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ABSTRACT: The Johnson-Kendall-Roberts (JKR) theory remains the
most cited model of adhesive contact. It was demonstrated that the
JKR theory can be substantially extended, allowing adhesive JKR-
type contact problems to be solved through an explicit
transformation of the corresponding nonadhesive Hertz-type
load—displacement curve. This framework enables the application of
the extended JKR theory to nonclassical scenarios where analytical ,
nonadhesive solutions are unavailable, and therefore, numerical s(u):ﬂis;‘l;}g; T ]
methods can be employed. However, the transformation formulae — |
involve the first and second derivatives of the load—displacement curve, posing challenges when applied to discrete numerlcal data.
This study presents a straightforward and effective numerical approach that converts a numerically obtained data series of
load-displacement-contact radius for a nonadhesive contact problem into the corresponding JKR-type adhesive solution. While
any appropriate numerical method can be used to generate these data, the finite element method (FEM) is employed here. The
proposed approach is validated by comparing numerical results with established analytical solutions for adhesive contact problems
involving an elastic half-space and a thin elastic layer bonded to a rigid substrate, as well as with experimental data. These
comparisons demonstrate excellent agreement between the numerical and analytical solutions. It is argued that the proposed
method offers significant potential for solving many important practical problems, e.g., adhesive contact analysis for coated or
multilayered media.
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Furthermore, elucidating cellular and viral adhesion mechanisms
can provide fundamental insights into biological processes [10].
Given this broad technological and scientific significance,
developing comprehensive theoretical frameworks and robust
methodologies for investigating adhesive behaviors represents an
important research endeavor.

The mechanics of adhesive contact have evolved into a

1 Introduction

Adhesive properties constitute one of the most crucial interfacial
characteristics, particularly at the micro/nanoscale [1, 2]. As the
characteristic size L of an object decreases, the surface area-to-
volume ratio increases, causing surface energy (e<L?) to
progressively dominate over stored elastic energy and volumetric

forces (o< L?). This scaling relationship renders surface forces
increasingly predominant in determining mechanical responses,
significantly altering material performance through interfacial
adhesion mechanisms [3].

The critical influence of adhesion can be observed across
diverse engineering and scientific applications. For instance, in
microelectromechanical systems (MEMS), minimizing adhesive
forces could prevent stiction-induced device failures [4—6], while
in biomimetic materials, optimizing adhesion is essential for
designing effective bioinspired adhesive microstructures [7-9].

prominent scientific field, stemming from the pioneering
foundational works of Derjaguin [11, 12]. The Derjaguin
approximation, in particular, represents a cornerstone
contribution that remains implicitly incorporated in various
contemporary models of adhesive contact [13-16]. This
approximation [11] simplifies intermolecular interactions between
curved surfaces by converting volume forces into surface forces
[17], considering only the closest surface elements along vertical
straight lines and treating the curved surfaces locally as parallel
planes to determine the interaction energy. Several widely used

' College of Aerospace Engineering, Chongging University, Chongging 400030, China. ?School of Built Environment, Engineering and Computing, Leeds

Beckett University, Leeds LS2 8AJ, UK.

B4 Corresponding authors. E-mail: F. Borodich, borodichfm@cqu.edu.cn; N. Perepelkin, n.perepelkin@leedsbeckett.ac.uk
Received: November 8, 2025; Revised: December 30, 2025; Accepted: January 27, 2026

©The Author(s) 2026. This is an open access article under the terms of the Creative Commons Attribution 4.0 International License (CC BY 4.0,

http://creativecommons.org/licenses/by/4.0/).

https://doi.org/10.26599/FRICT.2026.9441226

A« 2w | Sci@pen

Tsinghua Umversny Press


mailto:borodichfm@cqu.edu.cn
mailto:n.perepelkin@leedsbeckett.ac.uk
https://doi.org/10.26599/FRICT.2026.9441226

9441226-2

Jiang ZZ, Borodich FM., Perepelkin NV, et al.

analytical models for adhesive contact have been developed based
on the Derjaguin approximation, most notably the Johnson-
Kendall-Roberts (JKR) [18], Derjaguin-Muller-Toporov (DMT)
[12, 19], and Maugis-Dugdale (M-D) models [20].

Generally, the JKR model is considered suitable for soft
materials or strong adhesive interactions, whereas the DMT
model applies more effectively to hard materials or weak adhesive
interactions [21]. The M-D model provides an intermediate
transition between these two theoretical frameworks. Although
these three models employ distinct methodologies and
assumptions, each has extensive applications and demonstrates
validity within specific ranges of the Tabor parameter y given by

Eq. (1) [21, 22]:
Rw* \°
v=(z%) W

where E* and R are the reduced elastic modulus and the effective
radius of the contacting bodies, respectively, w denotes the work
of adhesion, and z, represents the interatomic equilibrium
distance. However, these classical theories are constrained to
adhesive contact problems involving spherical indenters and half-
spaces, which inherently limit their broader applicability.
Therefore, researchers have sought to expand the theoretical
boundaries of classical theories through numerical methods to
investigate more complex adhesive contact problems.

Various strategies have been developed to incorporate adhesive
effects into finite element (FE) models. The most direct
approaches involve custom solvers [23, 24] or user subroutines
[25-27] that treat interaction forces as body forces while
integrating potential functions such as Lennard-Jones (L])
potentials during contact simulation. Building upon this
foundation, many researchers have adopted nonlinear spring
elements positioned between contact bodies to capture both
attractive and repulsive interactions [28—30]. A more sophisticated
alternative computes surface tractions directly from potential
functions or analytical adhesion models, subsequently applying
these calculated tractions to simulate adhesive contact behavior
[31, 32]. Fracture mechanics-based methods have also been
developed to obtain adhesive contact solutions through cohesive
zone models [33, 34] or superposition of multiple simulation
results [35-37]. Despite these advances, implementing adhesive
effects in finite element frameworks could remain cumbersome,
requiring specialized modeling procedures and considerable
programming efforts.

Apart from the finite element method (FEM), other
computational techniques, such as the boundary element method
(BEM), have been actively developed for modeling both
nonadhesive and adhesive contact, particularly in rough surface
contact analysis [38—42]. The BEM reduces the dimensionality of
contact problems from three-dimensional domains to two-
dimensional surfaces, employing computational frameworks such
as constrained conjugate gradient methods [38, 40] or biconjugate
gradient stabilized methods [39] while utilizing fast Fourier
transforms to enhance computational efficiency. Additionally,
several numerical algorithms have been developed that combine
the Hamaker summation of L] potentials for adhesion with the
Green’s function method for elastic deformation [16, 43—45].
Nevertheless, these methodologies require intricate programming
and may suffer from computational inefficiency [39]. Molecular
dynamics (MD) simulations have emerged as an alternative
approach for modeling adhesive contact at atomic scales [46—48].
Although MD simulations provide intuitive representations of
interfacial interactions, such methods remain constrained by
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computational bottlenecks regarding system size and accessible
time scales [49].

Compared to the above methods, the classical analytical
solutions for adhesive contact problems are straightforward to
implement but are only applicable under specific conditions.
While existing numerical methods can address more complex
adhesive contact situations, they typically present substantial
implementation challenges. The question arises whether a method
can be developed that combines the implementation simplicity of
analytical solutions with the versatility of numerical techniques to
further extend the scope of the classic theories.

In the present work, we focus on integrating JKR-type adhesion
(the JKR formalism [13, 50]) with numerical simulations of
nonadhesive contact problems. Specifically, this study presents a
numerical approach that enables the direct transformation of
numerical results from nonadhesive contact problems into
corresponding adhesive contact solutions. Since adhesive forces
may originate from various physical phenomena [7, 13, 51, 52]
(e.g, van der Waals interactions, chemical bonding, surface
contamination), the work of adhesion provides a convenient
means of accounting for multiple phenomena integrally as a single
numerical quantity. This allows the elegant JKR theory to be
applied without explicitly modeling various physical interactions
at the contact interface. The proposed approach may prove useful
in experimental studies, such as the identification of material
properties from depth-sensing indentation, where adhesion effects
are significant but difficult to quantify a priori.

Additionally, the present approach serves as a postprocessing
stage for contact simulations. Thus, JKR-type adhesion can be
incorporated into nonadhesive results from arbitrary numerical
contact simulations (e.g., using FEM or BEM), provided that the
problem satisfies the assumptions of JKR theory. This enables the
treatment of adhesion effects in computational frameworks where
interatomic potentials or similar techniques are not readily
available, challenging to implement due to software limitations, or
prohibitively complex. In particular, the presentation herein
demonstrates the transformation of FEM simulation results into
corresponding JKR-type adhesive solutions. This approach
requires only standard FEM simulations without specialized
programming or complex modeling procedures, followed by
relatively straightforward postprocessing.

The paper is organized as follows. In Section 2, the JKR
formalism is briefly presented, including both the classical JKR
model and an extended JKR theory. The extended theory provides
formulae that enable the direct transformation of nonadhesive
contact solutions to their adhesive counterparts for largely
arbitrary axisymmetric problems. The practical application of
these formulae in processing discrete FEM-generated data is
presented in Section 3, along with a detailed explanation of the
corresponding numerical workflow. Section 4 validates the
proposed method against known analytical solutions to classical
contact problems and presents a comparison with experimental
data. Some discussions around the potential scope and use cases
of the method are given in Section 5, while Section 6 presents the
main conclusions.

2 The JKR formalism

In this section, the classical JKR theory is first revisited. Building
upon its elegant formalism (e.g., the superposition of Hertz-type
and Boussinesq-type solutions and the energy balance approach),
an extended JKR theory is subsequently presented, which
introduces explicit formulae for converting nonadhesive solutions
into their adhesive counterparts. Such formulae are applicable to
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the vast majority of axisymmetric adhesive contact problems
without requiring intricate derivations or solving energy balance
equations.

2.1 Classical JKR theory

As one of the classical theories of adhesive contact, the JKR theory
[18] was established by employing Derjaguin’s approach to
calculating the total energy of contacting solids [11, 12] and a
geometrically linear formulation of the contact problem, thus
allowing an ingenious combination of the Hertzian contact theory
for two elastic spheres [53]:

3P.R\ @ 9p2 \*
n ( 4E > P OHTR <I6RE*2 @
and Boussinesq solution for a flat-ended cylindrical indenter [54]:
Py
0= 3
"= 2 (3)

Here, the subscripts H and B indicate variables associated with the
Hertzian and Boussinesq solutions, respectively. In Egs. (2) and
(3), a denotes the contact radius, P is the applied load, and § is the
indentation depth; the reduced elastic modulus E* and the
effective radius of the spheres R are defined as Eq. (4):

1 1-(v) 1-(v) 1 _ 1 1

= —+ 77:—4—

— 4
E- E* E- R Rt R @

where E is Young’s modulus, v represents the Poisson’s ratio, and
the subscripts “+” and “—” refer to the two bodies in contact
with each other.

Generally, in the absence of surface attraction forces, when a
rigid spherical indenter with radius R contacts a half-space under
an applied load P, the contact radius g, can be determined by
solving the Hertzian contact problem. However, the presence of
adhesive forces would result in an equilibrium contact radius a,
that exceeds a, for the same load P, as experimentally observed by
Kendall and Roberts in approximately 1970 [1]. To address this
issue, the classical JKR formalism assumes that the adhesive
contact system reaches the actual state via two imaginary
sequential steps, as illustrated in Fig. 1: (i) initially achieving a
contact radius a, and an indentation depth &, under a Hertzian
load P, without considering adhesion and (i) subsequently
unloading from P, to the true external load P, while maintaining
constant contact radius g, in the presence of adhesion forces. It is
worth mentioning that the Boussinesq solution for a flat punch of
radius g, is applicable in the latter unloading step.

Based on the superposition of Hertzian and Boussinesq contact
problems, the total energy of the contact system Up comprises
four components and can be written as Eq. (5):

Ur =Ug — Uy + Us = Uy — U, — Uy + Us (5)

where Ug, Uy, and Us represent the stored elastic energy,
mechanical energy in the applied load P, and the surface energy,
respectively. The elastic energy U can be formulated as the
difference between the contributions associated with the loading
OA (Ug) and unloading AB (Ug,) branches, ie, U=
Uy, — Uy, as depicted in Fig. 1. The mechanical energy supplied
by the applied load can be expressed as Uy = P,§,. Regarding the
surface energy Us, its formulation considers only the adhesive
interactions within the contact region; hence, Us = —wna;,
where w denotes the work of adhesion, which relates to the
adhesive properties of the material and is typically determined
experimentally. From a general point of view, the work of
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Fig.1 An imaginary loading-unloading diagram elucidating the JKR theory.
During the loading phase (branch OA), the load-displacement relationship
follows the Hertzian contact relation P oc 8%, The unloading phase (branch
AB) exhibits a linear relationship consistent with the Boussinesq solution. The
shaded regions represent distinct energy components of the system: Uy denotes
the mechanical energy supplied by the applied load, while Ug; and Ug,
represent the elastic energies for loading and unloading, respectively. The
notations related to Pand & follow the classical work by Johnson et al. [18].

adhesion equals the energy per unit area required to separate two
parallel surfaces from equilibrium to an infinite distance [55].

Based on Griffith’s principle of energy balance, the derivative of
the total energy is equal to zero in the equilibrium configuration,
ie,

dUT dUT
=0 =0 6

da, " dp, (©)

This yields the well-known relations of classical JKR theory for
adhesive contact, governing the applied load P, displacement §,,
and contact radius a;:

_4F

2
P, = R a —+/8nwEa3, 8§, = %f

It is worthwhile to note that in 1964, Sperling [56] derived
identical formulae to Eq. (7) except for the sign convention.
Therefore, both JKR and JKRS (Johnson-Kendall-Roberts—
Sperling) notations could be utilized in describing the theory of
adhesive contact between elastic spheres [57].

2nwa,
E*

(7)

2.2 Generalized JKR theory and transformation between
nonadhesive and adhesive cases

The energy balance approach described above can be formulated
in a more general form than originally proposed by Johnson et al.
[18]. Following the classical JKR formalism, several researchers
have attempted to develop relations directly linking Hertz-type
nonadhesive and JKR-type adhesive contact problems
[13, 50, 58, 59]. Among these contributions, Perepelkin and
Borodich [50] conducted a systematic analysis and derived explicit
transformation formulae applicable to largely arbitrary elastic
systems using minimal initial assumptions. Following their
approach, the key derivations are reformulated below for the
present context.

Since different components of the total energy can be visualized
as areas on the load-displacement diagram (Fig. 1), it becomes
evident that when areas corresponding to positive and negative
terms overlap, they eliminate each other. By identifying the
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overlapping areas among the regions representing U, Up,, and
Uy one can determine the remaining components of the total
energy and express them mathematically. Accordingly, Eq. (5) can
be rewritten as Eq. (8):

UT = UCBA - UOCD + Us (8)

where the subscripts CBA and OCD represent the corner vertices
of the remaining areas after elimination, as shown in Fig. 1.
Equation (6) can now be applied in the form dU;/dP; = 0. Note
that as Uocp depends on the actual external load Py, which
remains independent of variations in P,, the differentiation of
Uocp with respect to P, identically yields zero, ie., dUscp/
dP, =0.

For Ugg,, it is important to recognize that branch AB arises
from employing the superposition of the flat punch solution
corresponding to the true contact radius a; as the unloading path.
This could be achieved by translating the line representing the
Boussinesq solution by the distance 8y (P,) — 8y (a1, P,). Thus,
Ucsa = Uppar — Upcar can be further expressed as Eq. (9):

Uaps = [ (8 (a1, P) + 8 (Pr) — 8 (@, Py) — 8 (P)) dP
= (Pi—Py) (6u (P1) — 85 (a1, P,))+
I, (8a(aP) ~ 6 (P))dP ©)

Differentiating the above formula with respect to P, and
considering dUs/dP, = —2nwa, (day (P,)/dP,), the energy
balance condition dU;/dP, = 0 becomes

dUr _ [ (7 98y (a1, P) (D _ 905 (a1, Py) _
b = UP . dP— (P, —P,) T 2w,
day (P) doy (P) 9dy(a,P,) o
dp, +(Pi— ) ( dp, 0P =0
(10)

This expression of energy balance can be further simplified
under two conditions: (i) at any given value of the true contact
radius, the load-displacement relations for the Hertz-type and
Boussinesq-type problems exhibit identical slopes; (ii) the solution
of the Boussinesg-type problem is linear with respect to both the
indenter displacement and indentation force. Importantly, both
conditions can be shown to be valid for a broad class of elastic
media under reasonably general assumptions (including
frictionless contact, validity of the superposition principle, and
rotational symmetry) [50].

Denoting the slope as S(a)= dP/dJ, the first condition can be
expressed as ddy/dP, = 983 (a,,P,) /0P, =1/S(a), while the
second becomes &g (a,,P)=P/S(a,), yielding 98 (a,P)/
da, =PS'(a,)/S* (a). Here, the prime denotes differentiation
with respect to a;. Substituting these expressions into Eq. (10)
results in a simple relation:

(P1_P0)2 § (@)
2 S(a)

which additionally assumes that day (P,) /dP, # 0. By taking into
account the relations (P, — P,)/(8,—9,) = S(ay), P, = Py(a,),
and 6, = du(a,), the above equation can be further derived into
Eq. (12):

= 21wa, (11)
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To facilitate the comprehension and utilization of Eq. (12), the
notations Py, §,, and a, can be replaced with P, §, and a, which
denote the actual values of the total force, indenter displacement,
and contact radius in the adhesive contact problem, respectively.
Consequently, the following expressions can be obtained, which
enable the explicit transformation of the solution to a broad class
of axisymmetric nonadhesive contact problems into the
corresponding JKR-type adhesive solutions without solving the
equations of energy balance [13, 50]:

4ntwa
S (a)

4nwa$* (a)

S (a)

where the subscript H denotes the Hertz-type nonadhesive
solution and

P="Py(a)— , 0=20xu(a)—

(13)

dPy  dPy(a)/da

S(a) = déy  déy(a)/da (14)

represents the slope of the nonadhesive load-displacement curve.
These relations can also be written in dimensionless form by
introducing the normalization:

— ) 16E* 4E*
P=——, 6=¢ @ =a (15)
TwR I*w?R 3nwR?
which reduces Eq. (13) to

—2

_ as (@ - - a

P=Py-2 5@ 5 5.2/ (6
S (a) S (@)

As a matter of fact, Eq. (13) represents not only a valuable
extension of the classical JKR theory but also provides significant
utility across numerous contact problems discussed in the
literature, including indenters with power-law shapes [13, 60],
toroidal indenters [61], isotropic [62, 63] or transversely isotropic
layered structures [64], and stretched membranes such as
graphene and other two-dimensional materials [65]. This explicit
transformation allows one to obtain JKR-type adhesive solutions
without intricate derivations or the need to solve energy balance
equations as required by classical JKR theory. In other words, the
classical JKR theory, represented by Eq. (7), addresses frictionless
axisymmetric adhesive contact between a spherical indenter and
an elastic half-space, whereas the extended JKR theory in Eq. (13)
can be applied to axisymmetric adhesive contacts involving
arbitrary convex indenters and elastic media that obey the
superposition principle and exhibit rotational symmetry in elastic
properties (i.e., isotropic or transversely isotropic materials)
[13, 50]. Furthermore, unlike the classical JKR theory that relies on
the specific mathematical forms of the Hertzian and Boussinesq
solutions for a half-space, Eq. (13) relies on the energy balance
condition and the superposition principle, independent of
particular solution forms. Despite this generality, other complex
cases involving different boundary conditions or geometric
configurations (e.g., the problems of two-dimensional (2D)
contact, particularly the contact of periodic 2D structures with
grooves of waviness [66]) may require further theoretical
development beyond the scope of the present work.

3 Numerical implementation of the
formalism

JKR

This section presents the numerical implementation of the
generalized JKR theory given in Eq. (13). The implementation
procedure is broadly applicable to discrete load-displacement data

Friction, 2026, 14(7): 9441226
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obtained from any appropriate numerical method, as the core
computational steps remain independent of the specific approach
used, aside from potential variations in initial data preprocessing.
In brief, the process involves the following steps: Numerical
simulations are performed to determine the Hertz-type
nonadhesive contact force Py, displacement 0y, and contact
radius a, from which S(a) and its derivative §'(a) are evaluated,
and finally, the JKR-type adhesive contact solution is obtained by
substituting these parameters into Eq. (13). The detailed
procedures for each step are described subsequently.

In this work, the finite element method is employed as an
illustrative example to generate numerical data for constructing
JKR-type load-displacement curves. The proposed approach
functions as a postprocessing stage following FEM simulation,
which is a natural choice due to the wide availability of FE
packages capable of simulating Hertz-type axisymmetric contact.
For substrates with complex material properties or geometries
(e.g, multilayered structures), deriving analytical solutions
remains challenging or impossible for nonadhesive contact and
presents even greater difficulties for adhesive contact. However,
FEM simulations could readily provide numerical solutions for
contact problems involving these complex configurations. Once
these nonadhesive numerical results are obtained, the generalized
JKR theory presented in Section 2.2, combined with its numerical
implementation described herein, offers a straightforward and
efficient pathway to derive the corresponding adhesive contact
solution.

It should be noted that there have been other attempts to
implement the JKR theory using the FEM, such as the work by
Sridhar, Johnson, and collaborators [36, 37]. Their method
involved FEM-based computation of dimensionless functions that
served as correction factors to the standard JKR relations. This
was achieved by interpreting the adhesive problem as a fracture
mechanics problem, which required the computation of stress
intensity factors and consequently entailed nontrivial and onerous
processing of stress distributions in the FE model. In contrast, the
method presented in this section enables the construction of the

JKR solution based solely on the values of the total force, indenter
displacement, and contact radius, which can be extracted from
FEM results directly and then processed by custom code involving
several simple steps as outlined below.

Figure 2 illustrates the flowchart of the numerical approach for
constructing a JKR-type adhesive solution from a numerical data
series. In the present work, these steps were implemented in a
Python script utilizing the NumPy and SciPy packages, and FEM
simulations were conducted with ABAQUS (2022) software in an
axisymmetric configuration (2D FE model).

First, an axisymmetric contact simulation is performed using
FEM. To enhance accuracy, optional enhancements, such as mesh
refinements in the contact region and reduced load increments
during the initial contact stage, can be employed. Following the
contact simulation, a data extraction and preprocessing stage is
conducted prior to determining S(a) and S'(a). This initial stage
begins with extracting the contact force, indenter displacement,
and contact radius from the simulation results. While the values of
the indentation depth and force are straightforward to obtain
from FEM simulations, determining the contact radius requires
further consideration.

The values of the contact radius are determined by identifying
the farthest contact node from the symmetry axis among those
located on the contact interface and exhibiting the “slipping”
status and then referring to the radial coordinates of this node in
the undeformed configuration. This aligns with the geometrically
linear assumptions of elasticity. In ABAQUS, this procedure for
estimating the contact radius can be implemented through a
simple Python script, as adopted in this study. It is worth
mentioning that FE software packages can often directly provide
values of the contact area. Based on the geometric relationship
between the contact radius and contact area in axisymmetric
contact for an indenter of a given shape (e.g, a sphere), the
contact radius can also be readily calculated from the contact area,
as shown in Appendix A. However, the reported values of the
contact area may not always exhibit high accuracy and refer to the
true deformed configuration, which does not fully align with the

FEM simulation data
Contact radius: a;, as, as, ...
Indentation depth: &, 8., 83, ...
Indentation force: P, P,, Ps, ...

Data preprocessing

Filtering unreliable
data and normalization

Spline interpolation of P = P (§)
and differentiation

Slope-radius relation S = S*(a)
without smoothing

Non-adhesive contact

Leave-one-out cross-
validation to find the
optimal smoothing
parameter

Point-wise evaluation of S*(a)
> followed by smoothing
spline fitting

Smoothed slope-radius

JKR-type adhesive contact

relation S =S (a)

Point-wise application of JKR formalism

P=PH(0/)_ Mg?i(sa;(a),ézlsn(a)_\/%

Differentiation of smoothed
spline S (a) to obtain S’ (a)
v

S'=9'(a)

Fig.2 Flowchart of the numerical implementation of JKR formalism. This framework converts discrete data points obtained from the numerical analysis of nonadhesive
contact into its corresponding JKR-type adhesive solutions. The details of this workflow, including smoothing spline fitting and leave-one-out cross-validation, can be

found in Appendix B.
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assumptions of geometrically linear elasticity. Hence, this
alternative method should be considered approximate despite its
simplicity.

Due to the discrete nature of FE models, the accuracy and
resolution of contact radius determination are constrained by the
mesh size within the contact region, as the contact status is
reported only at discrete nodes on the contact interface. This
limitation causes the radial coordinate of the outermost contact
node at the contact edge in FEM simulations to be typically
smaller than the true contact radius that would occur on a
continuous substrate. As the true contact radius increases with
successive load increments, the outermost contact node may
remain unchanged, thereby widening the discrepancy between the
ideal contact radius and that estimated from FEM simulations.
This phenomenon is illustrated in Fig. 3, which shows the true
location of the contact boundary for consecutive load increments.
As evident from the figure, multiple load increments may have the
same contact boundary reported by FEM software (increments N,
N+1, and N+2 in Fig. 3). Thus, the discrete nature of the FE model
may result in apparently unchanged contact boundaries over
multiple load increments, while the real boundary of the contact
region expands continuously.

Accordingly, data extracted from FEM simulations require
filtering based on the contact radius. When several consecutive
load increments (i.e, FE timesteps) report the same outermost
contact node, the first data point in such a sequence is the most
accurate, while subsequent points are less reliable and need to be
discarded. Specifically, only the data corresponding to the
minimum contact force or displacement are retained for each
sequence in which the same node serves as the outermost contact
node. This filtering process eliminates unreliable data points and
improves accuracy in subsequent analyses. Finally, the
preprocessing of the FEM data is completed by transforming the
results into dimensionless form using the scaling relations given in
Eq. (15). The dimensionless contact force, displacement, and
radius are thus produced as numerical arrays Py, 8y, and @.

After the preprocessing stage, the main processing stage begins.
Cubic spline interpolation is applied to P, and &y to obtain
smooth and continuous functions. The first derivative of the
resulting cubic spline is then evaluated at the data points, with the
additional constraint S(0) = 0 enforced to satisfy the theoretical
slope of the load-displacement curve for a smooth indenter at
initial contact. This constraint is necessary, as the computational
noise and reduced accuracy in the FE data points at initial contact
prevent S(0) =0 from being exactly satisfied through the
numerical procedure. These steps enable matching the values of

Real contact boundaries at different load increments
N-1 N N+1N+2
I |

||

Contact boundaries from FE simulation at increments N, N+1, and N+2

=

Fig.3 The discrepancy between the boundaries of the contact region as
reported in a finite element simulation and the real boundaries for an elastic
continuum. Due to the discrete nature of finite element models, contact
boundaries may appear unchanged across consecutive load increments, whereas
the true contact boundaries for the equivalent ideal continuum expand
continuously.
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the slope and contact radii, thereby constructing the dependency
S(@).

The slope values S (a) obtaine,zd in the previous step cannot be
used directly to determine S (@), as further differentiation
significantly amplifies numerical inaccuracies in the data,
particularly as S(@) already results from a differentiation step.
Therefore, a data smoothing procedure needs to be applied to the
derived S (a).

Recognizing the inherent errors in both the interpolation-
derived derivative S(a) and the estimated contact radius, a
smoothing spline is subsequently employed to fit the S(a) curve
before calculating S (@). This approach is meant to address issues
arising from repeated differentiation of numerical data and
boundary effects arising from the preceding steps, such as spline
fitting. The smoothing spline is constructed as an augmented least-
squares spline fitting problem, which incorporates a regularization
term that penalizes the roughness in the fitting spline. The optimal
smoothing parameter is determined automatically using leave-one-
out cross-validation (LOOCYV). Details regarding the formulation
of smoothing splines and the LOOCYV approach are provided in
Appendix B.

Once the smoothing spline for the dependency S(a) is
obtained, its first derivative is computed to yield s (@). The values
of § (@) can then be accurately evaluated at each data point. As an
optional step, the values of S(@) may also be re-evaluated using
the smoothing spline; however, the examples below demonstrate
high-quality approximations even without this additional step.
Other modifications of the algorithm are possible, such as further
smoothing the values of S (@) when necessary.

Finally, substituting all the obtained values into the
dimensionless form of Eq. (13) enables the transformation of Py
and 8y from nonadhesive to adhesive solutions. The results are
naturally presented as discrete data points, consistent with the
input data from FEM software. An appropriate smoothing or
interpolation technique can be applied to obtain continuous curve
representations. Note that the dimensionless expressions of Eq.
(13) vary with different dimensionless schemes. For the contact
problem involving a spherical indenter and a homogeneous half-
space, the dimensionless variables in Eq. (15) may be employed,
resulting in Eq. (16).

4 Results

This section presents the validation of the proposed methodology
through comparison with established analytical solutions and
experimental data. To demonstrate its accuracy and reliability, two
classical contact problems are examined: contact between a rigid
spherical indenter and (i) an elastic half-space and (ii) an elastic
thin layer bonded to a rigid substrate. In each case, JKR-type
adhesive contact solutions are obtained purely through numerical
computation and systematically compared against known
analytical solutions from the literature. Additionally, the
numerical ~ results are validated against experimental
measurements to further establish the robustness of the approach.
As noted in Section 2.2, the proposed approach is applicable to
a broad range of axisymmetric contact problems and is not
limited to the two specific cases presented here. These cases were
selected because they have been extensively studied and their
analytical or asymptotic solutions are well known in the literature
[18, 53, 62], enabling quantitative comparison between numerical
results and reference solutions. Since the proposed approach is
fundamentally based on the JKR formalism, the adhesive results
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are inherently JKR-type, making JKR-type analytical solutions
suitable benchmarks for validation. There are no restrictions on
the choice of finite element analysis software for FEM simulations
or programming languages for data processing, including filtering
and curve fitting. In this study, ABAQUS (2022) and Python were
employed, as mentioned above.

4.1 Adhesive contact problem for a half-space

An axisymmetric FE model is established to describe the contact
between a rigid spherical indenter with a radius R = 100 pm and
an elastic substrate, as depicted in Fig. 4. The substrate is modeled
as linearly elastic, homogeneous, and isotropic, characterized by
Young’s modulus (E = 5 GPa) and Poisson’s ratio (v = 0.4). The
thickness H and radius L of the substrate are set to 20R and 12R,
respectively, with the bottom surface fully constrained and the
displacement of the left edge restricted in the horizontal direction.
This substrate works reasonably well as an elastic half-space within
a very small margin of error, and previous research has validated
the adequacy of these dimensions and boundary conditions
[67-69]. To ensure accurate results while maintaining
computational efficiency, a local mesh refinement is performed
near the initial contact point, and a coarse mesh is used elsewhere
in the model. The typical element sizes are approximately
0.0005-0.02R, 0.02-0.05R, and 0.05-0.5R in zones [, II, and III,
respectively. Further details regarding the influence of mesh size
on the results are provided in Appendix C. Ultimately, the FE
model contains 413,132 quadrilateral elements of type CAX4R
and 1,467 linear triangular elements of type CAX3.

The rigid indenter is allowed solely vertical indentation with a
maximum depth of 0.03R to ensure that the assumption of small
deformation remains valid [69]. The reaction force P required to
maintain static equilibrium is calculated throughout the
indentation process by the software. The load increment is fixed at
0.01 of the maximum load. The FE model incorporates a
frictionless, “hard” contact interaction defined as a surface-to-
surface contact. The surface of the rigid indenter serves as the
master surface, while the upper surface of the substrate is

(a) (b)
I L

| R 1y

I H=20R

T
ﬂu L-12R

| ’

Fig.4 (a) Schematic diagram of the axisymmetric finite element model
featuring a rigid spherical indenter with radius R in contact with an elastic
substrate with Young’s modulus E, Poisson’s ratio v, thickness H = 20R, and
radius L = 12R. The bottom surface of the substrate is fully constrained, and the
displacement of the left edge is restricted in the horizontal direction. Zones I and
II are square regions with side lengths of R and 2R, respectively. The scale has
been adjusted for visual clarity. (b) Finite element model established in
ABAQUS. Different mesh densities are applied within each zone.
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designated as the slave surface. In addition, the contact constraint
enforcement method is defined as the direct method, which
implements  given pressure-overclosure behavior without
approximation or augmentation iterations.

Employing the dimensionless forms of contact force P,
displacement §, and contact radius a in Eq. (15), the Hertzian
theory yields

P(a)=a, 0(a)=7a (17)
while the classical JKR theory gives

P(a)=a—Ver, S(a):az—g 6a (18)

The dimensionless results from analytical solutions, numerical
FEM simulations, and the proposed numerical implementation of
the JKR formalism are illustrated in Fig. 5. The JKR curves were
evaluated for the value of the work of adhesion as w = 50 J/m? It
should be noted that the proposed approach is not restricted to
any specific value or range of work of adhesion. Since this
approach is fundamentally based on the JKR formalism, the
comparison with JKR-type analytical solutions remains valid
regardless of the value of w. However, the work of adhesion can

(@)

15

Hertzian theory
12k JKR theory

@ FEM

@  Present approach

=)} o
T T

Contact force, P

W
T

0 2 4 6

(b)
3.0

g o
[= (92}
T T

Contact radius, a
h
T

LoF Hertzian theory

[ —— JKR theory
05t \ 7 ® FEM
‘ @  Present approach

0.0 1 I 1 I
0 5 10 15 20

Contact force, P

Fig.5 Dimensionless results for half-space contact problems obtained through
analytical solutions, finite element simulations, and the proposed numerical
implementation of the JKR formalism: (a) load-displacement and (b) contact
radius-force relationships.

7+ 2w | Sci@pen

Tsinghua University Press


https://doi.org/10.26599/FRICT.2026.9441226

9441226-8

Jiang ZZ, Borodich FM., Perepelkin NV, et al.

influence the Tabor parameter, which is commonly used to assess
the applicability of various continuum mechanics models.
Assuming an interatomic equilibrium distance of 0.3 nm, which
typically ranges from 0.2 to 04 nm for most materials, and
applying Eq. (1), the corresponding Tabor parameter is calculated
as p = 639, which is sufficiently large to justify the application of
the JKR theory.

4.2 Adhesive contact problem for a thin elastic layer

For a rigid spherical indenter in contact with a thin elastic layer,
an FE model was created using the same methodology described
in Section 4.1, except for some modifications to specific
geometrical parameters (Fig. 6). The substrate is modeled with a
thickness of # = 1 um and a radius L =30h. The indenter
radius is set to 10004, and the indenter displacement is prescribed
as 0.15h. The element size is defined as 0.02h within the contact
region. The influence of mesh density on the results is discussed in
Appendix C. The FE model comprises 75,000 linear quadrilateral
elements of type CAX4R.

For contact problems involving a thin elastic layer bonded to a
rigid substrate, with the thickness of the layer much smaller than
the contact radius (i.e., i < a), asymptotic solutions exist for both
nonadhesive and JKR-type adhesive cases [50, 62]. Using the
Winkler-Fuss foundation [70, 71], which represents the isotropic
or transversely isotropic layer as an equivalent spring system with
stiffness K, and employing the dimensionless form of contact
force P, displacement &, and contact radius a:

p -2 K,

_ K
P= 6§ =06 a=a

_— — 19
2nwR’ 2w’ 8wR? (19)

the leading-term asymptotic solutions can be obtained in the
dimensionless form as

P(@)=a', 6(a)=a (20)

for nonadhesive contact problems of the thin layer, and as

P(a)=a'-2a, 6(@a)=a—1 (21)
@ l lR = 1,000 &
2|w h E.v|
3 L=30h
(b)

Fig.6 (a) Schematic diagram of the axisymmetric finite element model
featuring a rigid spherical indenter in contact with a thin elastic layer of thickness
h and radius L = 30h. The layer has Young’s modulus E and Poisson’s ratio v,
while the indenter radius is R = 1,000k. Note that the scale has been adjusted
for visual clarity. The bottom surface of the layer is fixed in all directions, and the
left edge is constrained to prevent horizontal displacement. (b) Finite element
model established in ABAQUS. The inset shows the uniform mesh size within
the model.

142 me | Sci@pen

for JKR-type adhesive contact of the thin layer. The stiffness K of
the equivalent spring foundation representing a thin isotropic
layer with thickness #, Young’s modulus E, and Poisson’s ratio v
is [72]:
E(1-v)
K= v @2
Figure 7 presents the dimensionless results obtained from
asymptotic solutions, numerical FEM simulations, and the
proposed numerical approach, obtained with the work of
adhesion set to 10 J/m’. For reference, the Tabor parameter for an
equivalent elastic half-space with identical material properties is
y ~ 471, calculated using an interatomic equilibrium distance of
0.3 nm. The analytical solution employed here represents a
leading-order ~ asymptotic =~ approximation that becomes
increasingly accurate as the ratio of contact radius to layer
thickness (a/h) approaches infinity [62]. The asymptotic
approximation becomes less precise when the a/h ratio becomes
finite. Nevertheless, from an overall perspective, both nonadhesive
and adhesive solutions demonstrate good agreement between
numerical and asymptotic results.
Consequently, the results presented in the above two sections
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Fig.7 Dimensionless results for contact problems of a thin layer obtained

through asymptotic solutions, numerical finite element simulations, and

the proposed numerical implementation of the JKR formalism:

(a) load-displacement and (b) contact radius-force relationships.
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show consistency with the JKR analytical solutions, confirming
the wvalidity of the proposed approach based on the JKR

formalism.

4.3 Comparison with experimental results

To further demonstrate the effectiveness of the presented
approach, the numerical results are compared with experimental
data reported in Ref. [73]. In that study, a polydimethylsiloxane
(PDMS)-coated glass sphere was indented into a thin gel layer.
The FE simulations employed material and geometrical
parameters consistent with those in Ref. [73]. Specifically, a rigid
spherical indenter with a radius of 6 mm contacts a layer with a
thickness of 0.36 mm, Young’s modulus of 0.015 MPa, and
Poisson’s ratio of 0.499.

The comparison between the experimental and numerical
results is presented in Fig. 8. Note that as the position of the zero
point cannot be easily determined in indentation experiments
[74], the experimental data shown in Fig. 8 are adjusted through
horizontal translation after being extracted from Ref. [73]. It can
be observed that the estimated work of adhesion ranges from
35 to 45 mJ/m?, which is consistent with the 30-60 m]/m?
obtained from fracture mechanics analyses and empirical
formulations [73].

5 Discussion

In this section, the practical advantages and applications of the
proposed approach are discussed, with particular emphasis on the
efficiency of its implementation and potential scope in
nondestructive depth-sensing indentation (DSI) testing.

Although classical JKR theory is applicable only to
axisymmetric contact problems, this limitation has not prevented
its widespread use across various fields, including cellular
biomechanics [75, 76], powder technology [77], and polymer
engineering [78, 79]. The persistent emergence of new
publications tagged “JKR theory” in scientometric databases
indicates that the scientific community remains highly interested
in this model, despite its axisymmetric configuration. While the
approach presented in this work is also restricted to axisymmetric
contact problems, the simplicity of implementing JKR theory
becomes particularly valuable when the contact geometry is
indeed axisymmetric. For instance, one important practical

1.0
[
05 X Experimental data .
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> | 35 g
Z 00+ ° 40 oo
X
% . 45 o -
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Indenter displacement (jum)

Fig.8 Comparison of the experimental results with those obtained using the
proposed numerical implementation of the JKR formalism. The experimental
data are extracted from Ref. [73], with horizontal translation applied due to the
indeterminate zero-point position inherent to indentation measurements.
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application where JKR theory proves particularly relevant is
nondestructive material/specimen testing using DSL

When specimens are extremely small or available as thin
coatings, DSI remains one of the few viable methods for
determining their mechanical properties. The requirement for
nondestructive testing may be critical for various reasons,
including the examination of living specimens (from both
practical and ethical perspectives), nondestructive quality control,
or the need for repeated testing of the same specimen following
exposure to external factors. Nondestructive DSI tests in such
contexts can be performed using smooth (e.g., spherical)
indenters; however, these experiments may be significantly
affected by adhesive forces, particularly when indentation depths
and forces are small. Hence, it becomes necessary to numerically
estimate unknown adhesive interactions simultaneously with the
unknown elastic moduli of the specimen, as adhesion can
substantially impact such experiments. The experimental
challenge described above can be addressed by the
Borodich-Galanov (BG) method [80], which suggests conducting
DSI tests with a smooth indenter and subsequently determining
the unknown elastic and adhesive properties of the specimen by
fitting experimental data to a mathematical model of the
experiments (see the overview in Refs. [81, 82]). Experimental
validation of this method has been reported in Ref. [74].

Essentially, in these experiments, one needs to take into account
unknown adhesion in a quantitative manner. At the same time,
when surface physics is not precisely known, detailed modeling of
adhesion using interatomic potentials or other sophisticated
methods is rarely feasible. Therefore, the work of adhesion can
serve as a very convenient quantitative measure of adhesive effects
in experiments, for instance, through the application of JKR
theory where appropriate. Accordingly, the present approach
establishes a foundation for material testing methods that account
for adhesion, as the numerical implementation of the JKR
formalism for such experiments can now be readily developed for
nonclassical cases, such as finite-size specimens, layered
specimens, and functionally graded transversely isotropic media.

It should be noted that several researchers have employed JKR
theory in microscale DSI experiments, including the analysis of
atomic force microscopy (AFM) indentation [83]. Notably, AFM
probe tips may develop significant bluntness [84]; in such cases,
the contact between the tip and substrate at small indentation
depths can be considered a contact problem involving a smooth
indenter with adhesion.

As discussed in Section 2.2, although the extended JKR theory
has certain applicability limits, it remains valid for broad classes of
axisymmetric contact problems; hence, the simplicity of the
practical implementation of the present approach becomes a
significant advantage. Compared with other numerical methods
for solving adhesive contact problems, the proposed numerical
approach eliminates the need for additional complex
programming [23, 25, 39, 40], avoids cumbersome and
unconventional finite element modeling procedures [28, 30, 85],
and bypasses the tedious determination of strain energy release
rates [35, 36]. In addition, the proposed approach requires only
the work of adhesion as an input parameter to account for
adhesion arising from multiple physical phenomena, thus
conveniently incorporating adhesive effects without considering
intermolecular ~ potential functions. Furthermore, as a
postprocessing technique applied to nonadhesive contact
simulations, the method involves processing only the
force—displacement—contact radius data series, consisting of a few
dozen data points. The computational overhead is therefore
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negligible compared to the main simulation stage. Overall, the
procedure described above represents an efficient and practical
approach for obtaining adhesive contact solutions within the JKR
formalism.

It is worth noting that the proposed approach enables JKR-type
adhesion to be incorporated into results from various nonadhesive
contact simulations, including those employing the FEM, BEM, or
any other numerical schemes, provided that the conditions of the
applicability of the JKR theory are satistied. While FEM
incorporated with intermolecular potentials can capture complex
physical phenomena such as plasticity and contact jump-in/jump-
out behavior [28, 29, 86], and BEM is well suited for adhesive
contact problems involving rough surfaces [39, 40], the selection
of the modeling approach should be guided by specific research
objectives and practical constraints.

Different research contexts may benefit from different levels of
modeling complexity, balancing accuracy requirements with
computational efficiency and practical feasibility. For instance, in
the indentation testing experiments discussed above, adhesive
effects may be present and need to be considered, but the primary
research objective is typically to measure material mechanical
properties rather than to investigate adhesion mechanisms in
detail. The proposed method provides distinct advantages for
axisymmetric contact scenarios and efficiently incorporates
adhesive effects without requiring detailed adhesion modeling.
Given that each numerical approach has its own strengths and
optimal application domains, the proposed method serves as a
complement to existing tools for adhesive contact analysis.

6 Conclusions

This study presents a simple, straightforward, and effective
numerical approach that allows the direct transformation of
discrete data series obtained from a numerical simulation of a
nonadhesive axisymmetric contact problem (indentation force,
indentation depth, contact radius) into the respective JKR
adhesive data series. The process is based on the numerical
implementation of the explicit formulae of the JKR formalism,
which allows the connection between the two kinds of problems
(nonadhesive to adhesive).

The method works as a postprocessing stage for a nonadhesive
numerical simulation of contact, and hence, it can be used to
complement any such procedure, including FEM, BEM, and
others, provided the conditions of the applicability of the JKR
theory are satisfied. The methodology is explained here for the
case when a nonadhesive contact problem is simulated in finite
element software. The process includes initial data filtering,
interpolation steps, and the use of smoothing splines to prevent
the magnification of numerical noise that may be present in FE
results used as input to the numerical procedure.

The validation cases for this method were the contact between a
rigid punch and an elastic half-space and the contact between a
punch and a thin layer bonded to a rigid base. These test cases, on
the basis of well-established classical problems of contact
mechanics, demonstrate the high accuracy of the proposed
approach, as the processed FEM data are converted into JKR data
and compared against the known analytical solutions. The two
sets of results demonstrated excellent agreement. The approach
can be extended to investigate a range of problems involving more
complex structures, such as coated and multilayer systems, finite-
thickness layers, finite-size models, etc. Additionally, integration
with the BG method [74, 80] may enable the simultaneous
determination of both the work of adhesion and effective Young’s
modulus from depth-sensing indentation experiments.
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Appendix A

The relationship between the contact radius a and contact area A
in the case of an axisymmetric indenter can be derived
analytically. The contact between a rigid spherical indenter and an
elastic substrate is considered here as an example. As illustrated in
Fig. 9, the contact radius can be determined by solving

A= f“ansine-Rde — 2R j“’ sin6d (A1)
0 0

where ¢ = arcsin (a/R). Note that cos (arcsin (x)) = v1—x2,
and Eq. (A1) can be further derived as

A = 2R [1— 1— (;)2} (A2)

Therefore, the contact radius can be calculated directly from the
contact area using
(4nR —A) A

TR (43)

Appendix B

Some details of the numerical procedure described in Section 3,
including smoothing spline fitting and leave-one-out cross-
validation, are presented here. The procedure can be implemented
using various programming languages, such as Python or
MATLARB. In the present study, the SciPy package was used for
spline interpolation and fitting. The function scipy.interpolate.
CubicSpline with the “not-a-knot” boundary condition was
applied for cubic spline interpolation, while the function
scipy.interpolate.make_smoothing_spline was recommended for
smoothing spline fitting.

A smoothing spline [87, 88] is an optimal cubic spline function
f(x) that minimizes the penalized residual sum of squares by
solving the following weighted regression problem:

RSS(£.1) = iwi(yi ) A [ (W) (B

where w; represents a vector of weights and A denotes a fixed
smoothing parameter. The first term in Eq. (B1) quantifies data
fidelity, while the second term penalizes the roughness in the
function, with A establishing a tradeoff between these two
competing objectives. Larger values of A yield smoother functions,
while A = 0 results in the interpolation of all data points. In this
work, the weights w; are chosen to enforce the theoretically
expected condition S(0) = 0 as follows. The very first element in
the vector of weights is assigned a very large value, whereas the
other elements have the value of 1. Hence, the smoothing spline
will satisfy S (0) = 0 nearly exactly.

The LOOCYV approach is employed to determine the optimal
smoothing parameter A automatically. LOOCV solves the
problem (spline fitting, in this case) on all data points except one,
which serves as the test point and iterates through all points
sequentially. The mean squared error (MSE) evaluates the
performance of each smoothing parameter value, with the
parameter yielding minimum MSE selected as optimal. For large
datasets, generalized cross-validation [87, 88] could be utilized for
efficient parameter selection.

Appendix C

For the presented approach, the effects of mesh size within the
contact region in the FE models on the contact radius
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Fig.9 Geometric relationship between contact radius and contact area for a
rigid spherical indenter. R represents the radius of the spherical indenter, and a
denotes the contact radius.
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determination and the obtained numerical adhesive results are
discussed here. In FE simulations of contact problems, mesh
refinement of the contact region is essential to enhance simulation
accuracy. Furthermore, in the present study, the mesh density can
affect the accuracy of contact radius determination, which
subsequently influences the density of discrete data points during
processing and ultimately affects the transformed adhesive contact
results (see Section 3 for details). For the two validation examples
in Sections 4.1 and 4.2, different mesh densities within the contact
region were employed, and the determined contact radii and
obtained adhesive load-displacement results are illustrated in
Fig. 10.
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Fig. 10 Contact radius and obtained adhesive load-displacement results based on FE models with different mesh sizes in the contact region. (a) and (b) correspond to
the half-space case (Section 4.1), and (c) and (d) correspond to the thin layer case (Section 4.2). The red lines in (a) and (c) indicate the mesh size adopted in the validation

examples in Sections 4.1 and 4.2, respectively.

Figures 10(a) and 10(c) indicate that the mesh size adopted in
the validation examples of Sections 4.1 and 4.2 is sufficient, as the
determined contact radius remains basically unchanged when the
mesh density is further increased. As the mesh size becomes
larger, more data points could share the same outermost contact
node. Consequently, a larger amount of data is filtered, as
discussed in Section 3, resulting in fewer effective data points after
preprocessing (Figs. 10(a) and 10(b)). The obtained adhesive
load-displacement results for the half-space and thin layer cases
based on FE simulation with coarse mesh density are presented in
Figs. 10(b) and 10(d), respectively. These results exhibit good
agreement with the analytical solutions, with only minor
discrepancies in the initial portion of the curves. For better
illustration, a finer mesh was adopted in the validations in
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Sections 4.1 and 4.2. The results presented in Figs. 10(b) and 10(d)
demonstrate the robustness and effectiveness of the presented
approach, as relatively coarse mesh densities can still yield
reasonably accurate results while significantly reducing simulation
time.
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