6. Conclusions

The principal conclusions are as follows.

(1) The Maxwell-based TM surface-impedance formulation recovers both the
direct-current constriction limit and the finite-frequency half-space response. The
maximum relative error with respect to Holm’s a-spot solution is below 3.115%, while
comparison with Bowler’s analytical solution gives maximum differences of
approximately 0.081% in impedance magnitude and 0.012" in phase.

(2) Over the numerical pressure range p,=0.1~50 MPa, increasing load
modifies both interfacial transport branches. Enlargement of the real contact regions
reduces constriction resistance, whereas compression of the remaining gaps increases

capacitance. Their combined evolution shifts the onset of capacitive relevance toward



higher frequencies. Statistics over 30 independent rough-surface realizations show
larger impedance scatter at low load, where transport is controlled by sparse contact
spots, and reduced scatter as additional contact regions become active.

(3) For a fixed rough-contact state, conductor thickness and backside electrical
constraints affect the nonuniform ¢ > 0 conductive response. At /=1 mm, the grounded
and insulated conditions produce maximum phase deviations of approximately +1.34°
and —1.41", respectively, relative to the half-space response. At A=0.1 mm, the
grounded magnitude ratio decreases to approximately 0.632, whereas the insulated low-
frequency magnitude ratio reaches approximately 2.02. These deviations diminish
when the conductor becomes sufficiently thick or when the relevant modes are
attenuated at high frequency.

(4) In the synthetic inverse test, the broadband magnitude—phase spectrum
provides a more robust load-sensitive feature under correlated amplitude gain-bias
uncertainty than a single low-frequency resistance-like quantity. This result supports
broadband impedance as a candidate feature for contact-state monitoring, while direct
experimental validation and material-calibrated elastoplastic and interfacial-film
models remain necessary for quantitative applications.

Appendix
Appendix A. Governing Equations Inside the Conductor and TM Spectral
Reduction

This appendix gives the Maxwell-based derivation of the spectral surface relation

used in Section 2.2. Consider a linear, isotropic, and homogeneous medium, and take



the time factor as e’ . The frequency-domain Maxwell equations are
VxE=—joB, VxH=J+jowD, V-D=p,6 V-B=0, (A1)
the constitutive relations are
B=uH, D=c¢E, J=0E, (A2)
and the complex conductivity is introduced as
S0+ jwe. (A3)
Ampere’s law then becomes
VxH =JdE. (A4)
For a homogeneous medium, the magnetic field satisfies
VH-7"H=0, 7’ = joudt (A5)
We now consider a nonzero in-plane Fourier mode q=(q,,q,), with g=[q[>0.
For each ¢ >0, the field can be decomposed into transverse-electric (TE) and
transverse-magnetic (TM) components with respect to the (q,z) plane. Since the TE
component has E_ =0, it carries no normal current and therefore does not contribute
to the surface mapping considered here; only the TM component is retained. Normal-
current excitation couples to the TM mode, for which the magnetic field can be written

W=H(q, z)(ez xﬁ. (A6)

where &E: 1, Ampere's law gives
q

g Lo,

b J,=8. = jqH, (A7)

The spectral surface-potential variable is defined through the tangential electric



field as

B =—jqg. (A8)

Combining these relations gives

i I \ 2 04
_?_F2¢:0’ ]n:_&/eq_2_¢, (A9)
A I oz

where T =¢q” + joudb

Thus, ¢ is a Fourier-domain surface-potential variable defined by the tangential
electric field. In the dc limit, ' — ¢, and the resulting surface kernel reduces to
1/(oq), recovering the classical dc constriction formulation.
Appendix B. In-Plane Fourier Transform, Layered Surface Impedance Kernels,
and Discrete Operators
B.1 In-Plane Fourier Representation and One-Dimensional Modal Equation

Let r= (x, y) , q= (qx,qy ) ,and g = ‘q‘ . We use the following two-dimensional

Fourier transform pair:

f@.2)= [/, e dr,

1 7 iqr 32
f(r,z) —Wffsz(qaz)e dq

(BI)

For the TM potential variable introduced in Appendix A, each nonzero in-plane Fourier

mode ¢ > 0 satisfies

d2¢? 27 2 2 .
?—F $=0, TI"=q +joudh (B2)

Therefore, each in-plane Fourier mode satisfies an independent second-order ordinary

differential equation, and its general solution is

#(q,2) = A(q)e” + B(q)e". (B3)



The corresponding normal current density is

2

o
7 ﬁ -1z z
J.ta.2) =8 L - 8 a@e - B@e" ], (B4)

at the surface z=0, we define ¢As(q)=¢?(q,0), .}S(q):jz(q,O), and relate them

through the surface impedance kernel X :
4,(q) = K(q,0)J(q)- (BS)
B.2 Semi-Infinite Conductor

For a semi-infinite conductor occupying z > 0, the field must decay as z — +0 .

Therefore, B(q)=0. It follows that

4. = A(q), i:&%wm> (B6)

Substituting these expressions into (B5) gives

5 r
K(q,w)=——, (B7)
(q, ) i
For convenience, we introduce the characteristic surface impedance
r
Zcr (q’ a)) = a2 (BS)

&g

Then (B6) can be written in the compact form K =Z_.
B.3 Finite Thickness and Backside Boundary Conditions

We now consider a single conducting layer of thickness /4 that extends inward from
the interface z=0. Its general solution remains that in (B3). If the backside is grounded,

then ¢3(q, h) = 0. Substituting this condition into (B3) gives

A +Be" =0 B=—de", (BY)
A . 2
Therefore, ¢ = A(1] e—zrh)’ J = C%qr_‘ AL ef2l"h)'

Hence, the input kernel is



»  T(d-e?") T tanh(Th)
K = = , B10
&/q2 (1 + e*Zl"h) &/qZ ( )

Thatis, K =Z,tanh(Th).

If the backside is insulated, the normal current vanishes at z = &, that is,

A 12,
Jan=0 = 2L~ B11)
From (B4), we obtain
Ae™" —Be" =0 B=Ae?", (B12)
Therefore,
A A q2
g, =Ale™™), J = C%F— A(l|e?™), (B13)
Hence,

~ Td+e?™)  Tcoth(I'h)
K= = . B14
&/qZ(l_efﬂ"h) &/qZ ( )

Thatis, K =Z,coth(T%).
Equations (B6)—(B8) are the three standard single-layer kernels used in the main
text.
B.4 Uniform Thin Film and Multilayer Recursion
If the substrate surface is covered by a uniform thin film with thickness I,
complex conductivity &3), and permeability /;, then the corresponding propagation

factor is

I
L. =.¢+jou&, 7 , =—1-, B15
f q J /uf _? e, f C%qu ( )

Let K, denote the input impedance presented to this layer by the remaining

structure beneath the film. Then, according to the standard transmission-line matching



relation, the input kernel at the top surface of the film is

[%in _7, K\ +Z, ,tanh(I',2,) .
U Z, + K tanh(I2,)

(B16)

For a multilayer structure, equation (B9) can be applied repeatedly in an upward
recursion starting from the deepest layer.

For the two-body contact problem considered in this paper, the same normal
interfacial current passes continuously through the materials on both sides, while the
total surface potential drop equals the sum of the contributions from the two sides.
Therefore, the total effective kernel is the series sum:

K(q.0) =K, ,(@.0)+K, ,(q.0). (B17)

B.5 Matrix-Free Discrete Operator Based on Zero Padding
In the numerical implementation, the physical computational domain is discretized
onan N x N grid. To reduce periodic image interactions, the field is embedded in a
larger extended domain, with N, =nN,L,=nLn21. The field is set to zero

outside the physical window. The discrete wave numbers on the extended domain are

2rk 27k
q, = 7 X q,= 7 v q= /q§+qj, (B18)

pad pad

Here, k, and ky are the FFT frequency indices.

Let P denote the projection operator onto the contact domain, and let 2" denote
the embedding operator that maps the contact-domain variables back to the full grid.
For the nonzero spectral modes, the matrix-free operator acting on the contact current
vector j is written as

Ao(Q)=PF [ RZF (P ). (B19)



where K :f? denotes the surface-impedance kernel for ¢ > 0, with the discrete ¢ =0
entry set to zero.
The spatially uniform ¢ =0 component is treated separately and is not obtained

by extrapolating the TM kernel to ¢ =0 . For a same-surface source-return

configuration, current conservation requires

> =0. (B20)

m,n

so that no separate zero-mode impedance is required.
For a finite grounded stack carrying a nonzero mean through-thickness current, the

zero-mode area impedance is

h
Ky(w)= Zy" (B21)

I 0

which, for a substrate covered by a uniform film, becomes

h t
K () =24 L (B22)
S(l)lb &jo
The complete operator is then
0 . iy — 1 .
AW =A,D+K L T =252 (B23)

m,n

where 1. denotes a uniform value on the contact-domain degrees of freedom. The
zero-mode contribution is applied separately from the padded FFT operator and is
therefore independent of the padding size.

A nonzero through-thickness zero mode is used only for a finite grounded stack. For
a half-space or an insulated backside, a nonzero net current requires an explicitly
specified remote return path and is not determined by the local TM kernel alone. The

resulting linear system is solved iteratively in a Krylov subspace without explicitly



assembling the corresponding dense matrix.
Appendix C. Variational Bounds and Discrete Closure for Gap Capacitance
C.1 Lower and Upper Bounds for Rough Surfaces Separated by a Gap
Consider two rough conducting surfaces described by z=# (r) and z=h, (r) ,
respectively, where r=(x,y)eQ, andlet g(r)=h,(r)—A(r)>0.
The dielectric region is
D={(r,z):reQ, h(r)<z<hr)}, (C1)
Set the electric potential on the lower surface to ¢ = 0, and that on the upper surface

to ¢ =V .If the lateral boundary is insulating or periodic, the electrostatic energy is

_ € 2 _l 2
== [ Vorar=—cv, ()

Here, C denotes the exact capacitance of the rough gap.

Let D, be any trial electric displacement field that is divergence-free and satisfies

the no-flux condition on the lateral boundary. Choose a convenient vertical trial field

v
D (r,z)= g—ez. (C3)
g(r)

Since D, is independent of z, one has V-D, =0 in D . The flux through the

upper surface is

0= jsz D, ndS=eV|_ ﬁarA (4

where the geometric identity n_dS =dA is used. The corresponding complementary

energy is

gV 1
_ dA,
j D, [d o) (C5)



Therefore, the Thomson variational principle gives

I
C>C =¢ jQEdA, (C6)

Equation (C6) is exactly the local parallel-plate formula. Therefore, the commonly
used local parallel-plate estimate for the capacitance is more appropriately interpreted
as a lower bound rather than a strictly exact value.

Furthermore, by the Cauchy-Schwarz inequality,

(J14) =(] ¢ dA)U Qd—AJa (€7)

g
A cruder estimate is then

|QF

o (C8)
[ g4

C>¢

Next, an upper bound is derived from the Dirichlet principle. Choose the trial

potential
@(F,Z)ZVZ_—}W), (C9)
g(r)
Introduce
z—h (r)
E=—"—2€0,1], (C10)
2(r) [0.1]
Then
V
VﬂZg[ez—(l—f)Vhfé:th], (Cl11)
Accordingly,
2
R R i)

Integrating over z e[h,h,] gives



J Vo Pz = { V|V [ 4Vh -V, } )
g 3
Substituting Eq. (C11) into the Dirichlet energy yields
2 2
cscg"=gj 1 1+|Vh1| +|Vh, | +Vh -Vh, m (C14)
2 g(r) 3

Since the extra term in the bracket is non-negative, Eq. (C12) is indeed an upper bound.

Therefore, the capacitance between two rough surfaces separated by a gap satisfies

o Vh[ +Vh| +Vh -Vh

2 dA. (C15)
g(r)

J- dA << .[

g(r) (r) 3

C.2 Contact, Physical Cutoff, and Effective Gap
For contact problems, the mechanical gap may approach zero over part of the
domain. Let g_(r)>0 denote the mechanical gap computed by the mechanical solver.
To account for the effect of a dielectric film or any equivalent series thickness, define

the effective gap as

G(r)ng(l')-HS, (C16)
Here, ¢ is the equivalent series thickness. For a uniform film with thickness [ and

relative permittivity &, ,, one naturally takes
r=—L. (C17)

When G(r) — 0, the purely geometric capacitance integral diverges. To regularize
the near-contact divergence in a physically meaningful way, introduce a minimum
effective gap

G.(r)=max{G(r),7} =max {g, (r)+1,,7}, (C18)

where 7 >0 denotes an effective cutoff associated with breakdown, tunneling, finite



film thickness, unresolved microscale roughness, or numerical resolution.

Accordingly, the capacitive branch is defined over the non-contact dielectric region

Q. =Q, Q.. In practical computations, Q_ is usually given equivalently by the

nc

complement of the true contact mask. Under the above regularization, the capacitive

admittance is written as

Y, =JjoC,,, (C19)
Its rigorous lower bound is still provided by the Thomson construction:
Cc,.2C _= 1 dA
w2 C=e], - o (€20)

Conversely, once true contact is allowed, there is usually no finite upper bound that
depends only on the unregularized mechanical gap. This is because a region with
positive area can approach the opposing conductor arbitrarily closely. The capacitance
can then become arbitrarily large. Therefore, in the presence of contact, any finite upper
bound must explicitly involve a positive minimum gap, suchas G, or another physical
regularization.

With the same linear trial potential as in Section C. 1, the corresponding regularized

upper bound is

: 1 |\Vh [ +|Vh, [ +Vh -Vh
< lin — 2 1 2
Coo=Cli=ef, T {H : dd, ()
Thus, for the regularized gap problem,
C..<C, <Ci., (C22)

In the special case 4 =0, h, =G(r), and |VG|= 1, Eq. (C19) reduces to the

derivative-expansion correction C; C)J G '(1+| VG /3)dA reported by Fosco et al.



[27] for electrostatic PFA. The present derivation differs in purpose: it is based on the
Dirichlet principle and is used here as a computable upper estimate for a regularized

non-contact gap in a load-dependent rough-contact problem.

C.3 Discrete Closure Used in the Numerical Implementation
For the configuration used in the numerical implementation of this work, a rigid

rough surface faces a deformable smooth substrate. The mechanical deformation of the

substrate is included in g_ . In the slope correction of the capacitive closure, only the
prescribed rough surface height A4(r) is retained.
The implemented capacitance is taken as the midpoint of the regularized lower and

upper bounds. This gives the following discrete closure:

1 |VAP
=g L 0 Ay, (C23)
X ’ (Wl,"z)E:an |: G‘r,mn 6G‘r,mn y
where
l‘f
Gr,mn = max gm,mn +—7, (C24)
r.f

where &, », 18 the mechanical gap at grid point (m,n), and £ is the rough surface
height field. The surface gradient correction term is computed by a spectral method:
a:h —ig.h, ﬁ;h =iq,h, (C25)
Therefore,
VA" =(8.h) +(8,h), (C26)
Equation (C21) should be viewed as an approximate closure adopted in this work.

It plays two roles. First, it provides a directly computable capacitive branch that is



explicitly coupled to the mechanical gap field. Second, it makes explicit the effects of

the effective cutoff G_,, and the local slope correction on the result. This helps clarify

the relation between this approximation and the rigorous variational bounds given by
Egs. (C18)—(C20).

In the main text, C," is denoted simply by C,, . Finally, after the conductive

branch is solved, the total interfacial admittance is written as

Y cond + ]a)Cgap ) (C27)
Equivalently,
1
Zy=—0———— (C28)
Ycond + J a)Cgap

This is the parallel form used in the main text.
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