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Abstract: This paper presents a NURBS-based isogeometric analysis framework for modeling both 

hard and soft elastohydrodynamic lubrication (EHL) contacts under the fully flooded condition. 

Unlike conventional approaches, the framework incorporates nonlinear solid deformation within a 

unified weak formulation and employs a mortar method to flexibly couple the fluid and solid 

domains with independent discretizations. Benchmark tests show excellent agreement with reference 

ANSYS FSI simulations while reducing the computational time by about 99% for both hard and soft 

EHL line contacts. The framework is further applied to a soft EHL point contact between a 
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hyperelastic hemisphere and a rigid plane, confirming that nonlinear solid deformation strongly 

affects the film thickness and frictional response. Finally, the influence of surface roughness is 

investigated, revealing that transversely oriented topographies yield superior lubrication performance, 

as indicated by a higher transition load and a lower friction coefficient. 

 

Keywords: Cavitation, Mortar method, Fluid-structure-interaction, Topography orientations 

 

1 Introduction 

In machine elements involving lubrication, such as bearings and gears, solid contact surfaces are 

typically separated by a thin film of lubricant to reduce friction and wear. When the hydrodynamic 

pressure transmitted by the lubricant is sufficiently high, significant elastic deformations of the 

contact surfaces can occur, thereby altering the film thickness. This regime is known as 

elastohydrodynamically lubricated (EHL) contacts, which has gained substantial interest in 

establishing appropriate and efficient numerical models over the past decades. The EHL problem is 

inherently multi-physical due to the fluid-structure interaction (FSI) between lubricant 

hydrodynamics and solid deformations. Generally, it can be categorized into two types, "hard" and 

"soft", based on the rigidity of the solid materials. 

Early numerical models focused primarily on the traditional hard EHL problem, where solids 

possess a high elastic modulus and their deformations are treated as linear elastic. Additionally, the 

high-pressure area is small compared to the size of the solid bodies, allowing for the approximation 

of deformations using the Boussinesq function (derived from the half-space theory [18]). The 

Reynolds equation is employed to represent the viscous lubricant flow within the narrow gap, but it 

must be combined with appropriate boundary conditions to account for cavitation phenomena (for 

more details refer to Braun and Hannon [5]). Moreover, it is crucial to incorporate equations 

describing the lubricant’s rheological behavior, as Lugt and Morales-Espejel [23] indicate that the 
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fluid pressure can reach 1 to 3 GPa, which significantly affects the viscosity (piezo-viscous effect) 

and density of the lubricant. 

The Boussinesq equation, Reynolds equation, and rheological law constitute a highly nonlinear 

system for the hard EHL problem. In the seminal work of Hamrock and Dowson [10], the system of 

equations was discretized using the finite difference method (FDM) for its simplicity and solved 

using the relaxation method. Despite accurately predicting the deformed film thickness, their model 

exhibited convergence problems due to the weak fluid-structure coupling. Specifically, they solved 

the equations governing the flow and structural deformations sequentially until converged solutions 

were achieved for both parts. This method results in reduced robustness, particularly for highly 

loaded EHL contacts, since the information transfer between the fluid and the structure is one-way 

rather than simultaneous. 

Lubrecht et al. [22] optimized Hamrock and Dowson’s model using a multigrid approach, 

improving both computation speed and convergence efficiency for solving the Reynolds equation 

with fine meshes. Later, Venner [42] introduced a multilevel multi-integration (MLMI) method for 

evaluating solid deformations in fine meshes, greatly accelerating the computational process. An 

alternative to MLMI for efficient deformation calculations is the discrete convolution and fast 

Fourier transform (DC-FFT) method [17, 19]. 

In recent decades, several works (e.g. Hsiao et al. [14], Holmes et al. [13]) have focused on 

developing EHL models using strong coupling (also known as monolithic coupling), whereby the 

equations for fluid and solid parts were solved simultaneously. This strategy led to valid solutions 

within a few iterations, illustrating its extremely rapid convergence speed. However, structural 

deformations were still computed using the Boussinesq approximation (or its differential form), 

leading to a dense Jacobian matrix and significant computational expense. Moreover, their pressure 

solutions exhibited unphysical oscillations, especially under heavy loads. 
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Habchi et al. [9] replaced the Boussinesq equation with a simplified momentum balance equation. 

The equations were then discretized using the finite element method (FEM), resulting in a sparse 

Jacobian matrix since each element node is only associated with nodes within the same element. 

They also employed the Streamline upwind Petrov–Galerkin (SUPG, proposed by Brooks and 

Hughes [6]) and Galerkin least-squares (GLS, proposed by Hughes et al. [16]) methods to stabilize 

their formulations and eliminate pressure oscillations. 

Notably, all the models mentioned above utilized the Swift-Stieber condition (see Braun and 

Hannon [5] for a detailed description) to incorporate the pressure variation caused by the cavitation 

phenomena. Despite being widely applied, this cavitation condition cannot ensure mass conservation 

of the lubricant. Another limitation of these models is their assumption of linear elasticity, which is 

invalid for soft EHL problems. In such scenarios, materials with a low elastic modulus exhibit highly 

nonlinear behavior, as can be observed in rubber seals or biological systems like knee and hip joints. 

Unlike the hard EHL problem, the soft EHL problem typically involves large structural deformations 

despite low hydrodynamic pressure, leading to increased modeling challenges. 

In this context, Hansen et al. [12] proposed the EHL-FBNS model based on the finite volume 

method, which enables unsteady simulations with a mass-conserving cavitation treatment following 

the Jakobsson-Floberg-Olsson (JFO) theory [5]. While this represents an important improvement on 

the fluid side, their approach still relies on the half-space method for solid deformation and therefore 

cannot be extended to soft EHL contact problems.  

Stupkiewicz et al. [32] developed a FEM-based model that primarily addresses soft EHL problems. 

They solved large structural deformations as a subproblem through the momentum balance equation 

and incorporated the JFO condition for cavitation. However, the fluid domain in this model is 

defined on one of the contact surfaces, which strictly constrains its geometry and mesh size. In 

addition, it only considers steady-state conditions, limiting its ability to capture the transient 

evolution of the mixture flow. 
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Faraji et al. [8] extended the model of Stupkiewicz et al. [32] by incorporating the effects of 

surface roughness in a stochastic manner via the averaged Reynolds equation. A disadvantage of this 

approach is that it does not account for the direct interaction between the roughness and the fluid, 

which is a significant factor in the soft EHL regime. To the best of our knowledge, no deterministic 

model currently exists that can compute both the local transient fluid flow and the changes in surface 

topography in soft EHL contacts between rough surfaces. 

The present work develops a model capable of dealing with both hard and soft EHL problems 

under the isogeometric analysis (IGA) framework. Compared to the conventional FEM, IGA applies 

the same basis functions to model the geometry and construct the solution space, so that no extra 

meshing process is required. The most widely used basis functions in IGA are non-uniform rational 

B-splines (NURBS), which extend B-splines to permit exact representations of all conic sections and 

are convenient for free-form surface constructions. The benefits of NURBS in improving continuity 

and its potential for FSI modeling were already suggested in the foundational works by Hughes et al. 

[15]. Therefore, they will not be discussed further here to avoid repetition. 

This study emphasizes the formulation and validation of the proposed NURBS-based EHL 

framework under the fully flooded condition, where the lubricant supply is sufficient. The 

framework incorporates nonlinear finite-strain hyperelasticity and is benchmarked against ANSYS 

for both hard and soft EHL contacts, providing new insights into deformation behavior and 

cavitation development, including the influence of surface texture orientations. By contrast, a 

complementary study has applied the same framework to soft EHL contacts under the starved 

condition, a different physical regime in which insufficient lubricant supply governs the response, 

with emphasis on how starvation alters film thickness and frictional behavior [36]. 

The paper is structured as follows: Section 2 details the governing equations for EHL contacts that 

account for nonlinear large deformations, along with the corresponding weak formulations. In 

Section 3, these formulations are discretized within the NURBS-based IGA framework, and a 
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mortar-based coupling formulation is developed. Section 4 presents benchmark tests for EHL line 

contacts using the newly developed model. In Section 5, the model is applied to study the central 

film thickness and frictional behavior in a soft EHL point contact problem. Section 6 investigates the 

influence of topography orientation on the COF in soft EHL contacts considering surface roughness. 

Finally, the main conclusions are summarized in Section 7. 

2 EHL model considering large deformation and cavitation 

This section presents the mathematical description for EHL problems within the new model. It 

involves two elastic bodies undergoing contact, denoted as ℬ𝑖  (𝑖 = 1,  2). A layer of lubricant is 

introduced between them to separate the contact surfaces and transmit forces (see Fig. 1).  

 

Fig. 1 Schematic representation of the EHL contact between two elastic bodies, showing the coupled 

configuration of the fluid and solid domains with their corresponding boundaries (left), and the 

vertical projection of a fluid point onto the interaction boundaries used to define the film thickness, 

together with the notation for the normal and shear tractions (right). 

Solid ℬ𝑖 is assumed to move at a constant velocity 𝑼𝑠
𝑖 . It occupies the bounded domain 𝛺𝑠𝑡

𝑖 ⊂ 𝑅𝟛, 

where the subscript 𝑡 indicates the current time. The boundary of domain 𝛺𝑠𝑡
𝑖  can be divided into 
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three parts: 𝛤𝑢𝑡
𝑖  with prescribed displacement (Dirichlet boundary), 𝛤𝜎𝑡

𝑖  with prescribed surface loads 

(Neumann boundary), and 𝛤𝐼𝑡
𝑖 , where interactions between the solid body and fluid take place. 

Typically, a reference configuration 𝛺𝑠0
𝑖  is chosen at the initial time 𝑡0 = 0  to take finite 

deformations into account. The coordinate vector of a material point in the current configuration 

(𝒙𝑠
𝑖 ∈ 𝛺𝑠𝑡

𝑖 ) is related to its counterpart in the reference configuration (𝑿𝑠
𝑖 ∈ 𝛺𝑠0

𝑖 ) through the 

Lagrangian description 

𝒙𝑠
𝑖 = 𝝋𝑖(𝑿𝑠

𝑖 , 𝑡) = 𝝋𝑡
𝑖(𝑿𝑠

𝑖 ) = 𝑿𝑠
𝑖 + 𝒖𝑠

𝑖 , (1) 

where 𝝋𝑡
𝑖  is a bijective mapping from domain 𝛺𝑠0

𝑖  to 𝛺𝑠𝑡
𝑖 , and 𝒖𝑠

𝑖  measures the displacement. 

As mentioned in Sec. 1, starved lubrication or reduction in hydrodynamic pressure can lead to the 

formation of cavitation bubbles. In tribological studies, the mixture flow of lubricant and bubbles is 

described using the Reynolds equation, given its low-Reynolds-number characteristic within the 

narrow gap between contact surfaces (see the handbook by Bartel [3]).  

The Reynolds equation is derived by averaging the mass-continuity equation over the gap height 

direction. This direction could be defined differently based on the specific scenario (see Temizer and 

Stupkiewicz [33]). In the following, the curvature effects of contact surfaces are neglected for 

simplicity, and the 𝑧 -direction is chosen as the gap height direction. As a result, the three-

dimensional fluid domain (the grey part in Fig. 1) is reduced to a surface domain 𝛺𝑓 (the blue part in 

Fig. 1, orthogonal to the 𝑧-axis). 

In this work, 𝛺𝑓 is fixed in position and does not move over time. Certainly, the model can be 

extended to account for a movable fluid domain using the arbitrary Lagrangian-Eulerian (ALE) 

method. The specific numerical implementation of this extension was documented by Tong et al. 

[39], and will not be discussed further here. 

2.1 Mixture flow of lubricant and cavitation 

To establish the mapping between the fluid and solid sides, it is assumed that the interaction 

boundary 𝛤𝐼𝑡
𝑖  is smooth with 𝒞2-continuity and can be parameterized by the convective coordinates 
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𝝃𝑠𝐼
𝑖 = (𝜉𝑠𝐼

𝑖1,  𝜉𝑠𝐼
𝑖2). For a given point 𝒙𝑓 ∈ 𝛺𝑓, its projection onto the interaction boundary 𝛤𝐼𝑡

𝑖  can be 

denoted as 𝒙𝑠
𝑖 (𝝃̅𝑠𝐼

𝑖 ), with 𝝃̅𝑠𝐼
𝑖 = (𝜉𝑠̅𝐼

𝑖1,  𝜉𝑠̅𝐼
𝑖2) representing the convective coordinates of the projection 

point. 𝝃̅𝑠𝐼
𝑖  is determined by solving 

[𝒙𝑓 − 𝒙𝑠
𝑖 (𝝃̅𝑠𝐼

𝑖 )] ⋅ 𝒆1 = [𝒙𝑓 − 𝒙𝑠
𝑖 (𝝃̅𝑠𝐼

𝑖 )] ⋅ 𝒆2 = 0, (2) 

where 𝒆 stands for the standard basis vector, and the subscripts 1 − 3 indicate the 𝑥 − 𝑧 directions. 

Subsequently, the parameters associated with the projection coordinates 𝝃̅𝑠𝐼
𝑖  will be simplified using 

a bar notation, i.e., ∎(𝝃̅𝑠𝐼
𝑖 ) → ∎̅ . Thus, 𝒙𝑠

𝑖 (𝝃̅𝑠𝐼
𝑖 )  will be written as 𝒙̅𝑠

𝑖 . The gap height ℎ  is then 

measured by the vertical distance between these projection points: 

ℎ = (𝒙̅𝑠
2 − 𝒙̅𝑠

1) ⋅ 𝒆3. (3) 

Accordingly, the averaged mass-continuity equation in 𝛺𝑓 (for complete derivations see Tong et al. 

[38]) is written as 

𝜕

𝜕𝑡
(𝜌̅ℎ) + 𝛻 ⋅ (𝜌̅𝒖̅ℎ) = 0. (4) 

Herein, 𝒖̅ and 𝜌̅ represent the averaged flow velocity over the gap height direction. Given that the 

flow in 𝑧-direction is negligible and viscous forces are dominant for this micro-channel flow (see 

Bartel [3]), 𝒖̅ can be calculated through a simplified Navier-Stokes equation: 

𝒖̅ = 𝑼̅𝑠 −
ℎ2

12𝜂
𝛻𝑝. (5) 

In this equation, 𝑼̅𝑠 = (𝑼𝑠
1 + 𝑼𝑠

2)/2 is the mean velocity of solid bodies, 𝜂 is the lubricant viscosity, 

and 𝑝  denotes the averaged hydrodynamic pressure. Combining Eqs. (4) and (5) results in the 

Reynolds equation: 

𝜕

𝜕𝑡
(𝜌̅ℎ) + 𝛻 ⋅ (𝜌̅𝑼̅𝑠ℎ) − 𝛻 ⋅ (

𝜌̅ℎ3

12𝜂
𝛻𝑝) = 0. (6) 

The fluid domain 𝛺𝑓  can be divided into two regions depending on the presence of cavitation 

bubbles: the full-film region 𝛺𝑓
+  and the cavitation region 𝛺𝑓

− , with the boundary 𝛤𝑐𝑎𝑣  separating 
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them (see Fig. 2). The full-film region is entirely filled with the lubricant, which is assumed to be 

incompressible with a density of 𝜌0. In contrast, the pressure in the cavitation region 𝑝𝑐 is considered 

constant, as observed in numerous experimental studies [5]. These constraints can be expressed as 

𝑝 ≥ 𝑝𝑐,  𝜌̅ = 𝜌0 in 𝛺𝑓
+, and 𝑝 = 𝑝𝑐 ,  𝜌̅ ≤ 𝜌0 in 𝛺𝑓

−. (7) 

Without loss of generality, 𝑝𝑐 is set to 0 Pa in this work. 

 

Fig. 2 Top view of the fluid domain 𝛺𝑓, showing its subdivision into the full-film region 𝛺𝑓
+ and the 

cavitation region 𝛺𝑓
−, separated by the cavitation boundary 𝛤𝑐𝑎𝑣. The difference between the inflow 

and outflow mass fluxes across 𝛤𝑐𝑎𝑣  corresponds to the flux displaced by the moving cavitation 

boundary with its local normal velocity 𝑉𝑛, ensuring mass-flux continuity.  

Notably, the constraints in Eq. (7) can cause a discontinuity of pressure on the cavitation boundary 

𝛤𝑐𝑎𝑣, leading to the averaged flow velocity being undefined. In this case, the Reynolds equation (7) is 

not valid on 𝛤𝑐𝑎𝑣. To ensure the continuity of mass flux 𝜌̅𝒖̅ℎ on 𝛤𝑐𝑎𝑣, the JFO boundary condition [5] 

needs to be introduced: 

(𝜌̅+𝒖̅+ℎ − 𝜌̅−𝒖̅−ℎ) ⋅ 𝒏𝑓 = (𝜌̅+ − 𝜌̅−)ℎ𝑉𝑛. (8) 

The superscripts + and − in Eq. (8) indicate the limit values on 𝛤𝑐𝑎𝑣 from the side of 𝛺+ and 𝛺−, 

respectively (see Fig. 2). In addition, 𝒏𝑓 is the unit normal vector pointing from 𝛺+ to 𝛺−, and 𝑉𝑛 

represents the local normal velocity at which 𝛤𝑐𝑎𝑣 is moving (not the flow velocity). 
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In summary, the mixture flow is governed by the Reynolds equation (6) and the cavitation 

constraints in Eqs. (7) and (8). Tong et al. [38] developed a formulation based on the Augmented 

Lagrangian (AL) method to deal with the complementarity constraints in Eq. (7).  

A new variable, the void fraction 𝑟 = 1 − 𝜌̅/𝜌0 , is introduced to represent the local volume 

fraction of cavitation bubbles across the film thickness: 𝑟 = 0 denotes a fully filled lubricant region, 

whereas 𝑟 > 0  indicates a partially filled (cavitated) region. Within the AL framework, 𝑟  is 

combined with the pressure 𝑝 to construct the augmented Lagrangian multiplier 𝑟̂ = −𝑟 + ϵ𝑝, where 

𝜖 is a positively defined penalty parameter. Notably, 𝜖 influences only the convergence behavior 

(stability and convergence rate) of the nonlinear iterations, but does not affect the final converged 

solution for either 𝑝 or 𝑟. Excessively large values may lead to oscillatory or divergent Newton steps, 

whereas overly small values slow down convergence while remaining robust. Based on preliminary 

numerical experiments, a value of 𝜖 = 10−3 is adopted for all simulations presented in this work, 

where it provides stable and efficient convergence. 

The pressure contribution in 𝑟̂ acts as a regularization term, allowing the AL multiplier to vary 

smoothly across the full-film and cavitation regions. Based on this definition, a piecewise AL 

functional 𝑙𝑐𝑎𝑣 can then be constructed as  

𝑙𝑐𝑎𝑣(𝑝, 𝑟) = {
(−𝑟 +

𝜖

2
𝑝) 𝑝, 𝑟̂ ≤ 0 (cavitation)

−
1

2𝜖
𝑟2, 𝑟̂ > 0 (full film)

. (9) 

It converts the constraints in Eq. (7) into equation form: 

𝜕𝑙𝑐𝑎𝑣

𝜕𝑟
= 0. (10) 

Although most existing soft EHL studies employ FDM to solve the Reynolds equation [1, 28, 29], 

our previous works [35, 38] have already provided a detailed comparison between an FDM-based 

model and an IGA-based mixture flow model. The results demonstrated that the proposed model 

achieves higher accuracy with significantly fewer degrees of freedom, while also improving 
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convergence and reducing computational time. Furthermore, the low continuity of FDM (limited to 

𝒞0) tends to introduce distortion in the transfer of fluid quantities to the solid domain, thereby 

slowing down the coupling convergence.  

By contrast, employing a unified IGA framework ensures that the pressure and cavitation volume 

fraction obtained on the fluid side possess high continuity, which in turn guarantees optimal 

performance in the coupling with the solid deformation part. Building on these advantages, the 

present study adopts the proposed IGA-based model to solve the Reynolds equation with cavitation 

constraints.  

In general, the external boundary of the fluid domain, 𝛤𝑓, can be subdivided into three distinct 

parts, namely 𝛤𝑓𝑑 , 𝛤𝑓𝑛 , and 𝛤𝑓𝑓 , corresponding to Dirichlet, Neumann, and free boundaries, 

respectively: 

• On 𝛤𝑓𝑑, Dirichlet boundary conditions are prescribed for both 𝑝 and 𝑟 as 

𝑝 = 𝑝𝐷 and 𝑟 = 𝑟𝐷 on 𝛤𝑓𝑑 , (11) 

This type of condition is typically applied at the inflow boundary, where the prescribed 

pressure 𝑝𝐷  usually corresponds to the ambient pressure, while the void fraction 𝑟𝐷 

represents the prevailing lubrication regime. A constant value (𝑟𝐷 = 0) characterizes a 

fully flooded inlet, whereas a nonzero distribution (𝑟𝐷 > 0) indicates a starved lubrication 

state. 

• On 𝛤𝑓𝑛, Neumann boundary conditions are applied, generally corresponding to a prescribed 

inflow or outflow mass flux. In this case, the normal pressure gradient is specified to 

represent the imposed flow rate or pressure-driven outflow: 

ℎ3

12𝜂
𝛻𝑝 ⋅ 𝒏𝑓𝑛 =  𝑞̂𝑓𝑛 on 𝛤𝑓𝑛. (12) 

• On 𝛤𝑓𝑓, free boundary conditions are assumed. This type of condition is typically assigned 

to the outflow region, where no explicit constraints are imposed on either 𝑝 or 𝑟, allowing 

Ju
st

 A
cc

ep
te

d



                                                                                    

Friction                                                                              https://mc03.manuscriptcentral.com/friction 

12 

both variables to evolve freely in accordance with the cavitation condition and overall 

mass conservation. 

In accordance with the above boundary specifications, the solution spaces (𝑈𝑝 and 𝑈𝑟) and test 

function spaces (𝑉𝑝 and 𝑉𝑟) are introduced in the standard sense such that the Dirichlet conditions are 

properly enforced. The weak formulation for the mixture flow problem is then expressed as 

Find 𝑝 ∈ 𝑈𝑝 and 𝑟 ∈ 𝑈𝑟 , such that ∀𝛿𝑝 ∈ 𝑉𝑝,  𝛿𝑟 ∈ 𝑉𝑟 , 

𝛿𝛱𝑓 = 𝛿𝛱𝑟𝑒𝑦 + 𝛿𝛱𝑐𝑎𝑣 + ∫ 𝛿𝑝
𝛤𝑓𝑛

𝑞̂𝑓𝑛 d𝛤 = 0, with (13) 

𝛿𝛱𝑟𝑒𝑦 = ∫ 𝛿𝑝
𝛺𝑓

𝜕[(1 − 𝑟)ℎ]

𝜕𝑡
 d𝛺 + ∫

ℎ3

12𝜂𝛺𝑓

𝛻𝛿𝑝 ⋅ 𝛻𝑝 d𝛺 − ∫ [(1 − 𝑟)ℎ]𝛻𝛿𝑝
𝛺𝑓

⋅ 𝑼̅𝑠  d𝛺, (14) 

𝛿𝛱𝑐𝑎𝑣 = ∫ 𝛿𝑟
𝛺𝑓

𝜕𝑙𝑐𝑎𝑣

𝜕𝑟
 d𝛺. (15) 

The derivations as well as the linearization process have been thoroughly documented by Tong et al. 

[38] and will not be repeated here. They also demonstrated that the discretization within the IGA 

framework is based on the Galerkin method, enabling the discontinuous pressure distribution on 𝛤𝑐𝑎𝑣 

to be interpolated and approximated by continuous basis functions. Consequently, the constraint in 

Eq. (8) is inherently satisfied in the discretized solution spaces without the need for additional 

consideration. 

2.2 Solid deformation 

As in most tribological studies, this work does not focus on the acceleration process of the solids 

but rather explores the frictional behavior under constant relative velocity. The transient effects in 

solid bodies are therefore negligible compared to those in the fluid within the same time frame. 

Consequently, solid movement is considered a quasi-static process. For solid ℬ𝑖, its deformation and 

stress are governed by the momentum balance equation in the reference configuration 𝛺𝑠0
𝑖 : 

Div𝑖  𝑷𝑖 + 𝜌0
𝑖 𝒃̂𝑖 = 0. (16) 
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Here, 𝑷𝑖  is the first Piola-Kirchhoff stress tensor, 𝜌0
𝑖  denotes the mass density in the reference 

configuration, and 𝒃̂𝑖 describes the body force (e.g. gravity). 

The boundary conditions for ℬ𝑖 are given with respect to the reference configuration as  

𝒙𝑠
𝑖 = 𝒙̂𝑖  on 𝛤𝑢0

𝑖 ,  𝑻𝑖 = 𝑷𝑖 ⋅ 𝑵𝑖 = 𝑻̂𝑖  on 𝛤𝜎0
𝑖 . (17) 

𝒙̂𝑖 represents the constraints on the Dirichlet boundary, and 𝑻̂𝑖 is the prescribed Cauchy traction on 

the Neumann boundary.  

Notably, on the interaction boundary, solid ℬ𝑖 also experiences an interaction force from the fluid. 

Considering that the direction and magnitude of this force change with solid deformation and fluid 

flow, it is evaluated on 𝛤𝐼𝑡
𝑖  with respect to the current configuration (see Fig. 1). If the hydrodynamic 

pressure at 𝒙𝑓 is determined to be 𝑝, the pressure at the projection point 𝒙̅𝑠
𝑖  is also equal to 𝑝 due to 

the negligible pressure gradient in the gap height direction (see Bartel [3]). Since the hydrodynamic 

pressure acts perpendicular to the solid surface, a normal traction 𝒕̅𝑛
𝑖  at 𝒙̅𝑠

𝑖  can be defined through 

𝒕̅𝑛
𝑖 = −𝑝𝒏̅𝑖 , (18) 

where 𝒏̅𝑖 denotes the unit normal vector at 𝒙̅𝑠
𝑖  in the current configuration. 

Additionally, 𝒙̅𝑠
𝑖  is subjected to a traction 𝒕̅𝑠

𝑖  arising from the fluid shear stress, which is 

proportional to the shear rate near solid surfaces. Since the flow exhibits a parabolic profile along the 

gap height direction (detailed explanations are found in Bartel [3]), the shear traction 𝒕̅𝑠
𝑖  is given by 

𝒕̅𝑠
𝑖 = −(−1)𝑖

𝜂

ℎ
𝑼𝑠𝑑 −

ℎ

2
𝛻𝑝, (19) 

with 𝑼𝑠𝑑 = 𝑼𝑠
2 − 𝑼𝑠

1 being the velocity difference between contact surfaces. Notably, 𝒕̅𝑛
𝑖  and 𝒕̅𝑠

𝑖  are 

unknown a priori and must be implicitly computed during the coupling process. 

The weak formulation for ℬ𝑖 is then expressed as 

Find 𝒙𝑠
𝑖 ∈ 𝑈𝑠

𝑖 ,  such that ∀𝛿𝒙𝑠
𝑖 ∈ 𝑉𝑠

𝑖 , 

𝛿𝛱𝑠
𝑖 = 𝛿𝛱𝑠,𝑛𝑐

𝑖 + 𝛿𝛱𝑠,𝑐
𝑖 = 0, with (20) 
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𝛿𝛱𝑠,𝑛𝑐
𝑖 = ∫ Grad𝑖

𝛺𝑠0
𝑖

𝛿𝒙𝑠
𝑖 : 𝑷𝑖  d𝛺 − ∫ 𝛿𝒙𝑠

𝑖

𝛺𝑠0
𝑖

⋅ 𝜌0
𝑖 𝒃̂𝑖  d𝛺 − ∫ 𝛿𝒙𝑠

𝑖

𝛤𝜎0
𝑖

⋅ 𝑻̂𝑖  d𝛤, (21) 

𝛿𝛱𝑠,𝑐
𝑖 = −∫ 𝛿𝒙̅𝑠

𝑖

𝛤𝐼𝑡
𝑖

⋅ (𝒕̅𝑛
𝑖 + 𝒕̅𝑠

𝑖 ) d𝛤. (22) 

Herein, the solution space 𝑈𝑠
𝑖 and the corresponding test space 𝑉𝑠

𝑖 follow the conventional variational 

definitions, as described in the FEM literature (e.g. Wriggers [44]), ensuring that the essential 

boundary conditions on 𝛤𝑢0
𝑖  are properly satisfied. 

𝛿𝛱𝑠
𝑖 can also be understood as the sum of the virtual work done on solid ℬ𝑖. The subscripts 𝑐 and 

𝑛𝑐 are used to distinguish the terms in 𝛿𝛱𝑠
𝑖 that involve or do not involve coupling. The process for 

computing and linearizing the non-coupling term 𝛿𝛱𝑠,𝑛𝑐
𝑖  is standard (refer to Wriggers [44]) and will 

not be covered in this work. The primary focus is on the treatment of the coupling term 𝛿𝛱𝑠,𝑐
𝑖 , which 

will be explained in Sec. 2.3. 

2.3 Virtual work on the interaction interface 

Although the counterpart of the coupling term 𝛿𝛱𝑠,𝑐
𝑖  does not appear explicitly in the weak 

formulation Eq. (13) governing the mixture flow, it is implicitly contained through the pressure–

thickness coupling in the fluid domain. Specifically, the virtual pressure field 𝛿𝑝 in Eq. (13) is 

energetically conjugate to the film thickness ℎ, which in turn depend on the deformation of the solid 

surfaces. Hence, any virtual change in ℎ induced by 𝛿𝒙̅𝑠
𝑖  leads to a corresponding variation in the 

pressure field. This implicit conjugate relationship allows the coupling term 𝛿𝛱𝑠,𝑐
𝑖  to satisfy the 

overall virtual work balance and thus maintain energetic consistency between the solid and fluid 

domains. 

The data-flow relationships between the solid and fluid submodels are illustrated in Fig. 3. Each 

time-step solver couples the solid and fluid solvers through the transfer of deformation from the 

solids to the fluid domain and the feedback of pressure and tractions from the fluid to the solids. The 
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red variables denote the unknowns that are solved within each time step, namely the pressure 𝑝, the 

current configuration 𝒙𝑠
𝑖  of the solid bodies, and the void fraction 𝑟.  

 

Fig. 3 Data-flow relationships between the fluid and solid submodels of the proposed EHL model. 

The red variables (𝒙𝑠
𝑖 , 𝑝, and 𝑟) denote the unknowns in each time-step solver. The dashed box 

indicates the coupled solver at time step 𝑡𝑗, which receives ℎ𝑗−1 and 𝑟𝑗−1 from the previous step and 

provides the updated ℎ and 𝑟 for the next step 𝑡𝑗+1. 

In this model, the weak formulations in Eqs. (13) and (20) are monolithically coupled, implying 

that all unknowns are solved simultaneously by means of the Newton-Raphson method. Therefore, it 

is crucial to correctly evaluate the virtual work 𝛿𝛱𝑠,𝑐
𝑖  defined in Eq. (22). By substituting Eqs. (18) 

and (19) into Eq. (22), 𝛿𝛱𝑠,𝑐
𝑖  can be reformulated as  

𝛿𝛱𝑠,𝑐
𝑖 = ∫ 𝛿𝑥̅𝑠𝑛

𝑖 𝑝
𝛤𝐼𝑡

𝑖
 d𝛤 + (−1)𝑖𝜂 ∫ 𝛿𝑥̅𝑠𝑠1

𝑖
1

ℎ𝛤𝐼𝑡
𝑖

 d𝛤 +
1

2
∫ 𝛿𝑥̅𝑠𝑠2

𝑖 ℎ
𝛤𝐼𝑡

𝑖
 d𝛤. (23) 

Here, 𝛿𝑥̅𝑠𝑛
𝑖 , 𝛿𝑥̅𝑠𝑠1

𝑖 , and 𝛿𝑥̅𝑠𝑠2
𝑖  denote the auxiliary variations introduced to simplify the representation 

of the virtual work along the normal and tangential directions. These quantities account for the 

geometric projection of the fluid-solid interface and maintain the consistency of the interface 

formulation even under large configuration changes. Their detailed derivations from the surface 

parameterization and convective coordinate variations are provided in Appendix A. 
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3 NURBS-based discretization 

In the newly developed EHL model, both the fluid and solid subproblems are discretized and 

solved within the NURBS-based IGA framework. The non-coupling term 𝛿𝛱𝑠,𝑛𝑐
𝑖  in the solid 

formulation, as defined in Eq. (21), follows the same discretization process as in a standard 

hyperelasticity problem, and will not be derived here (for further details, see Cottrell et al. [7]). 

Additionally, the discretization for the fluid part (see Eq. (13)) has been comprehensively 

documented in Tong et al. [38] and will also not be derived here.  

Given that the fluid domain 𝛺𝑓  and the solid interaction boundary 𝛤𝐼𝑡
𝑖  typically employ non-

matching meshes, the virtual work 𝛿𝛱𝑠,𝑐
𝑖  defined in Eq. (23) involves quantities that depend on two 

different sets of basis functions. Therefore, this section focuses on dealing with this specific term 

using the mortar method. The standard NURBS terminology will be utilized throughout the 

derivation, with extensive references available in Piegl and Tiller [24]. 

3.1  Discretization for the fundamental unknowns 

The univariate NURBS basis functions are constructed based on a given non-decreasing knot 

vector  

𝜩 = {𝜉1,  𝜉2,   … ,  𝜉𝑚}. (24) 

Generally, to achieve the polynomial order of 𝑝, the first 𝑝 + 1 knots are set equal, as are the last 𝑝 +

1 knots. A total of 𝑛 = 𝑚 − 𝑝 − 1 NURBS basis functions (denoted as 𝑅𝐴, with 𝐴 =  1,   … ,  𝑛) can 

be obtained by means of the Cox-de Boor recursion formula (see Piegl and Tiller [24]). Each 𝑅𝐴 

associates with a control point, analogous to a node in the FEM mesh, allowing geometrical or 

physical quantities defined in the parametric space {𝜉 | 𝜉 ∈ [𝜉1,  𝜉𝑚]} to be interpolated through the 

corresponding discrete values at the control points. If 𝜩  contains no repeated interior knots 

(excluding the first and last 𝑝 + 1 knots), the number of non-zero knot spans is 𝑛 − 𝑝, which also 

represents the element number in the NURBS mesh. Each repetition of an interior knot reduces the 

element number by one. 
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Since multivariate NURBS basis functions are formed by tensor products of univariate ones, two 

knot vectors  

𝜩𝑓
𝑗
= {𝜉𝑓1

𝑗
,  𝜉𝑓2

𝑗
,   … ,  𝜉

𝑓𝑛𝑓
𝑗
+𝑝𝑓

𝑗
+1

𝑗
},  𝑗 = 1,  2, (25) 

are required to construct the fluid domain 𝛺𝑓 for the Reynolds equation. The NURBS basis functions 

on 𝛺𝑓 are represented as 𝑅𝑓𝐴(𝝃𝑓), with 𝐴 = 1,   … ,  𝑛𝑓
1𝑛𝑓

2. Similarly, three knot vectors 

𝜩𝑠
𝑖𝑗

= {𝜉𝑠1
𝑖𝑗

,  𝜉𝑠2
𝑖𝑗

,   … ,  𝜉
𝑠𝑛𝑠

𝑖𝑗
+𝑝𝑠

𝑖𝑗
+1

𝑖𝑗
},  𝑗 = 1,  2,  3, (26) 

are needed to build the solid domain 𝛺𝑠𝑡
𝑖 . The corresponding NURBS basis functions are signified as 

𝑅𝑠𝐴
𝑖 (𝝃𝑠

𝑖 ), with 𝐴 = 1,   … ,  𝑛𝑠
𝑖1𝑛𝑠

𝑖2𝑛𝑠
𝑖3.  

The parameterization for the unknowns in the EHL model (𝒙𝑠
𝑖 , 𝑝, and 𝑟) and their variations can 

thus be expressed as 

𝒙𝑠
𝑖 |

𝝃𝑠
𝑖 = ∑ 𝒙𝑠𝐴

𝑖

𝑛𝑠
𝑖

𝐴=1

𝑅𝑠𝐴
𝑖 (𝝃𝑠

𝑖 ), (𝛿𝒙𝑠
𝑖 )|

𝝃𝑠
𝑖 = ∑ 𝛿𝒙𝑠𝐴

𝑖

𝑛𝑠
𝑖

𝐴=1

𝑅𝑠𝐴
𝑖 (𝝃𝑠

𝑖 ), (27) 

𝑝|𝝃𝑓
= ∑ 𝑝𝐴𝑅𝑓𝐴(𝝃𝑓)

𝑛𝑓

𝐴=1

, 𝛿𝑝|𝝃𝑓
= ∑ 𝛿𝑝𝐴𝑅𝑓𝐴(𝝃𝑓)

𝑛𝑓

𝐴=1

, (28) 

𝑟|𝝃𝑓
= ∑ 𝑟𝐴𝑅𝑓𝐴(𝝃𝑓)

𝑛𝑓

𝐴=1

, 𝛿𝑟|𝝃𝑓
= ∑ 𝛿𝑟𝐴𝑅𝑓𝐴(𝝃𝑓)

𝑛𝑓

𝐴=1

, (29) 

where 𝑛𝑓 = 𝑛𝑓
1𝑛𝑓

2 and 𝑛𝑠
𝑖 = 𝑛𝑠

𝑖1𝑛𝑠
𝑖2𝑛𝑠

𝑖3 indicate the number of control points for the fluid and solid 

meshes, respectively. Additionally, 𝒙𝑠𝐴
𝑖 , 𝑝𝐴, and 𝑟𝐴 refer to the discretized values computed at the 

corresponding control points. 

3.2  Variations of the interaction variables in discretized form 

To discretize the virtual work 𝛿𝛱𝑠,𝑐
𝑖  in Eq. (23), the variation of the key interaction quantities must 

first be discretized. Substituting the discretized form of 𝛿𝒙𝑠
𝑖  in Eq. (27) into Eq. (A.4) results in  
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𝛿𝑥̅𝑠𝑛
𝑖 = (𝛿𝒙𝑠

𝑖 )|
𝝃̅𝑠
𝑖 ⋅ 𝒏̅𝑖 = [∑ 𝛿𝒙𝑠𝐴

𝑖

𝑛𝑠
𝑖

𝐴=1

𝑅𝑠𝐴
𝑖 (𝝃̅𝑠

𝑖 )] ⋅ 𝒏̅𝑖 = ∑ 𝛿𝒙𝑠𝐴
𝑖

𝑛𝑠
𝑖

𝐴=1

⋅ [𝑅𝑠𝐴
𝑖 (𝝃̅𝑠

𝑖 )𝒏̅𝑖]. (30) 

It should be noted that the convective coordinate 𝝃̅𝑠𝐼
𝑖 = (𝜉𝑠̅𝐼

𝑖1,  𝜉𝑠̅𝐼
𝑖2) in Eq. (A.2) is attached to the 

interaction surface 𝛤𝐼𝑡
𝑖 , making it two-dimensional. However, when using the knots from Eq. (26) as 

the convective coordinate to describe the projection point, it becomes three-dimensional. In this case, 

𝝃̅𝑠
𝑖 = (𝜉𝑠̅𝐼

𝑖1,  𝜉𝑠̅𝐼
𝑖2,  𝜉𝑠̅𝐼

𝑖3), where 𝜉𝑠̅𝐼
𝑖3 represents the knot for 𝛤𝐼𝑡

𝑖  in the orthogonal dimension.  

Similar discretization procedures can be applied to other variations in Eq. (23). After introducing 

the auxiliary vectors in Appendix A, 𝛿𝑥̅𝑠𝑛
𝑖 , 𝛿𝑥̅𝑠𝑠1

𝑖 , and 𝛿𝑥̅𝑠𝑠2
𝑖  in Eqs. (A.4)-(A.6) can be formulated in 

matrix form as 

𝛿𝑥̅𝑠𝑛
𝑖 = 𝛿𝒙𝑖𝑇𝑵𝑖 , (31) 

𝛿𝑥̅𝑠𝑠1
𝑖 = 𝛿𝒙𝑖𝑇[𝑪𝑢

𝑖 + (𝝉̅𝛼
𝑖 ⋅ 𝑼𝑠𝑑)𝑫𝛼

𝑖 ], (32) 

𝛿𝑥̅𝑠𝑠2
𝑖 = 𝛿𝒙𝑖𝑇[𝑪𝑝

𝑖 + (𝝉̅𝛼
𝑖 ⋅ 𝛻𝑝)𝑫𝛼

𝑖 ]. (33) 

3.3  Mortar-based formulation for the interaction virtual work 

Generally, the fluid domain 𝛺𝑓 needs to be discretized with a finer mesh than Γ𝐼𝑡
𝑖  from the solid 

part to better capture the complex cavitation phenomena. The mortar method is employed here to 

achieve such non-matching meshes at the interaction interface. The solid bodies are assigned as the 

mortar sides, while 𝛺𝑓 is chosen as the non-mortar side.  

As suggested in Tur et al. [41] and de Lorenzis et al. [20], the integration in Eq. (23) is conducted 

on the non-mortar side (𝛺𝑓) without additional segmentation of the overlapping meshes between 𝛺𝑓 

and 𝛤𝐼𝑡
𝑖  to avoid the associated computational costs. Although this approach may introduce errors for 

irregularly shaped overlapping meshes, these errors can be minimized by increasing the number of 

integration points within the NURBS elements on 𝛺𝑓. The transformation of the integration domain 

in Eq. (23) can be accomplished using a surface element factor 𝑗𝑠̅𝑓
𝑖 : 
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𝛿𝛱𝑠,𝑐
𝑖 = ∫ 𝛿𝑥̅𝑠𝑛

𝑖 𝑝𝑗𝑠̅𝑓
𝑖

𝛺𝑓

 d𝛺 + (−1)𝑖𝜂 ∫ 𝛿𝑥̅𝑠𝑠1
𝑖

1

ℎ
𝑗𝑠̅𝑓
𝑖

𝛺𝑓

 d𝛺 +
1

2
∫ 𝛿𝑥̅𝑠𝑠2

𝑖 ℎ𝑗𝑠̅𝑓
𝑖

𝛺𝑓

 d𝛺, (34) 

with 

𝑗𝑠̅𝑓
𝑖 = ‖

𝜕𝒙̅𝑠
𝑖

𝜕𝑥
×

𝜕𝒙̅𝑠
𝑖

𝜕𝑦
‖ = √1 + ‖𝛻𝑧𝑠̅

𝑖‖
2
. (35) 

Following the principles of the mortar method [20, 26], the discretized interaction virtual work is 

formulated as 

𝛿𝛱𝑠,𝑐
𝑖 = ∑ [𝛿𝑥̅𝑠𝑛𝐴

𝑖 𝑝𝐴 + (−1)𝑖𝜂
𝛿𝑥̅𝑠𝑠1𝐴

𝑖

ℎ𝐴
+

1

2
𝛿𝑥̅𝑠𝑠2𝐴

𝑖 ℎ𝐴] 𝑗𝑠̅𝑓𝐴
𝑖 𝐴𝐴

𝑛𝑓

𝐴=1

, (36) 

where the summation runs over all control points in the NURBS discretization of the fluid domain. 

All these averaged quantities associated with the control points (with subscript 𝐴  denoting the 

control point index), together with their discretizations, are provided in Appendix A. Consequently, 

the discretized virtual work 𝛿𝛱𝑠,𝑐
𝑖  in Eq. (36) is thus reformulated as  

𝛿𝛱𝑠,𝑐
𝑖 = 𝛿𝒙𝑖𝑇𝑹̅𝑥

𝑖𝑐, (37) 

with 𝑹̅𝑥
𝑖𝑐 computed through 

𝑹̅𝑥
𝑖𝑐 = ∑ [𝑝𝐴𝑗𝑠̅𝑓𝐴

𝑖 𝑳𝑛𝐴
𝑖 + (−1)𝑖𝜂

𝑗𝑠̅𝑓𝐴
𝑖

ℎ𝐴
𝑳𝑢𝐴

𝑖 +
1

2
ℎ𝐴𝑗𝑠̅𝑓𝐴

𝑖 𝑳𝑝𝐴
𝑖 ]

𝑛𝑓

𝐴=1

. (38) 

The residual vector 𝑹̅𝑥
𝑖𝑐, contributed by the interaction between the lubricant and solids, can be 

incorporated into the global residual vector, allowing the unknowns to be solved through the 

Newton-Raphson method. The corresponding Jacobian matrices are derived by linearizing Eq. (36), 

with the results documented in Appendix B to keep the main text concise. 

4 Benchmark tests 

In this section, the accuracy and quality of the proposed model are demonstrated via benchmark 

tests involving EHL contact between an elastic cylinder (radius 𝑅 = 10 mm) and a rigid plane. The 
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cylinder is first assumed to be composed of a hard material with a high elastic modulus (𝐸𝑐𝑦𝑙 = 105 

GPa), leading to negligible deformation in the contact region relative to its length in the 𝑦-direction. 

This three-dimensional case can thus be simplified to a two-dimensional plane strain configuration 

(corresponding to the hard EHL line contact), as illustrated in Fig. 4. 

 

Fig. 4 EHL line contact between an elastic cylinder and a rigid plane. 

In this configuration, the cylinder rotates at velocity 𝑈𝑠
2 while the plane moves at velocity 𝑈𝑠

1, with 

both velocities equal (𝑈𝑠
1 = 𝑈𝑠

2). Given the negligible shear stress in such a pure rolling condition, 

only normal forces acting on the solid surface are considered. Additionally, the full cylinder is 

simplified to a segment (𝐿 = 10 mm, 𝐻 = 2 mm) due to the small pressurized area. Consequently, 

the vertical velocity component of the cylinder can be disregarded owing to the small curvature of 

the segment. Furthermore, deformations of material points far from the center are minimal, which is 

equivalent to a fixed upper boundary. The external vertical load 𝐹 is then applied to the bottom of the 

rigid plane, which is unconstrained in the 𝑧-direction. 

The lubricant is assumed to be incompressible in this analysis. However, due to the high pressure 

in hard EHL contacts, the lubricant's piezo-viscous properties are taken into account. The viscosity-

pressure relationship is governed by the widely applied Barus equation 𝜂 = 𝜂0𝑒
𝛼𝑝 , where 𝛼 is a 

constant coefficient. The inlet and outlet pressures are prescribed as 𝑝𝑖 = 𝑝𝑜 = 5000 Pa to achieve 

the fully flooded condition. Detailed descriptions of all material parameters and boundary conditions 

relevant to this study are provided in Table 1. 
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Table 1 Material properties and boundary conditions for the hard EHL line contact. 

Parameter Value 

Cylinder elastic modulus 𝐸𝑐𝑦𝑙 = 105 GPa 

Cylinder Poisson's ratio ν𝑐𝑦𝑙 = 0.3 

Lubricant base viscosity η0 = 0.04 Pa ⋅ s 

Pressure-viscosity coefficient α = 10−8 m2/N 

Boundary pressure 𝑝𝑖 = 𝑝𝑜 = 5000 Pa 

Boundary void fraction 𝑟𝑖 = 𝑟𝑜 = 0 

Cylinder velocity 𝑈𝑠
2 = 0.5 m/s 

Rigid plane velocity 𝑈𝑠
1 = 0.5 m/s 

Vertical line load 𝐹 = 230 kN/m 

For comparison, the commercial software ANSYS is used to generate a reference solution. The 

lubricant flow and the transition to cavitation bubbles are analyzed using the FVM-based CFD solver, 

ANSYS Fluent, while the cylinder's elastic deformations are calculated with the FEM-based solver, 

ANSYS Mechanical. These two solvers are coupled using an iterative implicit scheme.  

The setup for the ANSYS FSI model has been comprehensively described by Singh et al. [30], and 

will not be repeated here. Nevertheless, a few details are worth mentioning. Importantly, the 

coupling scheme in ANSYS supports only three-dimensional calculations, meaning the two-

dimensional geometries from Fig. 4 must be converted into three-dimensional structures by adding a 

thin layer along the 𝑦-direction. Symmetry boundary conditions are applied to the front and back 

surfaces of this layer to maintain the plane strain condition. 

The meshing process also deserves special attention. The cylinder is meshed using the 20-node 

SOLID186 element, while the fluid domain is meshed with the 8-node HEX8 element (see Fig. 5a). 

These elements will be referred to as P2 and P1 elements, respectively, corresponding to their 

quadratic and linear polynomial basis functions. A key requirement for ANSYS FSI models is that 

the mesh on the interaction surface must be conformal, meaning the fluid and structure components' 

elements must be precisely aligned at the interaction interface. 
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Moreover, mesh refinement in the potential contact region is crucial for accurately capturing 

deformations and pressure distributions in the hard EHL contact regime. This region is approximated 

using the well-known Hertzian theory, which offers an analytical solution for pure solid contacts 

undergoing small deformations (detailed in Popov [25]). The half-width 𝑎 of the Hertzian contact 

region is derived through 

𝑎 = √
4𝐹𝑅

𝜋𝐸∗
, 𝐸∗ =

𝐸𝑐𝑦𝑙

1 − 𝜈𝑐𝑦𝑙
2 . (39) 

Based on the mesh sensitivity analysis from Singh et al. [30], seeding 500 elements along the 

interaction surface is sufficient to achieve convergent solutions. Of these, 200  elements are 

uniformly distributed within the potential contact region (in this case, 𝑎 = 0.16 mm), while the 

remaining 300 elements are distributed gradient-wise away from the central area, as shown in Fig. 

5a. In total, the cylinder segment is meshed with 10000 𝑃2 elements (using 72603 nodes), and the 

fluid domain contains 4000 𝑃1 elements (with 9018 nodes). 

  

Fig. 5 (a) Mesh used in the ANSYS FSI model (P2: 20-node SOLID186 elements, P1: 8-node HEX8 

elements). (b) Mesh used in the NURBS-based EHL model 

In contrast to the ANSYS FSI model, the EHL model presented in this work reduces the fluid 

domain to a line by applying the Reynolds equation. The geometries and meshes for both solid and 

fluid components are generated using NURBS parameterization, eliminating the need for a separate 

meshing process. NURBS discretization also enables the elevation of polynomial orders to any 
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desired level without a significant increase in control points (for further details, see the k-refinement 

method described in Cottrell et al. [7]). 

In this example, third-order NURBS (N3) discretizations are applied to both the solid and fluid 

domains, as shown in Fig. 5b. The meshes are refined in the central area and distributed in gradient 

patterns outward. Notably, the need for a conformal mesh at the interaction interface is avoided due 

to the use of mortar-based formulations. The final mesh consists of 2600 N3 elements (with 3059 

control points) in the solid domain and 960 N3 elements (with 963 control points) in the fluid 

domain. 

Both models were executed on a single-core processor (Intel Core i5, 3.3 GHz) with 16 gigabytes 

of RAM. The ANSYS model required around 28 hours to converge, whereas the newly developed 

model finished in approximately 20 minutes. This significant reduction in computational time is 

mainly attributed to the fewer degrees of freedom in the NURBS-based model. Additionally, its 

monolithic coupling of the fluid and solid components ensures rapid convergence, achieving the 

desired external load within 25 load steps. Conversely, the ANSYS model uses sequential fluid and 

solid solvers, needing up to 9000 load steps to avoid non-convergence at intermediate stages. 

   

   

Fig. 6 Cauchy stresses (a) 𝜎𝑥 , (b) 𝜎𝑧 , and (c) 𝜎𝑥𝑧  predicted by the ANSYS FSI model; Cauchy 

stresses (d) 𝜎𝑥, (e) 𝜎𝑧, and (f) 𝜎𝑥𝑧 predicted by the NURBS-based EHL model. 

Figs. 6a-c depict the Cauchy stresses 𝜎𝑥, 𝜎𝑧, and 𝜎𝑥𝑧 near the pressurized area, respectively, as 

calculated by the ANSYS FSI model. These stress contours are similar to those observed in Hertzian 
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contact scenarios, such as the case study presented in de Lorenzis et al. [21] and Tong et al. [37]. 

This similarity aligns with expectations, as the EHL contact is also a type of contact regime, though 

mediated through a lubricant layer. 

Despite utilizing significantly fewer elements and degrees of freedom, the stresses predicted by the 

NURBS-based model (shown in Figs. 6d-f) exhibit strong agreement with the reference solutions. 

The model even captures subtle asymmetries in the 𝜎𝑥𝑧 distribution, as seen in Figs. 6c and 6f. This 

superior performance is largely due to the inherent smoothness and computational efficiency of 

NURBS discretizations.  

  

Fig. 7 (a) Pressure and (b) void fraction distributions in the fluid domain computed by the ANSYS 

FSI model. 

Fig. 7 displays the pressure and void fraction distributions obtained from the ANSYS FSI model. 

The continuous, band-shaped pressure contour in Fig. 7a shows an absence of a pressure gradient 

along the height direction, confirming the suitability of the Reynolds equation for EHL problems. 

Notably, the deformed upper surface flattens in the central contact area, reminiscent of Hertzian 

contact. However, a key distinction is visible at the outlet of the contact region, where film thickness 

decreases sharply, primarily due to the requirement of maintaining flow continuity. 

Table 2 Mesh Parameters for the ANSYS FSI and NURBS-Based EHL Models (CP denotes control 

point) 

Model 
Solid mesh Fluid mesh 

Element number Node/CP number Element number Node/CP number 

ANSYS FSI 10000 P2 72603 4000 P1 9018 

NURBS (Coarse) 1750 N3 2044 720 N3 723 

NURBS (Medium) 3900 N3 4389 960 N3 963 

NURBS (Fine) 5600 N3 6194 1200 N3 1203 
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The fluid solutions obtained from the ANSYS model cannot be directly compared to those from 

the EHL model based on the Reynolds equation. Thus, the pressure and void fraction distributions in 

Fig. 7 must first be averaged along the height direction. Aside from the NURBS mesh depicted in 

Fig. 5b, the EHL model also employs a coarser and a finer NURBS mesh. The number of elements 

and nodes (or control points in NURBS meshes) for each mesh configuration are detailed in Table 2. 

Fig. 8a presents the pressure distributions obtained by the EHL model with NURBS meshes of 

three different resolutions against the reference solution from the ANSYS FSI model. A pressure 

distribution based on Hertzian contact theory [25] is also provided. The radius of the EHL contact 

area, where fluid pressure builds and deforms the solid, is approximately 𝑎𝐸𝐻𝐿 = 0.16 mm, which is 

nearly identical to the Hertzian contact radius. In the central region, where the peak pressure is 

located, the ANSYS and NURBS solutions align closely with the Hertzian analytical solution, 

demonstrating that the EHL contact shares similarities with direct solid contacts. 

The solutions from the newly developed model show good alignment with the ANSYS results 

across different mesh resolutions. The medium and fine NURBS meshes accurately capture the 

pressure spike near the outlet, while the coarse mesh produces minor oscillations near the spike, 

likely due to the steep pressure gradient. Despite this, it is notable that the coarse mesh computations 

are completed in just 10 minutes. 

Fig. 8b shows the void fraction distributions determined by the ANSYS and EHL models. The 

NURBS-based model accurately captures the cavitation region, with even the coarse mesh yielding 

high-quality results. Nevertheless, slight discrepancies between the EHL and ANSYS solutions are 

visible. These differences stem from the cavitation model used in the ANSYS CFD solver, which is 

based on bubble dynamics and phase transitions. 

Fig. 8c compares the deformed gap height distributions near the contact region as calculated by 

both models. The profiles obtained from the NURBS-based model visually follow the ANSYS 

reference curve very closely, indicating that the model captures the correct deformation trend. 
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Notably, despite the unphysical pressure oscillations induced by the coarse NURBS mesh, the 

resulting deformed gap height remains consistent with the finer-mesh and ANSYS results. 

  

 

Fig. 8 Comparison of the (a) averaged pressure, (b) void fraction, and (c) deformed gap height 

between the ANSYS FSI model and the NURBS-based EHL model. 

To further quantify the model accuracy and assess its mesh sensitivity, Table 3 presents the 

relative errors of representative quantities evaluated against the ANSYS reference solution. The 

examined quantities include the maximum pressure as well as the central and minimum gap height, 

which are characteristic indicators of EHL performance. The overall decrease in error with mesh 

refinement demonstrates the convergence and reliability of the new model. The results also confirm 

that the coarse mesh already provides accurate predictions for maximum pressure and central gap 

height. However, because the minimum gap height is extremely small, even a minor deviation in 

absolute value results in a relatively large percentage error for the coarse mesh. 
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Table 3 Mesh-sensitivity assessment of the NURBS-based EHL model with relative errors evaluated 

against the ANSYS reference solution. 

Mesh resolution 
Evaluated error 

Max. pressure Central gap height Min. gap height 

Coarse 0.08% 1.59% 14.88% 

Medium 0.02% 6.95% 5.77% 

Fine 0.01% 4.17% 3.80% 

For completeness, the FVM-based EHL-FBNS model [12] was tested on the same hard EHL line-

contact benchmark. Using a uniform grid of 2048 cells, the EHL-FBNS solver did not reach 

convergence even after extensive iterations. This difficulty arises because the present benchmark 

contains a highly localized EHL contact region (𝑎𝐸𝐻𝐿 = 0.16 mm) embedded within a fluid domain 

of approximately 10 mm length. Resolving the steep pressure spike and the cavitation zone in such 

cases requires pronounced local mesh refinement, which the uniform-grid EHL-FBNS 

implementation does not provide. In the absence of refinement, the method would require 

prohibitively fine global discretization to adequately capture the local gradients. 

After demonstrating the superiority of the proposed model in addressing hard EHL contact 

problems, this section will illustrate its capability in handling soft EHL contacts, where the nonlinear 

behavior of the solid material is taken into account. For this purpose, the setup shown in Fig. 4 is 

retained, but the cylinder material is replaced by a soft rubber characterized by an elastic modulus of 

𝐸𝑐𝑦𝑙 = 2.4 MPa and a Poisson’s ratio of 𝜈𝑐𝑦𝑙 = 0.49. In ANSYS, the default Neo-Hookean material 

model is typically employed to describe the hyperelastic response of rubber, with the constitutive 

relation expressed as  

𝑺 = 𝜇(𝑰 − 𝑪−1) + 𝜅𝐽(𝐽 − 1)𝑪−1. (40) 

In this formulation, 𝑺 and 𝑪 denote the second Piola–Kirchhoff stress tensor and the right Cauchy–

Green tensor, respectively, while 𝐽 represents the determinant of the deformation gradient. The Lamé 

parameter 𝜇 and the bulk modulus 𝜅 are determined from 
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𝜇 =
𝐸𝑐𝑦𝑙

2(1 + 𝜈𝑐𝑦𝑙)
,  𝜅 =

𝐸𝑐𝑦𝑙

3(1 − 2𝜈𝑐𝑦𝑙)
. (41) 

To clearly demonstrate the highly nonlinear characteristics of this constitutive law, Fig. 9 

compares the uniaxial stress–strain curve obtained from Eq. (40) with that predicted by a linear 

elastic law using identical values of 𝐸𝑐𝑦𝑙  and 𝜈𝑐𝑦𝑙 . The results show that the linearly elastic law 

substantially overestimates the stress level at large strains (e.g., engineering strains exceeding 10% in 

Fig. 9). For soft EHL contact problems, which involve more complex deformation states than 

uniaxial loading, employing a hyperelastic description is therefore essential. 

 

Fig. 9 Comparison of the uniaxial stress–strain response predicted by the ANSYS Neo-Hookean law 

and the linearly elastic law for identical material parameters (𝐸𝑐𝑦𝑙 = 2.4 MPa, 𝜈𝑐𝑦𝑙 = 0.49). 

The vertical line load is adjusted to 800 N/m, which, according to Eq. (39), results in a half-width 

of the contact region approximately ten times larger than that of the hard EHL contact problem 

described above. Consequently, the centrally refined region in the ANSYS FSI model (see Fig. 5) 

must be enlarged, while the type and the total number of elements remain unchanged. It should also 

be noted that the “large deflection” option in ANSYS Mechanical must be activated to capture the 

nonlinear deformation response. This setting, however, further slows down convergence, and the 

ANSYS FSI model ultimately required about 42 hours of computation. By contrast, the proposed 

model employed the coarse NURBS mesh listed in Table 2 and completed the calculation in about 

120 iterations and 12 minutes of runtime. 
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Fig. 10 Von Mieses stress σ𝑣𝑚 considering cylinder hyperelasticity, predicted by (a) the ANSYS FSI 

model and (b) the NURBS-based EHL model. 

Fig. 10 compares the Von Mises stress distributions within the hyperelastic cylinder, as obtained 

from the ANSYS FSI model and the newly proposed model. Owing to the much lower stiffness of 

the cylinder, the deformation region becomes significantly larger than in the hard EHL contact case, 

while the stress level is markedly smaller. It can also be observed that, despite the proposed model 

requiring only about 0.5% of the computational time of the ANSYS model, both approaches yield 

quantitatively consistent stress patterns, further highlighting the superiority of the NURBS-based 

model. 

Fig. 11 presents a more detailed comparison of the results obtained from the two models. Notably, 

in order to illustrate the effects of nonlinear deformation, results computed using the NURBS-based 

model with linear elasticity (LE) are also included in Fig. 11 (red lines). Compared with the NURBS-

based model with hyperelasticity (HE), the LE formulation represents a simplified variant: the 

configuration changes in Eq. (16) are neglected (using the Cauchy stress instead of the Piola-

Kirchhoff stress), and the solid behavior is described by a linearly elastic law (see Fig. 9). 

In fact, the FVM-based EHL-FBNS model [12] was also tested for this soft EHL configuration. 

The solver required about 21450 iterations and roughly 35 minutes to converge, which does not 

provide a computational advantage over the proposed NURBS-based formulation. Moreover, 

because the EHL–FBNS approach relies on a half-space approximation to evaluate solid deformation, 

it does not explicitly capture the actual cylinder curvature. As a consequence, the predicted pressure 

and gap-height fields showed noticeable deviations from both the ANSYS reference solution and the 

NURBS-based results. For these reasons, the FBNS results are not included here, and the NURBS-

Ju
st

 A
cc

ep
te

d



                                                                                    

Friction                                                                              https://mc03.manuscriptcentral.com/friction 

30 

based model with linear elasticity (LE), which converges within roughly 100 iterations and about 8 

minutes, is used instead as a consistent reference for assessing the influence of nonlinear deformation. 

  

  

Fig. 11 Comparison of the (a) averaged pressure, (b) void fraction, (c) deformed gap height, and (d) 

deformed cylinder surface among the ANSYS FSI model, the NURBS-based model with 

hyperelasticity (HE), and the NURBS-based model with linear elasticity (LE). 

As can be seen from Fig. 11, the results predicted by the HE model are in excellent agreement 

with those obtained from ANSYS. Using only the coarse mesh listed in Table 2, the proposed model 

accurately captures the location and extent of the cavitation region. The deformed gap height 

computed by ANSYS shows minor numerical oscillations in the central region, but this does not 

affect its overall consistency with the NURBS results. A small discrepancy can be observed in the 

peak value of the cavitation volume fraction, which is slightly higher in the ANSYS solution. This 

difference arises because ANSYS models cavitation based on bubble dynamics, where the void 

fraction is treated as a function of the local film thickness. 
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In contrast, the results obtained using the infinitesimal strain theory deviate significantly. As 

shown in Fig. 11a, the model with linear elasticity predicts a higher pressure-peak compared to the 

nonlinear case, while Fig. 11d clearly indicates a smaller deformation of the cylinder surface. This 

behavior is consistent with Fig. 9, where the linearly elastic law markedly underestimates the 

material’s deformation capacity compared to the hyperelastic formulation. 

Table 4 Relative errors of key quantities in the soft EHL line contact, evaluated against the ANSYS 

reference solution for the NURBS-based model using hyperelastic (HE) and linear-elastic (LE) 

material laws. 

Material model 
Evaluated error 

Max. pressure Central gap height Min. gap height Central deformation 

LE 4.25% 6.81% 10.36% 19.25% 

HE 0.22% 1.25% 1.61% 0.02% 

To explicitly assess the numerical accuracy of the two material formulations, Table 4 lists the 

relative errors of the maximum pressure, the central and minimum gap heights, and the central 

deformation with respect to the ANSYS reference solution. The hyperelastic model reproduces the 

ANSYS results with excellent accuracy, yielding relative errors below 2% for both pressure and film 

thickness. In contrast, the linear-elastic model exhibits markedly larger deviations, particularly in the 

predicted deformation, where the relative error exceeds 19%. These discrepancies are expected to 

become more pronounced with increasing external load. Therefore, employing a realistic constitutive 

law in combination with a nonlinear deformation framework is essential for accurately modeling soft 

EHL contact problems. 

5 Soft EHL point contact 

In this section, the newly developed model is applied to investigate the EHL contact between an 

hyperelastic hemisphere and a rigid plane (see Fig. 12). A fluid lubricant is introduced to separate the 

contact surfaces and balance the external vertical load 𝐹. The hemisphere, with a radius of 𝑅 = 10 

mm, is fixed at its upper surface (𝑈𝑠
2 = 0), while the rigid plane moves at a constant velocity 𝑈𝑠

1. 

Therefore, the entraining velocity is evaluated as 𝑈̅𝑠 = 𝑈𝑠
1/2. 
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Fig. 12 Soft EHL point contact between an elastic hemisphere and a rigid plane. 

The fluid domain corresponding to the Reynolds equation is defined as a square with a side length 

of 𝐿 = 10 mm, ensuring that its boundary 𝛤𝑏
𝑓
 is sufficiently far from the central contact area. The 

boundary conditions for the pressure 𝑝𝑏 and void fraction 𝑟𝑏 at 𝛤𝑏
𝑓
 are set as  

𝑝𝑏 = 0 Pa,  𝑟𝑏 = 0,  ∀𝑥𝑓 ∈ 𝛤𝑏
𝑓
, (42) 

to establish a fully flooded condition.  

Additionally, to efficiently reduce computational cost, symmetry boundary conditions are imposed 

on the symmetry plane 𝛤𝑠𝑦𝑚
𝑠  of the solid hemisphere and the symmetry axis 𝛤𝑠𝑦𝑚

𝑓
 of the fluid domain 

(refer to the equivalent problem depicted in Fig. 12): 

• For all material points on Γ𝑠𝑦𝑚
𝑠 , the displacement in the 𝑦-direction is constrained to zero, 

𝑢𝑠𝑦
2 = 0,  ∀𝒙𝑠

2 ∈ 𝛤𝑠𝑦𝑚
𝑠 . (43) 

• For all spatial points on 𝛤𝑠𝑦𝑚
𝑓

, the flow velocity in the 𝑦-direction is set to zero, indicating a 

zero pressure-gradient, 

𝜕𝑝

𝜕𝑦
= 0,  ∀𝒙𝑓 ∈ 𝛤𝑠𝑦𝑚

𝑓
. (44) 

This study employs a different form of the constitutive law from that in Eq. (40) introduced in the 

previous section. It also belongs to the Neo-Hookean family and is used to describe the nonlinear 

elastic response of the hemisphere: 
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𝑺 = 𝜇(𝑰 − 𝑪−1) + 𝜆(𝑙𝑛 𝐽)𝑪−1. (45) 

The Lamé parameters 𝜆 and 𝜇 are derived from Young’s modulus 𝐸𝑠 and Poisson’s ratio ν𝑠:  

𝜆 =
𝐸𝑠𝜈𝑠

(1 + 𝜈𝑠)(1 − 2𝜈𝑠)
,  𝜇 =

𝐸𝑠

2(1 + 𝜈𝑠)
. (46) 

For this soft EHL scenario, a rheological law for pressure-dependent viscosity is not required, 

since the fluid pressure remains relatively low (as can be seen from Fig. 11a). Accordingly, the 

lubricant is treated as isoviscous, with a viscosity of 𝜂 = 0.78 Pa ⋅ s. The complete set of default 

parameters for this case is provided in Table 5. 

Table 5 Material properties and default boundary conditions for the EHL point contact 

Parameter Value 

Hemisphere radius 𝑅 = 10 mm 

Hemisphere elastic modulus 𝐸𝑠 = 2.4 MPa 

Hemisphere poisson's ratio ν𝑠 = 0.49 

Lubricant viscosity η = 0.78 Pa ⋅ s 

Boundary pressure 𝑝𝑏 = 0 Pa 

Boundary void fraction 𝑟𝑏 = 0 

Entraining velocity 𝑈̅𝑠 = 0.1 m/s 

Vertical load 𝐹 = 10 N 

The quarter sphere and the rectangular fluid domain depicted in Fig. 12 can each be represented 

using a single NURBS element. To ensure a uniform NURBS structure, a non-zero inner radius is 

introduced for the quarter sphere. This radius is sufficiently small (1 mm) to avoid influencing the 

results, as shown in Fig. 13. Since the construction process is not the primary focus of this study, it is 

not detailed here. Readers seeking additional information may refer to Piegl and Tiller [24]. 

The NURBS meshes for both the solid and fluid domains are then elevated to third-order NURBS 

(N3) parameterizations across all dimensions (see Fig. 13). Local refinement is applied to the solid 

mesh in the central pressurized area to accurately capture large deformations. Ultimately, the quarter 

sphere consists of 40 × 20 × 10 = 8000  elements (corresponding to 43 × 23 × 13 = 12857 

control points), while the fluid domain is composed of 80 × 40 = 3200 N3 elements (corresponding 
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to 83 × 43 =  3569 control points). Additional mesh-refinement tests did not lead to noticeable 

changes in the predicted pressure, film-thickness or deformation fields, indicating that the chosen 

discretization is numerically well resolved for this 3D configuration. 

 

Fig. 13 NURBS mesh utilized for the soft EHL point contact problem. 

Fig. 14 illustrates the stress distributions within the deformed hemisphere under the fully flooded 

condition (𝐹 = 10 N, 𝑈̅𝑠 = 0.1 m/s), as predicted by the NURBS-based EHL model. It is observed 

that all stress components exhibit nearly complete symmetry about the 𝑦𝑧-plane, including the shear 

stress 𝜎𝑧𝑥. This behavior deviates from that typically observed in hard EHL contacts, where subtle 

asymmetries are present (see Fig. 6f). This deviation can be attributed to the significantly softer 

material of the hemisphere, which contrasts with hard EHL cases and prevents the formation of a 

pressure spike, as shown in Fig. 8a. Consequently, soft EHL contact more closely resembles Hertzian 

contact patterns (e.g. in de Lorenzis et al. [21]) compared to hard EHL contact. 

Ju
st

 A
cc

ep
te

d



                                                                                    

Friction                                                                              https://mc03.manuscriptcentral.com/friction 

35 

  

  

Fig. 14 Stresses within the deformed hemisphere under the fully flooded condition with an external 

load 𝐹 = 10 N and entraining velocity 𝑈̅𝑠 = 0.1 m/s, obtained from the NURBS-based EHL model: 

(a) normal stress 𝜎𝑧, (b) normal stress 𝜎𝑥, (c) shear stress 𝜎𝑧𝑥, and (d) Von Mises stress 𝜎𝑣𝑚. 

   

   

Fig. 15 Pressure 𝑝 (a-c), void fraction 𝑟 (grayscale, d-f), and deformed gap height ℎ (color contours, 

d-f) under the fully flooded condition, obtained from the NURBS-based EHL model. Subplots 

correspond to different external loads: (a, d) 𝐹 = 4 N, (b, e) 𝐹 = 10 N, and (c, f) 𝐹 = 20 N, with 

entraining velocity corresponding to different external loads (entraining velocity 𝑈̅𝑠 = 0.1 m/s). 

Fig. 15 shows the distributions of pressure, void fraction, and deformed gap height within the fluid 

domain, with the entraining velocity maintained at 𝑈̅s = 0.1 m/s. In addition to the external load of 
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𝐹 = 10 N, which corresponds to the solid stress distributions shown in Fig. 14, this study also 

investigates two additional loads, 𝐹 = 4 N and 𝐹 = 20 N. Unlike the almost negligible pressurized 

area in hard EHL contacts (e.g., the pressurized area in Fig. 8a with a radius of 0.16 mm), the EHL 

contact areas in Figs. 15a-c are relatively large compared to the hemisphere’s radius of 𝑅 = 10 mm 

(e.g. when 𝐹 = 10 N, the radius of the pressurized area is 2.7 mm as shown in Fig. 15b). 

Figs. 15d-f clearly demonstrate the presence of a cavitation region on the downstream side. The 

cavitation region consistently remains adjacent to the central pressurized area. Consequently, as the 

external load increases, the inner boundary of the cavitation region expands outward along with the 

pressurized area. Additionally, a larger external load results in a narrower deformed gap height 

between the hemisphere and the plate. 

Moreover, this section examines the effects of varying entraining velocities while maintaining a 

constant external load. Fig. 16 presents the pressure and gap height profiles for 𝐹 = 10 N, with 𝑈̅𝑠 

set to 0.1, 0.5, and 2.5 m/s. For comparison, both the NURBS-based model with hyperelasticity (HE) 

and the NURBS-based model with linear elasticity (LE) are included, with the LE results shown as 

dashed lines. 

Figs. 16a and 16c show that the pressure predicted by the HE and LE models differs significantly. 

The discrepancy becomes more pronounced as the entraining velocity decreases, with the peak 

pressure differing by nearly 12%  at 𝑈̅𝑠 = 0.1 m/s . Correspondingly, the deformed gap height 

obtained from the two models also exhibits noticeable differences. The LE model consistently 

predicts a smaller gap height, and the deviation from the HE results increases with entraining 

velocity. 
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Fig. 16 Pressure and deformed gap height profiles under the fully flooded condition with an external 

load of 𝐹 = 10 N for various entraining velocities. Subplots show (a) pressure distribution along 

𝑦 =  0 mm, (b) gap height profile along 𝑦 =  0 mm, (c) pressure distribution along 𝑥 =  0 mm, 

and (d) gap height profile along 𝑥 =  0 mm. Solid lines represent the results of the NURBS-based 

model with hyperelasticity (HE), whereas dashed lines correspond to the NURBS-based model with 

linear elasticity (LE). 

Generally, the deformed central gap height ℎ𝑐𝑓𝑓 , or central film thickness (these terms are 

equivalent as the central area is fully filled with lubricant, see Fig. 15d-f), is a key parameter for 

characterizing EHL point contacts. While the central film thickness for hard EHL contacts can be 

approximated analytically, an analytical solution for soft EHL contacts is not feasible due to the 

nonlinear solid deformations. To address this, de Vicente et al. [43] proposed a regression equation 

for ℎ𝑐𝑓𝑓  based on extensive numerical simulations under the assumptions of linear elasticity and 

infinitesimal strain theory: 

ℎ𝑐𝑓𝑓

𝑅∗
= 3.3 𝑈̅0.60𝑊̅−0.14, (47) 
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with 𝑈̅ = 𝑈̅𝑠𝜂/(𝐸∗𝑅∗) and 𝑊̅ = 𝐹/(𝐸∗𝑅∗2). The reduced radius 𝑅∗ is equal to 𝑅, and the reduced 

elastic modulus 𝐸∗ is equal to 2𝐸𝑠/(1 − 𝜈𝑠
2). 

Fig. 17a illustrates the central film thickness ℎ𝑐𝑓𝑓  for external loads ranging from 0.2 to 20 N, 

with entraining velocities 𝑈̅𝑠  of 0.1 , 0.5 , and 2.5 m/s . The results of both the NURBS-based 

hyperelastic (HE) and linear elastic (LE) models are shown, together with the regression equation 

(77). Since the external load range used by de Vicente et al. [43] was 0.75 to 24 N, their regression 

equation and the LE model exhibit overall consistent trends within this interval, whereas it is no 

longer valid for loads below 0.75 N. 

  

Fig. 17 Results under the fully flooded condition for varying entraining velocities and external loads: 

(a) central film thickness and (b) central deformation in the z-direction. Circular markers denote the 

NURBS-based model with hyperelasticity (HE), triangular markers represent the NURBS-based 

model with linear elasticity (LE), and dashed lines correspond to Eq. (47) from [43]. 

For loads smaller than 0.75 N, the HE and LE models yield nearly identical values of ℎ𝑐𝑓𝑓. This 

agreement is explained by the minimal deformation of the hemisphere, as illustrated in Fig. 17b, 

where the central deformation in the z-direction from both NURBS models is shown. Under such 

conditions, the hyperelastic and linear elastic constitutive laws essentially overlap, and configuration 

changes can be neglected, so that the infinitesimal strain theory remains valid. 

As the external load increases, however, the discrepancy between the HE and LE predictions of 

deformation becomes progressively larger (see Fig. 17b). This arises from both the growing 

divergence between the constitutive laws and the increasing influence of configuration changes on 
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the stress and strain measures. Consequently, the two models also exhibit increasingly different 

predictions of ℎ𝑐𝑓𝑓  in Fig. 17a. These findings further highlight the importance of employing a 

nonlinear framework for accurately modeling soft EHL contacts. 

In addition to the central film thickness under the fully flooded condition, the frictional behavior 

between contact surfaces is also a key aspect of tribological studies. In EHL contacts, the frictional 

force arises from the shear stress 𝒕̅𝑠
𝑖  exerted by the fluid on the solid surface 𝛤𝐼𝑡

𝑖  (𝑖 = 1 for the plate, 

𝑖 = 2 for the hemisphere), as defined in Eq. (19). Accordingly, the COF on both contact surfaces is 

determined as 

𝜇𝑖 =
|∫ 𝒕̅𝑠

𝑖 ⋅ 𝒆𝟏 d𝛤
𝛤𝐼𝑡

𝑖 |

𝐹/2
. (48) 

De Vicente et al. [43] also used their linear model to calculate 𝜇𝑖 on both contact surfaces under 

various operating conditions. Similar to Eq. (47), they derived the following regression equation to 

predict the COF:  

𝜇𝑖 = SRR(3.8 𝑈̅0.71𝑊̅−0.76 + 0.96 𝑈̅0.36𝑊̅−0.11) ± 1.46 𝑈̅0.65𝑊̅−0.7, (49) 

where the slide-to-roll ratio (SRR) is set to 2 for the pure sliding case. The sign of the second term is 

positive for the plane and negative for the hemisphere. It should be mentioned that their model 

employs the half-space method to calculate the linear deformation of the gap height. Consequently, 

the integration domain for their COF calculations is not 𝛤𝐼𝑡
𝑖 , as defined in Eq. (48), but rather the 

fluid domain 𝛺𝑓. In this example, since the lower contact surface is a flat plane, 𝛤𝐼𝑡
1 can be considered 

equivalent to 𝛺𝑓 . However, the upper contact surface, being a curved hemisphere, introduces 

curvature and deformation effects that are not captured in Eq. (49). 

Fig. 18a compares the COF 𝜇1  on the rigid plane side calculated using the NURBS-based 

hyperelastic model and Eq. (49) under various external loads and entraining velocities. While the 

central film thickness predicted by de Vicente et al. [43] differs significantly from the NURBS-based 
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model at high entraining velocities (see Fig. 17a), the COF results on the rigid plane side exhibit 

minimal differences and remain largely consistent. 

  

Fig. 18 COF under the fully flooded condition for varying entraining velocities and external loads: (a) 

COF 𝜇1 evaluated from the rigid plate side and (b) COF 𝜇2 evaluated from the hemisphere side. The 

results of the NURBS-based EHL model are compared with the regression equation Eq. (49) from 

[43], where 𝜇𝑝
2 indicates the inclusion of pressure contributions to the frictional force. 

Furthermore, Fig. 18b compares the COF 𝜇2 on the hemisphere side, as computed by both models. 

Notably, the NURBS-based model utilizes not only Eq. (48) to calculate 𝜇2, but also an alternative 

equation, which is denoted as 𝜇𝑝
2 and defined as 

𝜇𝑝
2 =

|∫ (𝒕̅𝑠
𝑖 − 𝑝𝒏̅2)

𝛤𝐼𝑡
𝑖 ⋅ 𝒆𝟏 d𝛤|

𝐹/2
. (50) 

The key difference between Eq. (48) and Eq. (50) lies in the inclusion of the 𝑥-directional component 

of fluid pressure in the frictional force calculation, alongside the fluid shear stress. 

Fig. 18b demonstrates that when the contribution of fluid pressure is not considered, the 𝜇2 values 

calculated using Eq. (49) and the NURBS-based model are largely consistent. As previously 

mentioned, the small discrepancies between these results stem from the inability of the model 

proposed by de Vicente et al. [43] to account for geometric changes in the solid contact surfaces 

caused by large deformations. 
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However, in practical measurements, the frictional force is generally measured along the sliding 

direction (e.g., see Sadowski and Stupkiewicz [27]). In this process, it is impossible to distinguish 

between the contributions of fluid shear stress and fluid pressure. Consequently, the measured 

frictional force naturally includes the component from fluid pressure, corresponding to 𝜇𝑝
2 as defined 

in Eq. (50). Fig. 18b shows that 𝜇𝑝
2 is notably higher than the estimate provided by Eq. (49), and, as 

expected, it aligns more closely with 𝜇1 (see Fig. 18a). 

6 Soft EHL contact considering roughness orientation effects 

Touche et al. [40] and Baochun et al. [2] experimentally observed that transversely oriented 

surface roughness enhances lubrication efficiency and reduces friction compared to other 

orientations. Although Zhu [45] and Baochun et al. [2] have explained this phenomenon using 

traditional EHL models, their approaches are based on linear elasticity assumptions and infinitesimal 

deformation theory. To date, no models have investigated whether this conclusion holds for soft 

materials undergoing nonlinear large deformations.  

   

   

Fig. 19 Randomly generated topographies with (a) isotropic, (b) longitudinal, and (c) transverse 

roughness orientations, and their corresponding NURBS representations using 212 control points (d–

f). 
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In this section, a benchmark example is presented that examines friction between rough surfaces 

in soft materials, and the newly developed NURBS-based EHL model is employed to solve the 

problem. Three surfaces with different roughness orientations (see Figs. 19a-c) are generated using 

the random topography generator developed by Bergström [4]. These topographies are square, with a 

side length of 𝐿 = 10 mm, and follow the Gaussian distribution. Their root-mean-square (RMS) 

heights are set to 𝜎 = 2 μm, with the correlation lengths in the 𝑥- and 𝑦-directions provided below: 

Isotropic ⇒ 𝑙𝑐𝑥 = 𝑙𝑐𝑦 = 1 mm; 

Longitudinal ⇒ 𝑙𝑐𝑥 = 2 mm,  𝑙𝑐𝑦 = 1 mm; 

Transverse ⇒ 𝑙𝑐𝑥 = 1 mm,  𝑙𝑐𝑦 = 2 mm. 

The RMS height characterizes the amplitude of the surface roughness, whereas the correlation 

lengths define the characteristic wavelength of the topographical features and thereby govern the 

number and spatial distribution of surface peaks and valleys. By prescribing different ratios of 

correlation lengths in the x- and y-directions while keeping the RMS height fixed, surface roughness 

orientation is introduced in a controlled manner. 

The isotropic topography is taken as a reference configuration, for which equal correlation lengths 

𝑙𝑐𝑥 = 𝑙𝑐𝑦 = 1 mm are selected to generate a sufficiently rich roughness pattern over the surface 

domain of 𝐿 = 10 mm, while maintaining a computationally feasible mesh resolution. Based on this 

isotropic reference, longitudinal and transverse roughness orientations are obtained by increasing the 

correlation length along the x- or y-direction, respectively. 

These rough surfaces can be constructed using the NURBS parameterization (the numerical 

implementation is described in Tong et al. [38]). Due to the high continuity and superior 

performance of NURBS in handling complex geometries, only 212 control points are required to 

build these three surfaces, as illustrated in Figs. 19d-f. 
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Fig. 20 Soft EHL contact between a rigid plane and an elastic pin with the upper surface 

configurable to isotropic, longitudinal or transverse roughness patterns. 

In this section, the EHL contact between an elastic pin and a rigid plane is investigated (see Fig. 

20). The pin has a height of 𝐻 = 0.1 mm, with its lower surface fixed, while its upper surface can be 

configured using the rough surfaces shown in Fig. 19 to incorporate different topography orientations. 

The NURBS mesh of the elastic pin is refined with 18 × 18 × 10 = 3240  third-order (𝑁3 ) 

elements, with local refinement applied near the contact surface. Meanwhile, the fluid mesh is 

refined with 40 × 40 = 1600  𝑁3  elements. Further refinement of both solid and fluid meshes  

resulted only in minor variations of the friction response, confirming that the reported results are 

essentially mesh-independent. 

The rigid plane is pressed downward by an external force 𝐹 and subject to a prescribed velocity of 

𝑈𝑠
2 = 2 m/s in the 𝑥-direction. The fully flooded condition is considered in this study. Accordingly, 

the pressure and void fraction at the boundary 𝛤𝑏
𝑓
 of the fluid domain are set as 

𝑝𝑏 = 0 𝑃𝑎,  𝑟𝑏 = 0,  ∀𝑥𝑓 ∈ 𝛤𝑏
𝑓
. (51) 
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The pin material is assumed to be hyperelastic, with its constitutive equation defined in Eq. (45). 

Additionally, the lubricant is considered isoviscous, with a viscosity of 𝜂 = 0.78 Pa ⋅ s. A summary 

of the material parameters and boundary conditions is provided in Table 6. 

Table 6 Material properties and boundary conditions for the EHL contact considering roughness 

orientations 

Parameter Value 

Pin elastic modulus 𝐸𝑠 = 2.4 MPa 

Pin poisson's ratio 𝜈𝑠 = 0.49 

Lubricant viscosity 𝜂 = 0.78 Pa ⋅ s 

Boundary pressure 𝑝𝑏 = 0 Pa 

Boundary void fraction 𝑟𝑏 = 0 

Entraining velocity 𝑈̅𝑠 = 1 m/s 

In this example, the external load 𝐹 ranges from 0.1 to 12 N. For each value of 𝐹, the proposed 

NURBS-based EHL model is used to compute the stationary result. Subsequently, Eq. (48) can be 

employed to determine the COF values between the rigid plane and rough surfaces with different 

topography orientations. 

Notably, this section evaluates only the COF 𝜇2 on the rigid plane, as presented in Fig. 21. This is 

because the RMS height of the rough surfaces shown in Fig. 19 is extremely small compared to their 

side lengths, allowing the curvature effects to be neglected. As a result, the COF values computed 

using Eqs. (48) and (50) for 𝜇1, 𝜇2, and 𝜇𝑝
2 are nearly identical. 

The COF curves in Fig. 21 resemble the classical Stribeck curve typically observed in hard EHL 

contacts [11]. When 𝐹 is small, the system remains in the hydrodynamic regime, where the gap 

height is much larger than the RMS roughness, and the influence of topography orientation is 

negligible, resulting in nearly overlapping COF values. With increasing 𝐹, the curves deviate from 

their initially linear trend, producing a rapid growth in COF. 
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Fig. 21 COF 𝜇2 evaluated on the rigid plane for different roughness patterns and external loads under 

the fully flooded condition. 

In hard EHL studies, such a sharp COF increase is usually associated with the onset of mixed 

lubrication, which is conventionally defined as the moment when the first asperity contacts occur 

(see Spikes [31]). However, this definition is inherently ambiguous, since the precise location and 

timing of the first asperity contact are difficult to determine in practice. Moreover, the NURBS-based 

model developed in this work does not incorporate solid contact. For these reasons, we adopt the 

alternative criterion proposed by Touche et al. [40], where the transition is identified as the point at 

which the friction coefficient deviates from viscous scaling. Following this definition, the transition 

points correspond to the minima of the COF curves in Fig. 21, occurring at external loads of 2.2 N, 

2.6 N, and 7.0 N for the isotropic, longitudinal, and transverse topographies, respectively. 

Table 7 Transition loads, maximum converged loads, and friction-reduction ratios for different 

topography orientations. The reduction ratio is evaluated at the transition load relative to the COF at 

the smallest external load in Fig. 21 (𝐹 = 0.1 N). 

Topography 

orientation 

Transition load 

𝑭𝒕𝒓𝒂𝒏/𝐍 

Max. converged 

load 𝑭𝒎𝒂𝒙/𝐍 

COF reduction 

ratio at transition 

Isotropic 2.2 3.3 81.3% 

Longitudinal 2.6 3.7 87.1% 

Transverse 7.0 11.2 93.3% 
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To complement the graphical representation, Table 7 summarizes the transition loads and the 

corresponding friction‐reduction ratios extracted from Fig. 21. It is evident that the transverse 

topography exhibits the greatest friction reduction (over 90%), whereas the isotropic surface shows 

the smallest reduction ratio. The pressure and void‐fraction distributions at the transition points for 

different topographies are further illustrated in Fig. 22, while Figs. 23a–c show the corresponding 

deformed gap‐height distributions. 

From Fig. 22, it can be observed that the isotropic and longitudinal topographies correspond to 

relatively small transition forces, which in turn result in lower fluid pressures. Due to the 

characteristic grooves in the longitudinal topography, pressure tends to build up more easily, leading 

to a larger non-zero pressure region compared to the isotropic topography, along with lower 

maximum pressures and cavitation volume fractions. 

   

   

Fig. 22 Pressure 𝑝 (a–c) and void fraction 𝑟 (d–f) under the transition external load for different 

roughness patterns: (a) and (d), isotropic (𝐹 =  2.2 N); (b) and (e), longitudinal (𝐹 =  2.6 N); (c) 

and (f), transverse (𝐹 =  7.0 N), obtained from the NURBS-based EHL model. 
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In contrast, the transverse topography exhibits the highest transition force and consequently 

higher maximum fluid pressures. Furthermore, Figs. 23a-b indicate that at the transition point, the 

deformed gap height for the isotropic and longitudinal topographies is relatively large, implying that 

the rough surfaces undergo smaller deformations. Conversely, the transverse topography shows a 

significantly thinner gap at the transition point (see Fig. 23c), with its profile deviating markedly 

from the initial undeformed topography shown in Fig. 19c. 

   

   

Fig. 23 Deformed gap height ℎ for different roughness patterns under the transition and maximum 

converged external loads: (a) 𝐹 =  2.2 N, (d) 𝐹 =  3.3 N, isotropic; (b) 𝐹 =  2.6 N, (e) 𝐹 =  3.7 N, 

longitudinal; (c) 𝐹 =  7.0 N, (f) 𝐹 =  11.2 N, transverse, obtained from the NURBS-based EHL 

model. 

Since solid contact is not considered in the NURBS-based EHL model, it fails to converge when 

the external load increases beyond a certain limit (see Fig. 21 and Table 7). This maximum 

convergent force can be interpreted as the upper limit of external load at which no solid contact 
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occurs in the system. For the isotropic, longitudinal, and transverse topographies, the limit force is 

3.3 N, 3.7 N, and 11.2 N, respectively. 

Figs. 23d-f show the deformed gap height distributions for the three oriented topographies at the 

maximum external load. Compared with the corresponding transition states (Figs. 23a-c), the gap 

height is significantly reduced. Remarkably, irrespective of the orientation, elongated microchannels 

aligned with the sliding direction (𝑥-direction) are formed adjacent to the minimum gap regions. 

These channels result from lateral fluid squeezing, which induces surface deformations that 

transform localized asperity-scale load-bearing regions into extended contact areas. In this way, the 

microchannels effectively enlarge the pressure-bearing zone, allowing the fluid to sustain higher 

external loads without the onset of solid contact. 

Among the three orientations, the channel associated with the transverse topography is clearly the 

widest, implying the largest effective pressure-bearing area. This explains why the transverse case 

sustains the highest load and exhibits the lowest friction. Furthermore, as the external load continues 

to increase, the microchannels are progressively compressed, leading to the rapid growth of COF 

observed in Fig. 21. This mechanism differs fundamentally from hard EHL contacts, where the lack 

of solid compliance precludes the formation of such extended channels and asperity contact occurs 

directly once the local fluid capacity is exceeded. These findings are consistent with the conclusion 

of Touche et al. [40], who reported that transverse topographies exhibit superior lubrication 

efficiency. 

7 Conclusions 

This work aims to explore tribological phenomena within the EHL regime by developing a 

comprehensive model based on the NURBS-based IGA framework. The model systematically 

incorporates the kinematics and tractions involved in EHL contacts, facilitating the consistent 

linearization of the weak formulation that governs interactions between nonlinear solid deformations 

and fluid stresses. To discretize the interaction interface, the mortar method is employed, providing 
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flexibility in mesh sizes and polynomial orders for both fluid and solid domains. This approach 

substantially reduces computational costs for complex problems, especially in cases requiring denser 

fluid domain meshes to capture the volumetric distribution of cavitation bubbles accurately.  

For validation, benchmark tests of two-dimensional hard and soft EHL line contacts are 

conducted. In both cases, the NURBS-based framework accurately reproduces the key physical 

responses on the solid and fluid sides, while achieving a substantial reduction in computational cost 

compared with the commercial ANSYS FSI model. 

Subsequently, the new model is applied to an EHL point contact problem between a hyperelastic 

hemisphere and a rigid plate, accounting for nonlinear material properties and large deformations. 

For reference, results from a NURBS-based model with linear elasticity and the regression equations 

of de Vicente et al. [43] are also included. For the central film thickness and solid deformation, the 

hyperelastic and linearly elastic models yield nearly identical results under small external loads, 

consistent with the assumptions of infinitesimal strain theory. As the load increases, however, 

nonlinear effects become more pronounced and the discrepancies between the two models grow. 

With regard to the friction coefficient, the regression equations surprisingly provide accurate 

predictions on the rigid plate side across different external loads and entraining velocities. In contrast, 

for the COF on the hemisphere side, where curvature effects and the contributions from normal 

pressure become significant, the regression equations are no longer valid and deviate substantially 

from the numerical results. The NURBS-based EHL model, however, captures these effects 

accurately. 

This work also investigates the influence of topography orientation on frictional behavior in soft 

EHL contacts. An example is presented in which a rough surface interacts with a rigid plate. Three 

randomly generated topographies with identical RMS heights and different roughness orientations 

(isotropic, longitudinal, and transverse) are adopted for the rough surface. The stationary COF values 

under various external loads are computed. The results reveal a trend similar to that observed in the 
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experimental findings of Touche et al. [40]: the transverse topography sustains the highest load at the 

transition point, and the COF between the contact surfaces is lower than that for the other roughness 

orientations, indicating superior lubrication performance. Furthermore, this work finds that, 

regardless of topography orientation, when subjected to extremely high external loads (approaching 

dry contact), the fluid lubricant is expelled laterally from the contact point, causing deformations in 

the adjacent surfaces and leading to the formation of micro-channels in the sliding direction. 

Notably, the present framework relies on several modeling assumptions, which are briefly 

summarized here. In the solid mechanics formulation, inertial effects are neglected in the momentum 

balance, such that the deformation is treated as quasi-static, while geometric nonlinearity and 

nonlinear material behavior are fully retained. In the fluid formulation, the Reynolds equation is 

solved using a gap height defined as the distance between opposing surfaces along the global normal 

direction, without explicitly accounting for curvature effects in the gap height definition. The 

influence of solid inertia and alternative curvature-aware gap formulations on the predicted EHL 

response constitutes an interesting topic for future studies. 

With respect to the lubrication condition, the present study is restricted to the fully flooded regime. 

In a complementary study [36], the same framework has been applied to investigate the influence of 

lubricant quantity on frictional behavior within the starved EHL regime. Beyond these two regimes, 

the model also holds potential for a wide range of applications, from fundamental tribological 

research to industrial processes. Examples include the design of artificial hip joints (see Tong and 

Müller [35]), the modeling of wet grinding processes involving heat transfer (see Thunich et al. [34]), 

and the prediction of adhesive flow under substrate deformation. The numerical methods and 

algorithms introduced here provide a solid foundation for achieving accurate and efficient solutions 

across such applications.  
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Appendix A. Auxiliary vectors for the mortar-based NURBS discretization 

The covariant vectors on 𝛤𝐼𝑡
𝑖  are defined as 𝝉𝛼

𝑖 ≔ 𝒙𝑠,𝛼
𝑖  (𝛼 =  1,  2), where the subscript (∎),𝛼 

represents the partial derivative operator 𝜕(∎)/𝜕𝜉𝑠𝐼
𝑖𝛼 . They can be connected to the contravariant 

vectors 𝜏𝑖𝛼 (𝛼 =  1,  2) through the metric tensor 𝒎𝑖: 

𝝉𝛼
𝑖 = 𝒎𝛼𝛽

𝑖 𝝉𝑖𝛽 = (𝝉𝛼
𝑖 ⋅ 𝝉𝛽

𝑖 )𝝉𝑖𝛽. (𝐴. 1) 

Notably, Einstein notation is employed for the Greek letters in this equation, with repeated indices 

summed over. This convention will be maintained for all Greek letters throughout the work.  

The variation of 𝒙̅𝑠
𝑖  (defined in Eq. (2)) can then be derived through 

𝛿𝒙̅𝑠
𝑖 = (𝛿𝒙𝑠

𝑖 )|
𝝃̅𝑠𝐼
𝑖 + 𝛿𝜉𝑠̅𝐼

𝑖𝛼𝒙𝑠,𝛼
𝑖 |

𝝃̅𝑠𝐼
𝑖 = 𝒘̅𝑠

𝑖 + 𝛿𝜉𝑠̅𝐼
𝑖𝛼𝝉̅𝛼

𝑖 . (𝐴. 2) 

The first part is the variation when the convective coordinates (𝜉𝑠̅𝐼
𝑖1, 𝜉𝑠̅𝐼

𝑖2) remain constant, and the 

other part arises from the variation of the convective coordinates themselves. For simplicity, the first 

part of the variation is denoted as 𝒘̅𝑠
𝑖 . The variation 𝛿𝜉𝑠̅𝐼

𝑖𝛼 in the second part is computed using 

𝛿𝜉𝑠̅𝐼
𝑖𝛼 = −𝐻̅𝑖𝛼𝛽𝒘̅𝑠

𝑖 ⋅ 𝒆𝛽 , (𝐴. 3) 

where 𝐻̅𝑖𝛼𝛽 (𝛼,  𝛽 =  1,  2) are the inverse components of 𝐻̅𝛼𝛽
𝑖 = 𝒆α ⋅ 𝝉̅𝛽

𝑖 . Consequently, those three 

auxiliary variations introduced in Eq. (23) can be formulated as 

𝛿𝑥̅𝑠𝑛
𝑖 = (𝒘̅𝑠

𝑖 + 𝛿𝜉𝑠̅𝐼
𝑖𝛼𝝉̅𝛼

𝑖 ) ⋅ 𝒏̅𝑖 = 𝒘̅𝑠
𝑖 ⋅ 𝒏̅𝑖 , (𝐴. 4) 

𝛿𝑥̅𝑠𝑠1
𝑖 = (𝒘̅𝑠

𝑖 + 𝛿𝜉𝑠̅𝐼
𝑖𝛼𝝉̅𝛼

𝑖 ) ⋅ 𝑼𝑠𝑑 , (𝐴. 5) 

𝛿𝑥̅𝑠𝑠2
𝑖 = (𝒘̅𝑠

𝑖 + 𝛿𝜉𝑠̅𝐼
𝑖𝛼𝝉̅𝛼

𝑖 ) ⋅ 𝛻𝑝. (𝐴. 6) 

To facilitate the discretization of the interaction virtual work 𝛿𝛱𝑠,𝑐
𝑖  in Eq. (23), the following 

auxiliary vectors are introduced: 

𝒑 = [𝑝1,  𝑝2,   … ,  𝑝𝑛𝑓
]
𝑇
, (𝐴. 7) 

𝒓 = [𝑟1,  𝑟2,   … ,  𝑟𝑛𝑓
]
𝑇
, (𝐴. 8) 
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𝒙𝑖 = [𝒙𝑠1
𝑖𝑇 ,  𝒙𝑠2

𝑖𝑇 ,   … ,  𝒙
𝑠𝑛𝑠

𝑖
𝑖𝑇 ]

𝑇
, (𝐴. 9) 

𝛿𝒙𝑖 = [𝛿𝒙𝑠1
𝑖𝑇 ,  𝛿𝒙𝑠2

𝑖𝑇 ,   … ,  𝛿𝒙
𝑠𝑛𝑠

𝑖
𝑖𝑇 ]

𝑇
, (𝐴. 10) 

𝑹𝑓 = [𝑅𝑓1,  𝑅𝑓2,   … ,  𝑅𝑓𝑛𝑓
]
𝑇
, (𝐴. 11) 

𝑵𝑖 = [𝑅𝑠1
𝑖 (𝝃̅𝑠

𝑖 )𝒏̅𝑖𝑇,  𝑅𝑠2
𝑖 (𝝃̅𝑠

𝑖 )𝒏̅𝑖𝑇,   … ,  𝑅
𝑠𝑛𝑠

𝑖
𝑖 (𝝃̅𝑠

𝑖 )𝒏̅𝑖𝑇]
𝑇
, (𝐴. 12) 

𝑵𝛼
𝑖 = [𝑅𝑠1,𝛼

𝑖 (𝝃̅𝑠
𝑖 )𝒏̅𝑖𝑇,  𝑅𝑠2,𝛼

𝑖 (𝝃̅𝑠
𝑖 )𝒏̅𝑖𝑇,   … ,  𝑅

𝑠𝑛𝑠
𝑖 ,𝛼

𝑖 (𝝃̅𝑠
𝑖 )𝒏̅𝑖𝑇]

𝑇
, (𝐴. 13) 

𝑻𝛼
𝑖 = [𝑅𝑠1

𝑖 (𝝃̅𝑠
𝑖 )𝝉̅𝛼

𝑖𝑇,  𝑅𝑠2
𝑖 (𝝃̅𝑠

𝑖 )𝝉̅𝛼
𝑖𝑇,   … ,  𝑅

𝑠𝑛𝑠
𝑖

𝑖 (𝝃̅𝑠
𝑖 )𝝉̅𝛼

𝑖𝑇]
𝑇
, (𝐴. 14) 

𝑬𝛼
𝑖 = [𝑅𝑠1

𝑖 (𝝃̅𝑠
𝑖 )𝒆𝛼

𝑇 ,  𝑅𝑠2
𝑖 (𝝃̅𝑠

𝑖 )𝒆𝛼
𝑇 ,   … ,  𝑅

𝑠𝑛𝑠
𝑖

𝑖 (𝝃̅𝑠
𝑖 )𝒆𝛼

𝑇]
𝑇
, (𝐴. 15) 

𝑪𝑢
𝑖 = [𝑅𝑠1

𝑖 (𝝃̅𝑠
𝑖 )𝑼𝑠𝑑

𝑇 ,  𝑅𝑠2
𝑖 (𝝃̅𝑠

𝑖 )𝑼𝑠𝑑
𝑇 ,   … ,  𝑅

𝑠𝑛𝑠
𝑖

𝑖 (𝝃̅𝑠
𝑖 )𝑼𝑠𝑑

𝑇 ]
𝑇
, (𝐴. 16) 

𝑪𝑝
𝑖 = [𝑅𝑠1

𝑖 (𝝃̅𝑠
𝑖 )𝛻𝑝,  𝑅𝑠2

𝑖 (𝝃̅𝑠
𝑖 )𝛻𝑝,   … ,  𝑅

𝑠𝑛𝑠
𝑖

𝑖 (𝝃̅𝑠
𝑖 )𝛻𝑝]

𝑇
, (𝐴. 17) 

𝑫1
𝑖 =

1

𝑑𝑒𝑡 𝑯̅𝑖
(𝐻̅12

𝑖 𝑬2
𝑖 − 𝐻̅22

𝑖 𝑬1
𝑖 ),    𝑫2

𝑖 =
1

𝑑𝑒𝑡 𝑯̅𝑖
(𝐻̅21

𝑖 𝑬1
𝑖 − 𝐻̅11

𝑖 𝑬2
𝑖 ), (𝐴. 18) 

Furthermore, in order to project the interaction virtual work onto the fluid domain using the mortar 

method, several averaged quantities at control point 𝐴 (𝐴 = 1,   … ,  𝑛𝑓) are introduced, where the 

NURBS basis functions act as weighting functions: 

𝐴𝐴 = ∫ 𝑅𝑓𝐴
𝛺𝑓

 d𝛺, (𝐴. 19) 

ℎ𝐴 =
1

𝐴𝐴
∫ 𝑅𝑓𝐴ℎ
𝛺𝑓

 d𝛺, (𝐴. 20) 

𝑗𝑠̅𝑓𝐴
𝑖 =

1

𝐴𝐴
∫ 𝑅𝑓𝐴𝑗𝑠̅𝑓

𝑖  d𝛺
𝛺𝑓

, (𝐴. 21) 

𝛿𝑥̅𝑠𝑛𝐴
𝑖 =

1

𝐴𝐴
∫ 𝑅𝑓𝐴𝛿𝒙̅𝑠𝑛

𝑖  d𝛺
𝛺𝑓

, (𝐴. 22) 

𝛿𝑥̅𝑠𝑠1𝐴
𝑖 =

1

𝐴𝐴
∫ 𝑅𝑓𝐴𝛿𝒙̅𝑠𝑠1

𝑖  d𝛺
𝛺𝑓

, (𝐴. 23) 
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𝛿𝑥̅𝑠𝑠2𝐴
𝑖 =

1

𝐴𝐴
∫ 𝑅𝑓𝐴𝛿𝒙̅𝑠𝑠2

𝑖  d𝛺
𝛺𝑓

. (𝐴. 24) 

Substituting Eqs. (A.4)-(A.6) into Eqs. (A.22)-(A.24) leads to 

𝛿𝑥̅𝑠𝑛𝐴
𝑖 =

1

𝐴𝐴
𝛿𝒙𝑖𝑇 ∫ 𝑅𝑓𝐴𝑵𝒊 

𝛺𝑓

d𝛺 =
1

𝐴𝐴
𝛿𝒙𝑖𝑇𝑳𝑛𝐴

𝑖 , (𝐴. 25) 

𝛿𝑥̅𝑠𝑠1𝐴
𝑖 =

1

𝐴𝐴
𝛿𝒙𝑖𝑇 ∫ 𝑅𝑓𝐴[𝑪𝒖

𝒊 + (𝝉̅𝛼
𝑖 ⋅ 𝑼𝒔𝒅)𝑫𝜶

𝒊 ] d𝛺
𝛺𝑓

=
1

𝐴𝐴
𝛿𝒙𝑖𝑇𝑳𝑢𝐴

𝑖 , (𝐴. 26) 

𝛿𝑥̅𝑠𝑠2𝐴
𝑖 =

1

𝐴𝐴
𝛿𝒙𝑖𝑇 ∫ 𝑅𝑓𝐴[𝑪𝒑

𝒊 + (𝝉̅𝛼
𝑖 ⋅ 𝛻𝑝)𝑫𝜶

𝒊 ] d𝛺
𝛺𝑓

=
1

𝐴𝐴
𝛿𝒙𝑖𝑇𝑳𝑝𝐴

𝑖 , (𝐴. 27) 

where 𝐿𝑛𝐴
𝑖 , 𝐿𝑢𝐴

𝑖  and 𝐿𝑝𝐴
𝑖  are introduced to simplify the expressions. 

Appendix B. Linearization for the interaction virtual work 

Eq. (36) evaluates the interaction virtual work 𝛿𝛱𝑠,𝑐
𝑖  using the mortar method. Its linearization 

follows immediately as 

𝛥𝛿𝛱𝑠,𝑐
𝑖 = ∑ [𝛿𝑥̅𝑠𝑛𝐴

𝑖 𝑝𝐴 + (−1)𝑖𝜂
𝛿𝑥̅𝑠𝑠1𝐴

𝑖

ℎ𝐴
+

1

2
𝛿𝑥̅𝑠𝑠2𝐴

𝑖 ℎ𝐴] 𝛥𝑗𝑠̅𝑓𝐴
𝑖 𝐴𝐴

𝑛𝑓

𝐴=1

(𝐵. 1) 

+ ∑ [𝛥𝛿𝑥̅𝑠𝑛𝐴
𝑖 𝑝𝐴 + (−1)𝑖𝜂

𝛥𝛿𝑥̅𝑠𝑠1𝐴
𝑖

ℎ𝐴
+

1

2
𝛥𝛿𝑥̅𝑠𝑠2𝐴

𝑖 ℎ𝐴] 𝑗𝑠̅𝑓𝐴
𝑖 𝐴𝐴

𝑛𝑓

𝐴=1

 

+ ∑ [𝛿𝑥̅𝑠𝑛𝐴
𝑖 𝛥𝑝𝐴 − (−1)𝑖𝜂

𝛿𝑥̅𝑠𝑠1𝐴
𝑖

ℎ𝐴
2 𝛥ℎ𝐴 +

1

2
𝛿𝑥̅𝑠𝑠2𝐴

𝑖 𝛥ℎ𝐴] 𝑗𝑠̅𝑓𝐴
𝑖 𝐴𝐴

𝑛𝑓

𝐴=1

. 

The projected linearizations at control points are defined as 

𝛥ℎ𝐴 =
1

𝐴𝐴
∫ 𝑅𝑓𝐴
𝛺𝑓

𝛥ℎ d𝛺, (𝐵. 2) 

𝛥𝑗𝑠̅𝑓𝐴
𝑖 =

1

𝐴𝐴
∫ 𝑅𝑓𝐴𝛥𝑗𝑠̅𝑓

𝑖  d𝛺
𝛺𝑓

, (𝐵. 3) 

𝛥𝛿𝑥̅𝑠𝑛𝐴
𝑖 =

1

𝐴𝐴
∫ 𝑅𝑓𝐴𝛥𝛿𝑥̅𝑠𝑛

𝑖  d𝛺
𝛺𝑓

, (𝐵. 4) 
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𝛥𝛿𝑥̅𝑠𝑠1𝐴
𝑖 =

1

𝐴𝐴
∫ 𝑅𝑓𝐴𝛥𝛿𝑥̅𝑠𝑠1

𝑖  d𝛺
𝛺𝑓

, (𝐵. 5) 

𝛥𝛿𝑥̅𝑠𝑠2𝐴
𝑖 =

1

𝐴𝐴
∫ 𝑅𝑓𝐴𝛥𝛿𝑥̅𝑠𝑠2

𝑖  d𝛺
𝛺𝑓

. (𝐵. 6) 

The linearized increments of the corresponding quantities can be obtained in a similar way to the 

derivation of their variations: 

𝛥ℎ = [(𝛥𝒙̃𝑠
2 + 𝛥𝜉𝑠̅𝐼

2𝛼𝝉̅𝛼
2) − (𝛥𝒙̃𝑠

1 + 𝛥𝜉𝑠̅𝐼
1𝛼𝝉̅𝛼

1 )] ⋅ 𝒆3, (𝐵. 7) 

𝛥𝑗𝑠̅𝑓
𝑖 =

1

𝑗𝑠̅𝑓
𝑖

𝛻𝑧𝑠̅
𝑖 ⋅ 𝛥(𝛻𝑧𝑠̅

𝑖), (𝐵. 8) 

𝛥𝛿𝑥̅𝑠𝑛
𝑖 = 𝛥𝜉𝑠̅𝐼

𝑖𝛼𝒘̅𝑠,𝛼
𝑖 ⋅ 𝒏̅𝑖 − [𝒏̅𝑖 ⋅ (𝛥𝒙̃𝑠,𝛼

𝑖 + 𝛥𝜉̅𝑠𝐼
𝑖𝛽

𝒙̅𝑠,𝛼𝛽
𝑖 )] (𝒘̅𝑠

𝑖 ⋅ 𝝉̅𝑖𝛼), (𝐵. 9) 

𝛥𝛿𝑥̅𝑠𝑠1
𝑖 = (𝛥𝒘̅𝑠

𝑖 + 𝛥𝛿𝜉𝑠̅𝐼
𝑖𝛼𝝉̅𝛼

𝑖 + 𝛿𝜉𝑠̅𝐼
𝑖𝛼𝛥𝝉̅𝛼

𝑖 ) ⋅ 𝑼𝑠𝑑 , (𝐵. 10) 

𝛥𝛿𝑥̅𝑠𝑠2
𝑖 = (𝛥𝒘̅𝑠

𝑖 + 𝛥𝛿𝜉𝑠̅𝐼
𝑖𝛼𝝉̅𝛼

𝑖 + 𝛿𝜉𝑠̅𝐼
𝑖𝛼𝛥𝝉̅𝛼

𝑖 ) ⋅ 𝛻𝑝 + (𝒘̅𝑠
𝑖 + 𝛿𝜉𝑠̅𝐼

𝑖𝛼𝝉̅𝛼
𝑖 ) ⋅ 𝛥(𝛻𝑝), (𝐵. 11) 

𝛥𝛿𝜉𝑠̅
𝑖𝛼 = −𝐻̅𝑖𝛼𝛽(𝛿𝜉̅𝑠𝐼

𝑖𝛾
𝛥𝒙̃𝑠,𝛾

𝑖 + 𝛿𝜉̅𝑠𝐼
𝑖𝛾

𝒙̅𝑠,𝛾𝜃
𝑖 𝛥𝜉𝑠̅𝐼

𝑖𝜃 + 𝑤̅𝑠,𝛾
𝑖 𝛥𝜉̅𝑠𝐼

𝑖𝛾
) ⋅ 𝒆𝛽 . (𝐵. 12) 

Notably, 𝛥∎̃ is used to signify (𝛥∎)|𝝃̅𝑠
𝑖 , to differentiate it from Δ∎̅. By introducing the following 

auxiliary matrices: 

𝑬𝛼,𝛽
𝑖 = [𝑅𝑠1,𝛽

𝑖 (𝝃̅𝑠
𝑖 )𝒆𝛼

𝑇 ,  𝑅𝑠2,𝛽
𝑖 (𝝃̅𝑠

𝑖 )𝒆𝛼
𝑇 ,   … ,  𝑅

𝑠𝑛𝑠
𝑖 ,𝛽

𝑖 (𝝃̅𝑠
𝑖 )𝒆𝛼

𝑇]
𝑇
, (𝐵. 13) 

𝑘𝛼𝛽
𝑖 = 𝝉̅𝛼,𝛽

𝑖 ⋅ 𝒏̅𝑖 ,  𝑘𝛽𝛾𝛼
𝑖 = 𝝉̅𝛽,𝛾

𝑖 ⋅ 𝒆𝛼 , (𝐵. 14) 

𝑵̅1
𝑖 = 𝑵1

𝑖 + 𝑘11
𝑖 𝑫1

𝑖 + 𝑘12
𝑖 𝑫2

𝑖 ,  𝑵̅2
𝑖 = 𝑵2

𝑖 + 𝑘21
𝑖 𝑫1

𝑖 + 𝑘22
𝑖 𝑫2

𝑖 , (𝐵. 15) 

𝑬̅𝛼
𝑖 = [𝑬𝛼,1

𝑖 + 𝑘11𝛼
𝑖 𝑫1

𝑖 + 𝑘12𝛼
𝑖 𝑫2

𝑖 ,  𝑬𝛼,2
𝑖 + 𝑘21𝛼

𝑖 𝑫1
𝑖 + 𝑘22𝛼

𝑖 𝑫2
𝑖 ], (𝐵. 16) 

𝑪𝑢𝛼
𝑖 = [𝑅𝑠1,𝛼

𝑖 (𝝃̅𝑠
𝑖 )𝑼𝑠𝑑

𝑇 ,  𝑅𝑠2,𝛼
𝑖 (𝝃̅𝑠

𝑖 )𝑼𝑠𝑑
𝑇 ,   … ,  𝑅

𝑠𝑛𝑠
𝑖 ,𝛼

𝑖 (𝝃̅𝑠
𝑖 )𝑼𝑠𝑑

𝑇 ]
𝑇
, (𝐵. 17) 

𝑪𝑝𝛼
𝑖 = [𝑅𝑠1,𝛼

𝑖 (𝝃̅𝑠
𝑖 )𝛻𝑝,  𝑅𝑠2,𝛼

𝑖 (𝝃̅𝑠
𝑖 )𝛻𝑝,   … ,  𝑅

𝑠𝑛𝑠
𝑖 ,𝛼

𝑖 (𝝃̅𝑠
𝑖 )𝛻𝑝]

𝑇
, (𝐵. 18) 

𝑪𝑅
𝑖 = [𝑅𝑠1

𝑖 (𝝃̅𝑠
𝑖 )𝛻𝑅𝑓 ,  𝑅𝑠2

𝑖 (𝝃̅𝑠
𝑖 )𝛻𝑅𝑓 ,   … ,  𝑅

𝑠𝑛𝑠
𝑖

𝑖 (𝝃̅𝑠
𝑖 )𝛻𝑅𝑓]

𝑇
, (𝐵. 19) 
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𝑱𝑖 =

[
 
 
 
 
𝜕𝑥

𝜕𝜉𝑠𝐼
𝑖1

𝜕𝑥

𝜕𝜉𝑠𝐼
𝑖2

𝜕𝑦

𝜕𝜉𝑠𝐼
𝑖1

𝜕𝑦

𝜕𝜉𝑠𝐼
𝑖2]
 
 
 
 

, (𝐵. 20) 

𝑪𝑧
𝑖𝑇 = (𝑱̅𝑖)

−𝑇
𝑬̅3

𝑖𝑇 −
(𝑱̅𝒊)−𝑇

𝑑𝑒𝑡 𝑱̅𝑖
(𝐽2̅2

𝑖 𝑧𝑠̅,1
𝑖 − 𝐽2̅1

𝑖 𝑧𝑠̅,2
𝑖 )𝑬̅1

𝑖𝑇 −
(𝑱̅𝑖)

−𝑇

𝑑𝑒𝑡 𝑱̅𝑖
(𝐽1̅1

𝑖 𝑧𝑠̅,2
𝑖 − 𝐽1̅2

𝑖 𝑧𝑠̅,1
𝑖 )𝑬̅2

𝑖𝑇 , (𝐵. 21) 

𝑪𝑗
𝑖𝑇 =

1

𝑗𝑠̅𝑓
𝑖

𝛻𝑧𝑠̅
𝑖𝑪𝑧

𝑖𝑇, (𝐵. 22) 

𝒌𝑠𝑛
𝑖 = 𝑵𝛼

𝑖 𝑫𝛼
𝑖𝑇 − 𝑚𝑖𝛼𝛽𝑻𝛽

𝑖 𝑵̅𝛼
𝑖𝑇, (𝐵. 23) 

𝒌𝜉
𝑖𝛼 = −𝐻̅𝑖𝛼𝛽(𝑬𝛽,𝛾

𝑖 𝑫𝛾
𝑖𝑇 + 𝑫𝛾

𝑖 𝑬𝛽,𝛾
𝑖𝑇 + 𝑘𝛾𝜃𝛽

𝑖 𝑫𝛾
𝑖 𝑫𝜃

𝑖𝑇), (𝐵. 24) 

𝒌𝑠𝑠1
𝑖 = 𝑪𝑢𝛼

𝑖 𝑫𝛼
𝑖𝑇 + (𝝉̅𝛼

𝑖 ⋅ 𝑼𝑠𝑑)𝒌𝜉
𝑖𝛼 + 𝑫𝛼

𝑖 𝑪𝑢𝛼
𝑖𝑇 + (𝒙̅𝑠,𝛼𝛽

𝑖 ⋅ 𝑼𝑠𝑑)𝑫𝛼
𝑖 𝑫𝛽

𝑖𝑇, (𝐵. 25) 

𝒌𝑠𝑠2
𝑖𝑥 = 𝑪𝑝𝛼

𝑖 𝑫𝛼
𝑖𝑇 + (𝝉̅𝛼

𝑖 ⋅ 𝛻𝑝)𝒌𝜉
𝑖𝛼 + 𝑫𝛼

𝑖 𝑪𝑝𝛼
𝑖𝑇 + (𝒙̅𝑠,𝛼𝛽

𝑖 ⋅ 𝛻𝑝)𝑫𝛼
𝑖 𝑫𝛽

𝑖𝑇, (𝐵. 26) 

𝒌𝑠𝑠2
𝑖𝑝

= 𝑪𝑅
𝑖 + 𝑫𝛼

𝑖 𝝉̅𝛼
𝑖𝑇(𝛻𝑅𝑓)

𝑇
, (𝐵. 27) 

the linearized quantities in Eqs. (B.7)-(B.12) can be recast in matrix form: 

𝛥ℎ = ∑(−1)𝑖[𝑬3
𝑖𝑇 + (𝝉̅𝛼

𝑖 ⋅ 𝒆3)𝑫𝛼
𝑖𝑇]𝛥𝒙𝑖

2

𝑖=1

, (𝐵. 28) 

𝛥𝑗𝑠̅𝑓
𝑖 = 𝑪𝑗

𝑖𝑇𝛥𝒙𝑖 , (𝐵. 29) 

𝛥𝛿𝑥̅𝑠𝑛
𝑖 = 𝛿𝒙𝑖𝑇𝒌𝑠𝑛

𝑖 𝛥𝒙𝑖 , (𝐵. 30) 

𝛥𝛿𝑥̅𝑠𝑠1
𝑖 = 𝛿𝒙𝑖𝑇𝒌𝑠𝑠1

𝑖 𝛥𝒙𝑖 , (𝐵. 31) 

𝛥𝛿𝑥̅𝑠𝑠2
𝑖 = 𝛿𝒙𝑖𝑇𝒌𝑠𝑠2

𝑖𝑥 𝛥𝒙𝑖 + 𝛿𝒙𝑖𝑇𝒌𝑠𝑠2
𝑖𝑝

𝛥𝑝. (𝐵. 32) 

Finally, substituting all the variational and linearized quantities, whose matrix forms are derived in 

this appendix as well as in Sec. 3.2, into Eq. (B.1) results in 

𝛥𝛿𝛱𝑠𝐼ℎ
𝑖 = 𝛿𝒙𝑖𝑇𝑱𝑥𝑥

𝑖𝐼 𝛥𝒙𝑖 + 𝛿𝒙𝑖𝑇𝑱𝑥𝑥
𝑖𝑗𝐼

𝛥𝒙𝑖 + 𝛿𝒙𝑖𝑇𝑱𝑥𝑝
𝑖𝐼 𝛥𝒑,   𝑗 ≠ 𝑖. (𝐵. 33) 

The Jacobian matrices, required for the iterative solution using the Newton-Raphson method, are 

computed through 
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𝑱𝑥𝑥
𝑖𝐼 = ∑ [𝑝𝐴𝑳𝑛𝐴

𝑖 𝑳𝑗𝐴
𝑖𝑇 + (−1)𝑖

𝜂

ℎ𝐴
𝑳𝑢𝐴

𝑖 𝑳𝑗𝐴
𝑖𝑇 +

1

2
ℎ𝐴𝑳𝑝𝐴

𝑖 𝑳𝑗𝐴
𝑖𝑇]

𝑛𝑓

𝐴=1

+ ∫ ∑(𝑅𝑓𝐴𝑝𝐴𝑗𝑠̅𝑓𝐴
𝑖 )𝒌𝒔𝒏

𝒊

𝑛𝑓

𝐴=1

𝑑𝛺
𝛺𝑓

(𝐵. 34) 

+(−1)𝑖𝜂 ∫ ∑ (𝑅𝑓𝐴

𝑗𝑠̅𝑓𝐴
𝑖

ℎ𝐴
)𝒌𝑠𝑠1

𝑖

𝑛𝑓

𝐴=1

𝑑𝛺
𝛺𝑓

+
1

2
∫ ∑(𝑅𝑓𝐴ℎ𝐴𝑗𝑠̅𝑓𝐴

𝑖 )𝒌𝑠𝑠2
𝑖𝑥

𝑛𝑓

𝐴=1

d𝛺
𝛺𝑓

 

+ ∑ [(−1)𝑖+1𝜂
𝑗𝑠̅𝑓𝐴
𝑖

ℎ𝐴
2 𝑳𝑢𝐴

𝑖 𝑳ℎ𝐴
𝑖𝑇 +

1

2
𝑗𝑠̅𝑓𝐴
𝑖 𝑳𝑝𝐴

𝑖 𝑳ℎ𝐴
𝑖𝑇 ]

𝑛𝑓

𝐴=1

, 

𝑱𝑥𝑥
𝑖𝑗𝐼

= ∑ [(−1)𝑖+1𝜂
𝑗𝑠̅𝑓𝐴
𝑖

ℎ𝐴
2 𝑳𝑢𝐴

𝑖 𝑳ℎ𝐴
𝑗𝑇

+
1

2
𝑗𝑠̅𝑓𝐴
𝑖 𝑳𝑝𝐴

𝑖 𝑳ℎ𝐴
𝑗𝑇

]

𝑛𝑓

𝐴=1

, (𝐵. 35) 

𝑱𝑥𝑝
𝑖𝐼 =

1

2
∫ ∑(𝑅𝑓𝐴ℎ𝐴𝑗𝑠̅𝑓𝐴

𝑖 )𝒌𝑠𝑠2
𝑖𝑝

𝑛𝑓

𝐴=1

d𝛺
𝛺𝑓

+ [𝑳𝑛1
𝑖 𝑗𝑠̅𝑓1

𝑖 ,  𝑳𝑛2
𝑖 𝑗𝑠̅𝑓2

𝑖 ,   … ,  𝑳𝑛𝑛𝑓
𝑖 𝑗𝑠̅𝑓𝑛𝑓

𝑖 ] . (𝐵. 36)  

with 

𝑳ℎ𝐴
𝑖 =

(−1)𝑖

𝐴𝐴
∫ 𝑅𝑓𝐴[𝑬3

𝑖 + (𝝉̅𝛼
𝑖 ⋅ 𝒆3)𝑫𝛼

𝑖 ]
𝛺𝑓

 d𝛺, (𝐵. 37) 

𝑳𝑗𝐴
𝑖 =

1

𝐴𝐴
∫ 𝑅𝑓𝐴𝑪𝑗

𝑖

𝛺𝑓

 d𝛺. (𝐵. 38) 
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