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ABSTRACT
This study introduces a continuum medium approximation (CMA) and an empirical effective medium approxi-
mation (EMA)-type formulation to estimate the transport  properties,  including electrical  conductivity,  thermal
conductivity, Seebeck coefficient, and Hall mobility, of nanostructured composites. The CMA incorporates the
interface parameters mediated by newly introduced distribution functions to  resolve predictions that  deviate
from the inclusion properties  at  its  volume fraction of  1  in  current  EMAs and yields  predictions agreed well
with both the empirical EMA and experimental data. The empirical EMA-type formulation resolves the differ-
ences in CMA predictions for the media A1−xBx and B1−xAx and provides a unique prediction that agrees very
well with experimental data at a given volume fraction ranging from 0 to 1. The effects of the interface param-
eters on the transport properties were investigated. The results indicated that the efficiency of nanostructured
composites could be further improved by optimizing the interface parameters.

KEYWORDS
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 1    Introduction
Effective  medium  approximation  (EMA)  has  been
used to predict the transport properties of nanostruc-
tured  thermoelectric  composites  and  to  investigate
the  roles  played  by  different  phases  of  a  composite
and the mechanisms introduced by nanostructures to
improve  properties  for  enhanced  energy  conversion
efficiency.  Based  on  EMA  and  Kapitza  thermal
contact  resistance[1],  Nan  et  al.  developed  a  compre-
hensive  EMA-based  formulation  that  contains  the
interfacial  thermal  resistance  to  determine the  effec-
tive  thermal  conductivity  of  arbitrary  particulate
composites[2]. The formulation ignored the interparti-
cle  phonon  scattering,  thus  can  be  applicable  to
composites with a small volume fraction of inclusion.
Nanocomposites  can  often  contain  much  higher
volume  fractions  of  nanograins,  and  their  particle
size can decrease to the order of phonon wavelength
and mean free path (MFP). Therefore, both the inter-

facial  scattering  of  phonons  and  the  interparticle
phonon  scatterings  need  to  be  accounted  for  in  an
EMA.  The  modified  EMAs  by  Minnich  and  Chen[3]

and  Poon  and  Limtragool[4] accounted  for  both  the
interfacial  and  the  interparticle  phonon  scatterings.
Nan’s  EMA  and  a  classical  EMA  formulation  were
used by Hao et al. along with their atomistic simula-
tions  to  investigate  the  thermal  conductivity  of
aligned  Ge  nanowires  embedded  in  a  crystalline  Si
matrix[5]. The classical EMA formulation was applied
to  three  phases,  namely  Ge,  Si,  and  the  thermal
boundary phase which contains both germanium and
silicon  elements.  The  thermal  conductivity  of  the
thermal  boundary  phase  originated  from  the
mismatch  of  group  velocities  of  phonons  on  differ-
ent  sides  of  the  interface,  leading  to  strong  phonon
scattering  and  changes  in  the  effective  thermal
conductivity.  Based  on  Bruggeman  formulation  and
Boltzmann  transport  equation,  Sonntag  developed
the EMA formulations for both the thermal conduc-
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tivity  and  the  Seebeck  coefficient  of  thermoelectric
composites[6].  The  formulation  was  late  modified  by
Kyratsi et al. to study the amorphous or crystalline β-
K2Bi8Se13 nanocomposites[7].  They  used  four  phases,
that  is,  nanocrystallites,  microcrystallites,  amorph-
ous phase, and pores in the prediction and the results
agreed  well  with  the  experimental  data.  A  general
EMA  combined  with  percolation  theory[8] alongside
with  the  EMA  developed  by  Bergman  and  Levy[9]

were used by Sharma et al. to investigate the compos-
ite  of  AgSbTe2 embedded  with  Sb2Te3 nanoinclu-
sions[10].  The  results  showed  that  morphology  of  the
inclusions significantly influenced the effective trans-
port properties. To investigate the experimental find-
ings  that  showed  pores  entrapped  in  a  thermoelec-
tric  material  could  lower  thermal  conductivity
considerably  and  improve  figure  of  merit  (zT)[11, 12],
Lee  et  al.  used  EMAs  and  quantum  mechanics  to
calculate  the  transport  properties  of  porous  Si-Ge[13].
The result showed that the charge carriers were scat-
tered  more  severely  in  nanograined  materials
compared with macroscale porous materials due to a
larger  number  density  of  scattering  sites.  Porous
nanograined materials can enhance the Seebeck coef-
ficient due to the energy filtering effect and lower the
thermal  conductivity,  however,  these  materials  can
also lower the electrical conductivity. Porous materi-
als  have  wide  applications  in  batteries  and  energy
conversion  devices.  Ion  transport  in  porous  elec-
trodes  was  studied  by  Tao  et  al.  using  molecular
dynamics simulations combined with EMA[14].

Thermal barrier resistance, particle size and shape,
and host–particle  interface density are recognized as
the  key  parameters  in  determining  the  thermal
conductivity of a nanocomposite. Standard EMAs do
not include these interface parameters in the formu-
lations. Consequently, their predictions can only vary
between  the  properties  of  the  single-phased  materi-
als  and  could  differ  considerably  from  experimental
data,  as  illustrated  by  the  blue  line  in Fig.  1.  EMAs
incorporated with the interface parameters and using
constant  properties  for  the  host  and  the  particle
improved the predictions such that they may exceed
the  properties  of  both  the  host  and  the  particle,  as
shown  by  the  red  line  in Fig.  1.  EMAs  that  include
the  interface  parameters  and  use  the  properties
dependent on the host–particle interface density and
particle  size  for  both  the  host  and the  particle  made
considerable  improvement  on  the  predictions  that
closely align with experimental  data as  illustrated by
the black line in Fig. 1.

However,  the  presence  of  these  interface  parame-
ters  in  EMAs  results  in  that  the  predictions  deviate
from the particle properties at its  volume fraction of
1  and  that  the  differences  between  the  approxima-
tions  for  A1−xBx and  B1−xAx increase.  In  this  work,  a
continuum  medium  approximation  (CMA)  for  the

transport  properties  (electrical  conductivity,  thermal
conductivity,  Seebeck  coefficient,  and  Hall  coeffi-
cient)  is  developed  using  the  continuum  equation
along  with  smeared  property  approximation  and
perturbation theory.  This CMA is incorporated with
the  interface  parameters  that  are  mediated  by  the
newly proposed distribution functions to resolve the
predictions  that  deviate  at  the  volume  fraction  of  1.
An  empirical  EMA-type  formulation  is  then  intro-
duced  to  unify  the  CMA  predictions  for  A1−xBx and
B1−xAx to give a unique prediction within the volume
fraction ranging from 0 to 1.  Numerical  calculations
carried out for both undoped and doped Ge–Si alloys
are  compared with  experimental  data.  The effects  of
the  interface  parameters  on  the  transport  properties
of the alloys are illustrated.

 2    Formulation outline
The presence of the Kapitza thermal boundary resis-
tance  and  the  electrical  boundary  impedance  at  the
interface  between  the  continuous  phase  (host)  and
the  inclusions  (particles)  embedded  in  the  continu-
ous phase of a composite leads to the discontinuities
of temperature, electrical potential,  and their respec-
tive  currents.  These  interface  effects  were  not
accounted  for  in  existing  formulations[15] for  the
transport  properties  of  inhomogeneous  materials
using the continuum medium theory. As the volume
fraction of the particle increases and its size decreases
to  an  order  of  magnitude  comparable  to  the  wave-
length,  the  interface  effects  are  likely  to  become
highly  significant  for  transport  in  nanostructured
composites.  To  maintain  the  continuum  medium
theory valid for approximating the transport proper-
ties  of  nanostructured  composites,  a  smeared  prop-
erty  approximation  is  used  to  ensure  the  continuity
of temperature, electrical potential,  and their respec-
tive  currents  across  the  interface.  The  method  is
based on the concept that the reduction in the parti-
cle size and the increase in the host–particle interface

 

Figure 1    Diagram shows advances of EMAs. The lower bottom
curves  represent  the  results  from  standard  EMAs  that  do  not
include  the  interface  parameters,  i.e.,  thermal  barrier  resistance,
particle size, and host–particle interface density, while the EMAs
of the curves above them do include those parameters.
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Δκ0

κ′
0 = κ0 +Δκ0

density alter the transport trajectory of  energy carri-
ers in both the host medium and the particle, leading
to  changes  in  their  bulk  properties.  Let’s  start  with
the  thermal  conductivity.  The  increase  in  the  inter-
face density  induces a  small  change,  denoted as ,
in the thermal conductivity of the host medium. The
resulting  thermal  conductivity  is .  Since
the  interface  phase  contains  both  the  host  medium

Δκ0 =
κiκ0Rth

a
= αthκi

κ′
0 =

κ0 +αthκi

and  the  inclusion,  a  smeared  property  is  used  to
simply approximate the ∆κ0, i.e., ,
where κi is the thermal conductivity of the inclusion,
Rth is the thermal barrier resistance, and a is a radius.
The  resulting  thermal  conductivity  becomes 

.  The CMA of  the effective thermal  conduc-
tivity is then given by:
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κ′
iwhere  is  the  change  of  the  thermal  conductivity

caused by the Peltier effect at the host–particle inter-
face and is given by:

κ′
i = κi +

2σ iσ0

σ i +2σ0
(αi −α0)

2 (1b)

ϕi

where σ0 and σi are  the electrical  conductivity  of  the
host  and  the  particle,  respectively, α0 and αi are  the
Seebeck  coefficients  of  the  host  and  the ith particle,
respectively,  is  the  volume  fraction  of  the  inclu-
sion, and αel is the coefficient of the electrical barrier
resistance to be defined subsequently.  The first  term
on  the  right  side  of  Eq.  (1a)  is  the  same  as  Nan’s
formulation  for  spherical  inclusions.  Equation  (1a)
also  accounts  for  the  Peltier  effect  at  the  host–parti-
cle  interface  by  the  second term on the  right  side  of
the equation.

The  kinetic  theory-based  bulk  properties  of  the
host  and  the  particle,  and  the  thermal  barrier  resis-
tance introduced in Chen and Minnich’s  work[3],  are
used in Eq. (1a) to account for the effects of particle
size  and  the  host–particle  interface  density  on  these
bulk  properties.  These  properties  are  calculated,
respectively, by:

κx =
1
3
CpxvxΛx (1c)

Rth =
4fRd (Cp1v1 +Cp2v2)

Cp1v1Cp2v2
(1d)

Λ
fRd

where the subscript x is 0 for the host medium and i
for the inclusion, Cp is the specific heat capacity, v the
phonon group velocity,  the phonon mean free path
(MFP),  and  is  a distribution function of the ther-
mal  barrier  resistance.  For  the  host  medium,  the
effective MFP is given by:

1
Λeff

=
1
Λ0

+
Φd

4
(1e)

where Φd is a distribution function of the host–parti-
cle  interface  density  for  spherical  inclusions.  For
nanoparticles, the MFP is given by:

1
Λeff

=
1
Λi

+
1
d

(1f)

where d is the particle diameter.
fRdThe distribution functions,  and Φd, should meet

the conditions that the host–particle interface density
or  the  thermal  barrier  resistance  is  0  when  the
volume fraction of inclusion is 0 or 1. To meet these
requirements, the distribution function for the inter-
face density is introduced in the following form:

ϕ1

Xmh
1 −Xmh

e

Xmh
1 − rBXmh

e

+ϕ2

Xmh
2 −Xmh

e

Xmh
2 − rAXmh

e

= 0 (1g)

ϕ1

ϕ2 = 1−ϕ1 X1 = ϕ1 X2 = ϕ2

where  is  the  volume  fraction  of  inclusion;
, , , Xe is Φd, and rA, rB, and mh

are  the  empirical  parameters  to  be  determined
through correlation with experimental data.

The  distribution  function  for  the  thermal  barrier
resistance is defined as:

fRd = [4ϕ1 (1−ϕ1)]
mk (1h)

where mk is an empirical parameter. Since the differ-
ential  equations  for  the  continuum  medium  are  the
same  for  both  electrical  conduction  and  heat  trans-
port  and differ  only  in  their  constants  and indepen-
dent  variables,  following  the  same  treatment  for  the
effective thermal conductivity,  the effective electrical
conductivity can be obtained:

σp = σ0

1+2ϕi

σ i (1−αel)− σ0

σ i (1+2αel)+2σ0

1−ϕi

σ i (1−αel)− σ0

σ i (1+2αel)+2σ0

(2a)

αel = fsdα0
el α0

el =
Relσ0

a
fsd

in  which  and  where Rel is  the
electrical barrier resistance, a is the radius and  is a
distribution  function  of  the  electrical  barrier  resis-
tance given by:

ϕ1

Xms
1 −Xms

e

Xms
1 − rBXms

e

+ϕ2

Xms
2 −Xms

e

Xms
2 − rAXms

e

= 0 (2b)

fsdin which Xe is , sA, sB, and ms are empirical parame-
ters to be determined through correlation with exper-
imental data.

Subsequently,  the  CMA  for  the  effective  Seebeck
coefficient can be expressed as:
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in  which  where  is  a  distribution  func-
tion  of  the  interface  Seebeck  coefficient  ratio,  and

 = α0/αB, αB is  the  boundary  Seebeck coefficient[16].
 is given by:

ϕ1 (X
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e
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ϕ2 (X

maS
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e
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faSd aSA aSB maS
in which Xe is , , ,  and  are the empirical
parameters  to  be  determined  through  correlation
with experimental data.

In  the  current  CMA  of  the  Hall  coefficient,  only
the electrical  barrier resistance is  accounted for.  It  is
given by:

RHp = RH0
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2 (4)

RH0 RH iwhere  and are the Hall coefficients for the host
and the inclusion, respectively.

These  CMAs  give  different  predictions  for  A1−xBx
and  B1−xAx at  a  given  volume  fraction.  This  might
imply  that  certain  physical  variables  may  still  be
missing  in  the  formulation.  To  address  this  differ-
ence and to obtain a good fit with experimental data
within  the  volume  fraction  ranging  from  0  to  1,  an
empirical  EMA-type  formulation  is  introduced.  It  is
assumed  that  the  effective  properties  obtained  from
CMA for  host  A doped with  particle  B  (A1−xBx)  and
for  host  B  doped  with  particle  A  (B1−xAx)  are  two
different materials. These two properties can then be
used  in  the  following  empirical  EMA-type  equation
to fit experimental data:

ϕ1

X2
1 −X2

e

X2
1 − fBX2

e

+ϕ2

X2
2 −X2

e

X2
2 − fAX2

e

= 0 (5)

ϕ1 ϕ2

fA fB

Yj = X2
j

where X1 and X2 are  the  effective  properties  for
A1−xBx and  B1−xAx,  respectively,  and  are  their
respective  volume  fractions,  and  and  are  the
dimensionality parameters defined in standard EMA
formulations,  but  here  used  as  fitting  parameters,
assuming  that  the  dimensionality  differs  for X1 and
X2. This is a quadratic equation of  where j = 1,
2, and e. It has two analytical solutions given by:

Yj =
1
2A

(
−B±

√
B2 −4AC

)
(6a)

A= fA + γfB,γ =
ϕ2

ϕ1

(6b)

B= (1− γfB)Y1 +(γ− fA)Y2 (6c)

C=−(1+ γ)Y1Y2 (6d)

 3    Results

α0
el = 0.8 fsd = 1

Results  for  undoped  Ge–Si  alloys  which  have  also
been  extensively  investigated  through  experiments
are  presented in Fig.  2.  The  parameters  used for  the
calculation[3] are given in Table 1. Figure 2 compares
the  results  of  the  CMA,  Eq.  (1a),  for  Ge1−xSix and
Si1−xGex and  the  empirical  EMA-type  formulation,
Eq.  (5),  with  the  experimental  data[17].  The  particle
size  used  for  these  results  is  66  nm.  The  parameters
used  for  the  distribution  function  of  the  host–parti-
cle interface density are rA = 0.5, rB = 0.175, and mh =
0.7. The parameter used for the distribution function
of  the  thermal  barrier  resistance  is mk =  0.975.  The
coefficient  of  the  electrical  barrier  resistance  is

,  and  its  distribution  function  is .  The
Seebeck  coefficient  ratio  is aS =  0. Figure  2b shows
the  distribution  functions  used  for  the  thermal
barrier  resistance  and  the  host–particle  interface
density. Figure  2a clearly  shows  that  the  introduc-
tion  of  the  distribution  functions  improves  the
CMA’s  prediction  considerably.  These  predictions
are  converged  to  the  thermal  resistivity  of  the  host
medium and the particle at atomic fractions of 0 and
1,  respectively.  The  results  of  the  CMA  for  Ge1−xSix
and Si1−xGex,  and the  empirical  EMA, are  nearly  the
same and all agree well with the experimental data up
to  the  atomic  fraction  of  0.25.  However,  there  exist
considerably  differences  between  the  CMA  predic-
tions for Ge1−xSix and Si1−xGex within a large portion
of atomic fractions. The empirical EMA-type formu-
lation  resolves  these  differences  and  gives  a  unique
prediction at a given atomic fraction ranging from 0
to  1.  As  showed  in Fig.  2a,  the  thermal  resistivity
predicted by the empirical EMA agrees very well with
the  experimental  data  within  the  atomic  fraction
range  from 0  and 1  using fA =  25.5  and fB =  0.25.  It
can also be observed that within this range of atomic
fraction,  the  CMA  for  Ge1−xSix and  the  empirical
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EMA  are  nearly  the  same,  except  within  the  peak
portion.

Figure  3 presents  the  transport  properties
predicted by the CMAs for Ge1−xSix and Si1−xGex and
the empirical EMA for an n-type Ge–Si alloy having a
carrier  concentration  of  1.5  ×  1020 electrons/cm3.

ℏ

The parameters[17–24] used for the calculation are given
in Table  2.  The  phonon  group  velocity  was  calcu-
lated  using  the  Debye  expression[25], v =
(kB/ )(6π2)−1/3aθD,  where a is  the  cube  root  of  the
atomic  volume,  and  the  Debye  temperature θD =
4.19 × 10−8 G/(a3/2M1/2) in which M is the mean “gram

 

Table 1    Thermal properties for undoped silicon and germanium
Material Bulk thermal conductivity (W·m−1·K−1) Heat capacity (106 J·m−3·K−1) Phonon group velocity (m·s−1) Bulk mean free path (nm)

Si 150 0.93 1804 268
Ge 51.7 0.87 1042 171

 

Table 2    Properties of the doped n-type silicon and germanium

Materials Bulk thermal conductivity
(W·m−1·K−1)

Heat capacity
(106 J·m−3·K−1)

Phonon group velocity
(m·s−1)

Bulk MFP
(μm)

Seebeck coefficient
(μV·K−1)

Electrical conductivity
(105 S·m−1)

Si 82.42 1.56 5858 158.5 125.5 1.696
Ge 47.5 1.713 3519 83.2 300 2.188

 

a b

Ge1−xSix Si1−xGex
Φd fRd

Figure 2    (a)  Comparisons of  the effective thermal resistivity predicted by CMA for  and  and the empirical  EMA
with the experimental data. (b) Distribution functions for the host–particle interface density, , and the thermal barrier resistance, .

 

a b

c d

Ge1−xSix Si1−xGexFigure 3    Comparisons of the effective transport properties predicted by CMA for  and  and the empirical EMA with
experimental data. (a) Thermal resistivity. (b) Electrical resistivity. (c) Seebeck coefficient. (d) Figure of merit.
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atomic weight” of alloy, G is a function of the elastic
constants. G =  1.017  for  Germanium  and  1.033  for
silicon[17, 26].  The  phonon  MFP  was  back  calculated
from  the  specific  heat,  the  phonon  group  velocity,
and the thermal conductivity using the kinetic equa-
tion,  Eq.  (1c).  For  a  more  rigorous  calculation,  it
could  be  extracted  from  the  expressions  of  the
Seebeck  coefficient,  the  electrical  conductivity,  and
the  thermal  conductivity  obtained  from  the  Boltz-
mann transport equation for electron and phonon in
combination  with  those  measured  properties.  These
will give three equations containing the Fermi energy
level,  the  electron  relaxation  time,  and  the  phonon
scattering  rate  as  the  unknowns.  These  equations
need  to  be  solved  iteratively. Figure  4 shows  the
distribution functions, , , , and , used for the
calculations.

Figure  3a compares  the  thermal  conductivity
obtained  from  the  CMA,  Eq.  (1),  and  the  empirical
EMA,  Eq.  (5),  with  the  experimental  data[17].  The
CMA results for Ge1−xSix and Si1−xGex agree well only
within the atomic fraction range from 0 to 0.15. They
then  differ  considerably  for  most  of  the  remaining
atomic  fractions.  The  empirical  EMA  resolves  their
differences and gives a unique prediction for a given
atomic  fraction  ranging  from  0  and  1.  It  can  be
noticed that the CMA for Ge1−xSix and the empirical
EMA  are  nearly  the  same  except  within  the  peak
portion and they all  agree  very well  with the experi-
mental data. Figure 3b shows the comparisons of the
electrical  resistivity.  The  CMAs  for  Ge1−xSix and
Si1−xGex differ considerably within the entire range of
atomic  fraction  except  those  near  their  interception
point.  Results  of  the  empirical  EMA agree  well  with
both the prediction of the CMA for Ge1−xSix and the
experimental  data  (only  one  data  point  can  be
extracted). Figure  3c compares  the  Seebeck  coeffi-
cients  computed  by  the  CMA  for  Ge1−xSix and
Si1−xGex and the empirical EMA with the experimen-
tal  data.  The  trends  observed  in  the  Seebeck  coeffi-
cients are very similar to those of the electrical resis-
tivity.  The  CMAs  for  Ge1−xSix and  Si1−xGex are

considerably  different  within  the  entire  range  of
atomic  fractions,  except  at  their  interception  point.
Results  of  the  empirical  EMA  agree  with  the  CMA
predictions for Ge1−xSix and experimental data within
the  atomic  range  between  0.2  and  1.  They  differ
between 0 and 0.2 within which CMA predictions for
Ge1−xSix and  Si1−xGex differ  significantly. Figure  3d
shows the comparisons of the figure of merits.  Since
CMA for Ge1−xSix, and the empirical EMA agree well
with the experimental data for the thermal resistivity,
the electrical resistivity, and the Seebeck coefficient, a
very  good  agreement  among  them  in  the  figure  of
merit can be expected. However, owing to the signifi-
cant differences in the CMA predictions for Ge1−xSix
and Si1−xGex, the empirical EMA only agree well with
the  CMA  for  Ge1−xSix within  the  atomic  fraction
range between 0.5 and 1.

Figure  5 shows  the  electron  Hall  mobility
computed  by  the  CMAs  for  Ge1−xSix and  Si1−xGex,
and  the  empirical  EMA  compared  with  the  experi-
mental data. The data point at the atomic fraction of
0.7  is  from  Ref  [17]  and  that  at  0.8  is  the  modeled
result  from  Ref  [26].  Since  the  interface  effects  are
not accounted for in the Hall coefficient formulation,
these predictions agree not quite well with the experi-
mental  data as  those for the thermal and the electri-
cal resistivity and the Seebeck coefficient. Because the
large differences in the CMA predictions for Ge1−xSix
and Si1−xGex,  the empirical  EMA agree well  with the
CMA  for  Ge1−xSix only  within  the  atomic  fraction
range between 0.3 and 1.

 4    Discussion
Application  of  the  smeared  property  approximation
at the interface between the continuous medium and
its inclusion can address the discontinuity problem in
field variables, which currently was not considered in
continuum medium formulations. This approach can
extend  the  application  of  the  continuum  medium
approximation of transport properties for inhomoge-

 

Φd fRd
fsd faSd

Figure 4    Distribution  functions  for  the  host–particle  interface
density, ,  thermal  barrier  resistance, ,  electrical  barrier
resistance, , and the Seebeck coefficient ratio, .

 

Ge1−xSix Si1−xGex
Figure 5    Comparisons  of  the  effective  electron  Hall  mobility
predicted  by  CMA  for  and  and  empirical
EMA with the experimental data.
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neous  materials  to  nanostructured  composites.  The
smeared  property  approximation  introduces  the
interface parameters, i.e., the thermal and the electri-
cal  barrier  resistance  and  the  Seebeck  coefficient
ratio,  into  CMA  formulations.  Consequently,  the
approximated properties are not bounded by those of
the  host  medium  and  the  particle  of  a  composite  as
standard  EMAs.  The  introduction  of  distribution
functions  for  the  host–particle  interface  density,  the
thermal  and the  electrical  barrier  resistance,  and the
Seebeck  coefficient  ratio  results  in  CMA predictions
converging to the properties of the host medium and
the particle at the atomic fractions of 0 and 1, respec-
tively,  and  improves  the  predictions  considerably
within the entire range of atomic fractions. However,
there  still  exist  differences  in  the  CMA  predictions
for  Ge1−xSix and  Si1−xGex at  a  given  atomic  fraction.
The  proposed  empirical  EMA  resolves  those  differ-
ences and gives a unique prediction at a given atomic
fraction  ranging  from  0  to  1.  As Fig.  2 showed  for
undoped Ge–Si alloys, the CMA for Ge1−xSix gives the
predictions  of  the  thermal  resistivity  of  Ge  at  the
atomic fraction of 0 and that of Si at 1 and the predic-
tions  agree  very  well  with  the  experimental  data
within  those  fraction  range.  The  CMA  for  Si1−xGex
also  predicts  the  thermal  resistivity  of  Ge  at  the
atomic  fraction  of  0  and  that  of  Si  at  1.  The  predic-
tions between 0 and 0.2 agree very well with those of
CMA  for  Ge1−xSix.  For  larger  atomic  fractions,
however,  the  predictions  differ  considerably.  The
empirical EMA resolves these differences and gives a
unique  prediction  for  a  given  atomic  fraction  rang-
ing  from  0  to  1,  which  agree  very  well  with  experi-
mental data. It can be noticed that the predictions of
the  empirical  EMA  and  the  CMA  for  Ge1−xSix are
nearly  the  same,  except  at  the  peak  portion.  This
indicates that CMA for Ge1−xSix along can be used for
the predictions of nanostructured composites.

Figure 3 shows the results for the thermal resistiv-
ity,  the  electrical  resistivity,  and  the  Seebeck  coeffi-
cient  of n-type  doped  Ge–Si  alloys  with  a  carrier
concentration of 1.5 × 1020 electrons/cm3. The results
for  thermal  resistivity  showed  in Fig.  3a are  quite
similar  to  those  for  undoped  Ge–Si  alloys  (Fig.  2).
But the particle size used for these calculations is 8.75
nm and the distribution functions used are different
as  showed in Fig.  4.  From Figs.  2a and 3a,  it  can  be
noticed  that  the  thermal  resistivity  increases  as  the
particle  size  becomes  smaller  and  the  interface
density becomes larger. This can be reasoned that as
the doping concentration increases  the  host–particle
interface density also increases. To increase the inter-
face density, the particle size must be small since it is
an inverse proportion to the interface density[3].

Figure  3 also  shows  the  predicted  results  for  the
electrical  resistivity,  the  Seebeck  coefficient,  and  the
figure  of  merit.  These  results  indicate  that  the

predicted  properties  by  the  CMA  for  Ge1−xSix are
consistently  agree  with  the  empirical  EMA  and
experimental data. The differences between these two
predictions  within  a  certain  range  of  atomic  frac-
tions  are  mainly  resulted from the  prediction differ-
ences  between  CMA  for  Ge1−xSix and  Si1−xGex.  This
suggests that CMA for Ge1−xSix alone can predict the
properties of  nanostructured composites.  It  needs to
point out that  CMAs for Ge1−xSix and Si1−xGex differ
only in their use of host and particle and their prop-
erty  ratios  (i.e., κi/κ0, σi/σ0,  and αi/α0).  These  rules
should be followed for CMA.

Missing of a distribution function for electron Hall
mobility  in  the  current  CMA  formulation  results  in
the  predictions  that  are  not  correlated  with  experi-
mental  data.  The  predicted  Hall  mobilities  do  not
agree  well  with  the  experimental  data  (Fig.  5).  More
understanding  of  the  interface  effect  on  Hall  mobil-
ity,  which  is  beyond the  scope  of  this  study,  may be
needed  before  introducing  the  distribution  function
into CMA. Furthermore, unlike the thermal conduc-
tivity,  the  electrical  conductivity,  the  Seebeck  coeffi-
cient,  and the Hall  mobility  in the current  CMA are
independent  of  the  host–particle  interface  density
and  particle  size.  By  analogizing  to  the  thermal
conductivity, the Drude model may be used to calcu-
late the electrical conductivity by modifying the elec-
tron  mobility  to  include  the  effects  of  particle  size
and interface density.

α0
el

Using the distribution functions showed in Fig.  4,
the  effects  of  the  interface  parameters  on  the  trans-
port properties were studied with respect the Seebeck
coefficient  ratio, aS,  and  the  coefficient  of  electrical
barrier  resistance, .  These  results  are  shown  in
Fig. 6.

α0
el

Figure  6a compares  the  variations  in  the  effective
Seebeck coefficients with the atomic fraction of Si for
different aS under  a  given .  As aS increases  from
−2.75  to  2.75,  the  effective  Seebeck  coefficient
decreased.  At aS =  2.75,  the αp corresponded  to  the
experimental data at the atomic fraction of 0.7, which
is lower than those of Ge and Si. Since aS = α0/αB, the
interface  Seebeck coefficient, αB,  needs  to  be  smaller
than  that  of  the  host  medium  to  lower  the  effective
Seebeck  coefficient.  This  applies  to  all  the aS that  >
0.297.  At aS =  0,  no  interface  effect  observed  with
respect  to  Seebeck  coefficient.  It  can  be  understood
either a perfect interface or a significantly large inter-
face  Seebeck  coefficient.  The  later  interpretation
implies that the effective Seebeck coefficient can only
vary  between  those  of  Ge  and  Si  when  the  interface
Seebeck coefficient is considerably large. If aS < 0 i.e.,
the  interface αB has  opposite  sign to  that  of α0 does,
αp would  be  larger  than  that  of  Si  or  Ge,  depending
on the magnitude of aS and the atomic fraction of Si.
This is  an interesting result  since it  shows a possible
way  to  increase  the  Seebeck  coefficient  of  a  nanos-
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tructured composites through interface parameters.

αaS

Figure 6b shows the changes  in the effective  ther-
mal  resistivity  as aS increases  from  2.75  to  2.75.  For
aS <  0,  the  effect  of  on  the  thermal  resistivity  is
minimal,  as  showed  for aS =  −2.75  and  −0.5.  The
corresponding  thermal  resistivity  of  the  remaining
negative values of aS overlapped with each other and
are  difficult  to  distinguish.  For aS >  0,  the  effective
thermal resistivity increases with aS. These changes in
αp and κp with aS are inconsistent with those for bulk
materials  for  which  as  the  Seebeck  coefficient
increases,  the  thermal  conductivity  in  general
decreases.

α0
el

α0
el

α0
el

α0
el

α0
el

Figure 6c shows the effect of the coefficient of elec-
trical barrier resistance on αp for a fixed aS.  For aS =
2.75, αp increases  as  increases  from  0.5  to  4.5.
Since  the  electrical  resistivity  also  increases  with ,
the increase of αp with  consistents with the intrin-
sic  relationship  between α and σ of  bulk  materials.
For aS = −2.75, αp decreases as  increases from 0.5
to 4.5. These results are typical for the large negative
aS.  Considering  that  the  electrical  resistivity  is  basi-
cally independent of aS for CMA and that the electri-
cal  resistivity  increase  with ,  these  results  are
inconsistent  with  the  common  intrinsic  relationship
between α and σ of bulk materials.

α0
el

α0
el

Figure 6d shows the effect  of  the electrical  barrier
resistance on the thermal resistivity for a fixed aS. As
previously discussed, for aS < 0, the effect of  on the
thermal  resistivity  is  minimal,  only  the  results  for
aS = −2.75 and  = 4.5 is showed. For aS = 2.75, the

α0
el

α0
el

α0
el

effective  thermal  resistivity  decreases  as  increases
from  0.5  to  4.5.  Since  the  electrical  resistivity
increases  with ,  the  decrease  in  the  thermal  resis-
tivity  with  is  inconsistent  with  the  common
intrinsic relationship between σ and κ of bulk materi-
als. However, this is also an interesting result because
it  shows a  possible  way to  optimize  the  thermal  and
the  electrical  resistivity  by  manipulating  the  barrier
resistance.

 5    Conclusion
A  continuum  medium  approximation  of  the  trans-
port properties of an inhomogeneous composite can
be  developed  using  a  smeared  property  approxima-
tion  at  the  interface  between  a  continuous  medium
and  its  inclusion,  along  with  the  perturbation
approximation.  The  CMA  can  introduce  the  inter-
face  parameters,  including the  thermal  and the  elec-
trical  barrier  resistance  and  the  Seebeck  coefficient
ratio,  in  the  formulation  to  account  for  their  effects
on  the  transport  properties  of  nanostructured
composites. However, these interface parameters also
lead to the predictions to  deviate  from the inclusion
properties  at  the  volume  fraction  of  1,  thereby
increasing the differences in the CMA predictions for
A1−xBx and  B1−xAx.  The  introduction  of  the  new
distribution  functions  for  the  interface  parameters
into  CMA  formulations  can  address  the  non-
converging predictions and considerably improve the
predictions. The empirical EMA combines the CMA

 

a b

c d

α0el
α0el

Figure 6    Effects of interface parameters, aS and , on the transport properties. Effect of aS on (a) Seebeck coefficient and (b) thermal
resistivity. Effect of  on (c) Seebeck coefficient and (d) thermal resistivity.
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predictions  from  both  A1−xBx and  B1−xAx to  resolve
the differences in these predictions and give a unique
prediction  that  can  agree  very  well  with  experimen-
tal  data  for  a  given  atomic  fraction  of  the  inclusion
ranging from 0 to 1.

The study of the effects of interface parameters on
the  transport  properties  revealed  that  the  Seebeck
coefficient  ratio  needs  to  be  small  to  minimize  the
reduction  in  the  effective  Seebeck  coefficient  of  the
composite. If the sign of the interface Seebeck coeffi-
cient  becomes  opposite  to  that  of  the  host  Seebeck
coefficient,  the  effective  Seebeck  coefficient  can
exceed  that  of  the  host  medium.  The  study  further
showed  that  increase  in  the  electrical  barrier  resis-
tance can increase the electrical  resistivity and lower
the thermal resistivity, inconsistent with the common
intrinsic relationship of bulk materials. These results
suggested  potential  ways  to  improve  the  transport
properties.  Therefore,  it  can  be  concluded  that  the
efficiency  of  nanostructured  composite  can  poten-
tially  be  further  improved  by  optimizing  the  inter-
face parameters.
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