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Abstract—The Control Barrier Function (CBF) method is
becoming a popular tool that transforms nonlinear constrained
optimal control problems into a sequence of Quadratic Programs
(QPs). In this tutorial paper, we show how to employ machine
learning techniques to ensure the feasibility of these QPs, which
is a challenging problem, especially for high relative degree
constraints where High Order CBFs (HOCBFs) are employed.
We present two complementary learning approaches: (i) param-
eter learning for regular unsafe sets; (i7) sampling learning for
irregular unsafe sets, where ‘“regularity” of an unsafe set is
formally defined in terms of the dependence of QP feasibility
on initial system conditions. The first approach compensates
for the myopic nature of the QP-based approach by parame-
terizing the HOCBFs and using machine learning techniques to
select parameters that maximize a feasibility robustness metric
related to system performance. This feasibility robustness metric
measures the extent to which QP feasibility is maintained in
the presence of time-varying and unknown unsafe sets. The
sampling learning approach addresses “irregular” unsafe sets
in which the problem feasibility heavily depends on the initial
conditions. This approach learns a new feasibility constraint
that guarantees the QP feasibility, and it is then enforced by
another HOCBF added to the QPs. The accuracy of the learned
feasibility constraint can be recursively improved by the proposed
recurrent training algorithm. We demonstrate the advantages of
the proposed learning approaches to constrained optimal control
problems with specific focus on a robot control problem and on
autonomous driving in an unknown environment.

Index Terms—Machine Learning, Lyapunov methods, Safety-
Critical Control, Optimal Control.

I. INTRODUCTION

With growing interest in autonomy, optimal control prob-
lems become increasingly important but challenging, espe-
cially in the presence of both safety constraints and control
limitations since they may conflict with each other. It was
recently shown that for nonlinear control systems that are
affine in controls and cost functions that are quadratic in
controls, an optimal control problem with safety constraints
can be solved through a sequence of quadratic programs (QPs)
that are implemented on-line. Central to this approach is the
notion of forward invariance enforced using barrier functions
(BF) [1], [2].
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BFs are Lyapunov-like functions [3], [4], whose use can
be traced back to optimization problems [5]. Control BFs
(CBFs) are BFs for control systems that are used to map
a constraint defined over system states onto a constraint on
the control. Recently, it has been shown that, to stabilize an
affine control system while optimizing a quadratic cost and
satisfying state and control constraints, CBFs can be combined
with Control Lyapunov Functions (CLFs) [6], [7], [8] to form
quadratic programs (QPs) [9], [1], [10] that can be efficiently
solved in real time. These CBFs work for constraints that
have relative degree one. A more general form [11], termed
exponential CBF, can work for arbitrarily high relative degree
constraints. The high order CBF (HOCBF) proposed in [2] is
simpler to use and more general than the exponential CBF.
CBFs have been widely used in many robotic systems, such
as in autonomous driving [12], [13], [14], soft robots [15], and
swarm robots [16].

There are several remaining challenges to be addressed in
the CBF-based method, including the determination of (pos-
sibly unknown) unsafe sets and (possibly unknown) system
dynamics, as well as the feasibility of the associated QPs
when both state constraints (enforced by HOCBFs) and control
bounds are involved. To determine unsafe sets and system
dynamics, machine learning techniques are commonly used.
Supervised learning techniques have been proposed to learn
safe set definitions from demonstrations [17], and sensor data
[18], which are then enforced by CBFs. In [19], data are used
to learn system dynamics for CBFs. In a similar setting, the
authors of [20] use adaptive control techniques to estimate
the unknown system parameters in CBFs. Neural network
controllers are often trained using CBFs in the presence of
disturbances [21]. However, these works did not consider the
feasibility of the associated QPs in the presence of strict
control bounds, which critically depends on how we define
CBFs (or HOCBFs), i.e., the parameters involved in the
definition of CBFs. In this paper, we focus on the feasibility of
these CBF-based QPs and on the maximization of their future
solution space.

Infeasibility can be improved by pre-computing feasible
motion spaces [22] [23] or using receding horizon optimiza-
tion as in Model Predictive Control (MPC) [24]. Optimal
control methods can also avoid the infeasibility problem,
but their computational complexity becomes prohibitive with
non-linear dynamics and constraints. Furthermore, unknown
environments make solving such problems even harder. Some
approaches to improve feasibility for specific applications have
been proposed. For the adaptive cruise control (ACC) problem
defined in [1], the infeasibility issue is addressed by consid-
ering the minimum braking distance. However, this approach



does not scale well for high-dimensional systems. The penalty
method proposed in [2] can improve the recursive feasibility
of the QPs and scales well, but it often does not stabilize
the system to desired equilibria when “irregular” unsafe sets
(defined later) are involved. Feasibility guarantees for CBF-
based QPs can also be achieved by finding explicit sufficient
conditions [25] expressed themselves as CBFs; however, such
conditions are usually hard to find for general constrained
control problems.

Machine learning techniques to obtain feasible solutions
were proposed for legged robots. Feasibility constraints are
learned for probabilistic models in [26] based on simplified
models. The learned constraints are complex, and they are
simplified by expectation-maximization. Robot footstep limits
are modeled as hyperplanes based on success and failure
dataset in [27]. Reinforcement learning [28] [29] has the
potential to address the infeasibility issue for optimal control
problems, but it is difficult to quantify infeasibility as a reward,
and the optimized parameters may also go to a local infeasible
region where a feasible solution can never be found.

This paper presents a tutorial for learning-based CBF
methods based on [30] [31]. The main consideration in this
paper is to address the CBF-based QP infeasibility problem
by avoiding all possible unsafe sets in unknown environments
using machine learning techniques. Feasibility pertains to
the CBF-associated QPs mentioned earlier, which are used
in solving general-purpose optimal control problems. Unsafe
sets are assumed to belong to a finite collection of sets
whose geometries are known. However, their locations are
only detected in real time operation. Our approach is twofold:
first, we parameterize the definition of a HOCBF as in [32]
and systematically optimize the parameters so as to guarantee
recursive feasibility and to maximize the future solution space
of the CBF-based QPs; alternatively, we proceed by learning
a new feasibility constraint that guarantees feasibility.

The first technique in the parameter-learning approach is
the maximization of a feasibility robustness metric that we
define in terms of maximizing the future action space, i.e.,
maximally ensuring the feasibility of the CBF-based QPs in
the presence of time-varying and unknown unsafe sets. In
particular, by measuring robustness as a distance metric to
an unsafe set, we aim at making the corresponding HOCBF
constraint active as late as possible in the QPs. The main
benefit of maximizing such a robustness metric is that the
QP feasibility can be maintained when the unsafe sets are
unknown and their detection is subject to noise. The second
technique is to put forward a feasibility-guided method to
learn the optimal parameters in a HOCBF corresponding to
a specific type of unsafe set such that the robustness metric is
maximized. However, this approach does not work well when
the unsafe sets are such that the problem feasibility heavily
depends on initial conditions (we term such sets “irregular”).
In this case, a single set of parameters for a HOCBF may
not work well for all possible initial conditions. Determining
the optimal parameters that work for all initial conditions is
a non-trivial task. This motivates our second approach, which
works for irregular unsafe sets.

Building on [30], where the feasibility robustness metric

was introduced, the third direction discussed in the paper is
the addition of a sampling learning approach [31], in which
irregular unsafe sets can also be considered in unknown
environments. We learn feasibility constraints for optimal
control problems in unknown environments based on the
original models (as opposed to simplified models as in [26]).
Also, in our approach, we directly implement the feasibility
constraints by CBFs, rendering our overall method provably
correct. Specifically, for each type of unsafe set, we sample
the state space of the system in the proximity of the safety
sets, check for feasibility of the QP one step forward for
regular unsafe sets and multiple steps forward for irregular
unsafe sets, and learn a differentiable classifier (for feasible
and infeasible states) that is then added to the set of initial
constraints. We show that, if the initial QP is feasible, then
any control that satisfies the corresponding CBF constraints
renders all the QPs feasible. An additional contribution of
the paper is to improve the accuracy of the classifier by
introducing a feedback training algorithm that improves the
classifier recursively.

Finally, we validate the effectiveness of the proposed
learning-based approaches on a robot control problem in an
unknown environment that has both regular (e.g., circular) and
irregular (e.g., overlapped circular) obstacles, as well as on an
application in autonomous driving, in which moving obstacles
(such as other vehicles) are usually involved. We also compare
the performance of the two proposed learning methods.

The remainder of the paper is organized as follows. In Sec.
II, we provide background and preliminary results on HOCBFs
and CLFs, and then formulate a constrained optimal control
problem in Sec. III. We introduce the parameter learning
method in Sec. IV, followed by the sampling learning method
in Sec. V. Case studies for a robot control problem and
autonomous driving are presented in Sec. VI. We conclude
with final remarks and directions for future work in Sec. VII.

II. PRELIMINARIES

We introduce HOCBFs in this section starting with some
formal definitions.

Definition 1. (Class K function [33]) A continuous function
a : [0,a) = [0,00),a > 0 is said to belong to class K if
it is strictly increasing and «(0) = 0. A continuous function
B : R = R is said to belong to extended class K if it is strictly
increasing and 3(0) = 0.

In this paper, we consider an affine control system:
@ = f(x) +g(x)u e9)

where € R”, f: R"™ — R™ and ¢ : R™ — R"™*? are locally
Lipschitz, and w € U C R? with the control constraint set U
defined as

U .= {’LL cRY: Umin < U < umam}~ ()

With Ui, Umaee € RY (interpreted component-wise).

Definition 2. (Forward invariance [1]) A set C C R" is
forward invariant for system (1) if its solutions for some u € U
starting at any x(0) € C satisfy x(t) € C, Vt > 0.



Definition 3. (Relative degree [33]) The relative degree of a
(sufficiently many times) differentiable function b : R™ — R
with respect to system (1) is the number of times it needs to be
differentiated along its dynamics until any control u explicitly
shows in the corresponding derivative.

In this paper, we assume that if there exists  such that the
control shows up in the derivative of b, then it shows up for
all . We refer to the relative degree of b as the relative degree
of the constraint as it is used to define the constraint. For a
constraint b(x) > 0 with relative degree m, b : R™ — R, and
Yo(x) := b(x), we define a sequence of CBFs 1; : R" —
R,i e {l,...,m}:

Vi(@) = i1 () + ai(ii(x), i€ {l,...,m}, 3)
where a;(-),i € {1,...,m} denotes a (m — i)*" order
differentiable class K function.

We further define a sequence of sets C;,i € {1,...,m}
associated with (3) in the form:

Ci={x eR" ¢ 1(x) >0}, ief{l,....m}. (4

Definition 4. (High Order Control Barrier Function (HOCBF)
[2]) Let C4,...,C,, be defined by (4) and {1 (x), ..., m(x)
be defined by (3). A function b : R™ — R is a High Order
Control Barrier Function (HOCBF) of relative degree m for
system (1) if there exist (m —1)'" order differentiable class K

Sunctions o1 € {1,...,m — 1} and a class K function o,
such that

sup [L}'b(x) + [LgL?_lb(x)]u+O(b(w))

uel 5)

Fam (Ym-1(x))] > 0,
for all x € CiN,...,NCy,. In (5), Ly (Ly) denotes Lie
derivatives along f (g), and O(b(x)) = 22_11 LZ}(%n—i o
Um—i—1)(x). Further, b(x) is such that LgL}”_lb(a:) # 0 on
the boundary of the set C1N,...,NC,.

In the above, the existence of class K functions is crucial
for a valid HOCBEF. One of the contributions of this work is to
determine such class /C functions that maximize the HOCBF
feasibility robustness (defined later).

The HOCBF is a general form of the relative degree one
CBF [1], [10], [34] (setting m = 1 reduces the HOCBEF to the
common CBF form. We can define o;(-),7 € {1,...,m} in
Def. 4 to be extended class K functions to ensure robustness
of a HOCBF to perturbations [1]. However, this cannot ensure
that a constraint is eventually satisfied if it is initially violated.

Theorem 1. ([2]) Given a HOCBF b(x) from Def. 4 with the
associated sets C;,i € {1,...,m} defined by (4), if x(0) €
N, C;, then any Lipschitz continuous controller u(t) that
satisfies the constraint in (5), YVt > 0 renders N[>, C; forward
invariant for system (1I).

Definition 5. (Control Lyapunov function (CLF) [8]) A contin-
uously differentiable function V : R™ — R is an exponentially
stabilizing control Lyapunov function (CLF) for system (1) if
there exist constants ¢; > 0,co > 0,c3 > 0 such that for
Vo € R", cif|]|? < V() < cof 2],

ing[LfV(:B) + LyV(x)u+ c3V(x)] <O0. (6)
ue

Many existing works [1], [11], [35] combine CBFs for
systems with relative degree one with quadratic costs to form
optimization problems. Time is discretized and an optimization
problem with constraints given by the CBFs (inequalities of
the form (5)) is solved at each time step. The inter-sampling
effect is considered in [35]. If convergence to a state is
desired, then a CLF constraint of the form (6) is added, as
in [1] [35]. Note that these constraints are linear in control
since the state value is fixed at the beginning of the interval,
therefore, each optimization problem is a quadratic program
(QP) if the cost is quadratic in the control. The optimal control
obtained by solving each QP is applied at the current time
step and held constant for the whole interval. The state is
updated using dynamics (1), and the procedure is repeated.
Formally, the CBF-based QP is defined as follows. We
partition a time interval [0, ¢¢] into a set of equal time intervals
{[0, At), [At, 2At), ...}, where At > 0. In each interval
[wAE, (w+ 1)At) (w=0,1,2,...), we assume the control is
constant (i.e., the overall control will be piece-wise constant).
Then at ¢ = wAt, we solve the QP:

. T 2

u(wAItr)l,l?(wAt)u (wAt) Hu(wAt) + pod” (wAt)

S.t. Umin § u S Umazx
LiV(@) + LyV(@)u + €V (x) <6,
L?b(:}}) + [LQL;“"_lb(m)}UﬁFO(b(m)) + O‘m(wm—l(m)) Z(’(;)
In the above equation, H is positive definite, 0(¢) is a
relaxation variable on the CLF constraint used to avoid conflict
with the HOCBF constraint, and pg > 0 is a penalty on the
relaxation 0(¢) € R. This method works conditioned on the
fact that the QP at every time step is feasible. However, this
is not guaranteed, in particular under tight control bounds
(or very limited controls). In this paper, we show how the
QP feasibility can be recursively improved by using machine
learning techniques.

III. PROBLEM FORMULATION AND APPROACH

Consider an optimal control problem for system (1) with
the cost defined as:

/0 " el + pollz(ty) — K2,

where ||-|| denotes the 2-norm of a vector; ¢ denotes the final
time; and C is a strictly increasing function of its argument
(usually assumed quadratic). K € R™ is an equilibrium for
system (1) in the absence of control and py > 0.

Constraint 1 (Unsafe state sets): Let .S denote an index set
for unsafe (state) sets. System (1) avoids each unsafe set j € .S
if the state of system (1) satisfies:

bJ(w(t)) >0,vt e [O,tf],Vj S

®)

(€))

where b; : R® — R is a continuously differentiable function
(not a CBF or HOCBF yet).

The geometry/shape of b;(x(t)),j € S is assumed to be
known (otherwise, it can be identified using one of several
known learning techniques [17]), while its location is un-
known. We may use on-board sensors to detect the location of



the obstacle, and this location information is then incorporated
into the above constraint. In other words, b;(z(t)) is a
function of the location of unsafe set j, and it is completely
known when both the type and location of unsafe set j are
determined (geometries and types will be discussed in more
detail later). The geometry/shape of the obstacles/unsafe sets
is used to select which learning method to use. Throughout the
paper, we refer to the aforementioned setting as an unknown
environment.

Constraint 2 (State and control limitations): Assume we
have a set of constraints on control input of system (1) as in
(2) and on the state in the form:

Tmin < Cli(t) < w7nam7Vt € [Ovtf} (10)

where x,,;, € R" and x,,,, € R™ denote the minimum and
maximum state vectors respectively, and the inequalities are
interpreted componentwise. Note that system state constraints
can usually be relaxed (and the relaxation is minimized, as
shown in the CLF in (7)), and therefore are distinguished
from the safety constraint (9). The control bounds in (2)
usually denote the system control capability, and thus are hard
constraints.

A control policy for system (1) is feasible if the hard
constraints (9) and (2) are satisfied.

In this paper, we consider the following problem:

Problem 1. Find a feasible control policy for system (1)
such that cost (8) is minimized, and state constraints (10) are
satisfied. Formally,

/0 et )t + pol 2 (t;) — K2

s.t. bj(x(t)) > 0,5 € S,Vt € [0,t5]
Tmin < T(t) < Timazs
Umin < U(E) < Upgz, VE € [0, 1]
@ = f(z)+g(x)u.
Example 1. One typical example of Problem 1 is autonomous
driving, in which case the ego vehicle is required to minimize

the energy consumption, while satisfying all the safety, speed,
and control constraints.

min
u:[0,tf] =R

Approach: Problem 1 is a general problem definition and is
itself assumed to be feasible. In order to solve it in an online
fashion, we replace the safety constraints above by HOCBF
constraints. This method is conservative as the satisfaction
of the CBF constraint is only a sufficient condition for the
satisfaction of the original constraint; hence, the resulting
solution is sub-optimal but it provides safety guarantees. This
solution can be driven to near-optimality by optimally tracking
a desired trajectory through trajectory planning methods. In
our approach, we use HOCBFs [2] to enforce the safety con-
straint (9) and a CLF [8] to enforce the terminal cost in (8). By
defining a Lyapunov function V (z) := (z — K)TP(z — K),
with P positive definite (i.e., ¢1, co are determined by P) and
¢3 = € > 0 in the definition of a CLF, the control w(¢) should
satisfy:

LiV(x(t)) + LV (x(t)u(t) + eV(x(t)) <4d(t), (11)

where 0(t) is a time-varying relaxation variable that makes the
above CLF constraint compliant with the HOCBF constraint
(5). We seek to minimize this relaxation, as shown in (7).

In order to define a HOCBF for a constraint b(xz) > 0
with relative degree m, we start with recursively defining a
set of functions (3) and sets (4) such that (0) belongs to the
intersection of these sets. Then, we use the HOCBF constraint
(5) to replace the state constraint b(x) = b;(x) > 0 for each
j €S, ie., we define a HOCBF for each unsafe set j. If the
HOCBF constraint is satisified, then b(x) > 0 is also satisfied
[2]. We make the following definition of the activation of a
HOCBEF:

Definition 6. A HOCBF is said to be activated at state x
if there exists a control w € U such that LgLT_lb(m)u =

—L7b(x) — O(b(x)) — am(Pm-1(z)).

The activation of a HOCBF is equivalent to the activation
of the HOCBF constraint. An example for the activation of
a HOCBF is shown in Fig. 2. The activation of the HOCBF
will change the system trajectory in order to make the system
safe.

The approach to Problem 1 proposed in [1] is based
on partitioning the time interval [0,t¢] into [ty,tr41),k =
{0,1,2,...},tp = 0, as introduced at the end of Sec. IL
Since the state is kept constant at its value at 5, a HOCBF
constraint is linear in control, thus, the optimization problem
is a QP if the cost is quadratic in the control at ¢;. Such a
QP can easily become infeasible since (2) may conflict with
the HOCBF constraints corresponding to (9). Depending on
how the system initial state may affect the feasibility of the
CBF-based QPs, we classify unsafe sets into two classes:

Definition 7. (Regular and irregular unsafe sets) Assume
Problem 1 is feasibile. An unsafe set C,, := {x € R: b(x) <
0} considered in the QPs (7) is defined as regular if the
feasibility of all the CBF-based QPs (7) does not depend on
the initial state x(0) of system (1). Otherwise, we say that the
set is irregular.

The regularities of multiple unsafe sets are checked one
by one through the QP (7); these can then be combined
into a single QP. An irregular unsafe set generally depends
on the dynamics (1) and corresponds to irregular shapes,
such as unsafe sets with sharp corners, in which case the
system requires (locally) large control input from the CBF-
based QP to avoid corners if the dynamics are nonholonomic;
however, the CBF-based QPs may still be feasible if the
system trajectory never approaches a corner. An example of
a regular unsafe set is a circular obstacle, and an example
of an irregular unsafe set is a rectangle for a robot with
nonholonomic dynamics, as shown in Fig. 1.

Moreover, In order to address the infeasibility problem of
the CBF-based QPs in an offline way, we first define unsafe
sets as being of the same “type” if they have the same
geometry, meaning the conditions for problem feasibility are
the same, e.g., circular unsafe sets are the same type if they
have the same radius but different locations. Let S; denote
the set indexing all the unsafe set types. In an unknown
environment, if unsafe set types are known, then we can
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Fig. 1. Regular and irregular obstacle examples for a robot with nonholonomic
dynamics. The robot needs the same control input effort (from the CBF-
based QPs) in order to avoid the regular circular obstacle, regardless of
where the robot is initially located, as shown in example trajectories 1 and 2.
However, the robot needs larger control input effort for trajectory 2 than the
one for trajectory 1, as there are corners in the irregular rectangular obstacle.
Therefore, the feasibility of a CBF-based QP is indeed dependent on the robot
initial condition (location).

study the problem feasibility based on these types. Otherwise,
we can study the problem feasibility based on some selected
set types, and then use these types of unsafe sets to over-
approximate other unknown types (a regular circular unsafe
set can be used to over-approximiate any shape of unsafe sets).
In this paper, we limit ourself to a set of known unsafe set
types (a typical application is in autonomous driving where
the vehicle types are known).

We revisit two learning-based approaches to ensure the QP
feasibility for a certain type of unsafe set: (a) parameter
learning for a HOCBF [30]; (b) sampling learning in which
HOCBFs are left as originally defined [31]. We begin by
informally describing these two approaches, and then we
provide a detailed description and analysis for each one in
Sections IV and V, respectively.

A. Parameter Learning

In the parameter learning approach [32], we parameterize
the definition of a HOCBEF (i.e., the class K functions in Def.
4) for each type of unsafe set, and aim to find the optimal
parameters that recursively improve a “feasibility robustness”
metric defined as follows.

Feasibility robustness: If the HOCBF constraint corre-
sponding to (9) never becomes active, then safety is guaranteed
even without a HOCBEF. In this case, the solution space of the
QP (7) is clearly at its maximum. Therefore, we only consider
the case where the HOCBF constraint will become active. Let
t? € [0,ty] denote the time instant that the HOCBF constraint
(5), corresponding to (9), first becomes active as defined in
Def. 6 and (possibly) remains active afterwards if the state of
system (1) keeps getting closer to the unsafe set. After the
HOCBEF constraint in the QP (7) becomes active, the solution
space of the QP is limited by the activated constraints, thus, the
action space of the system is constrained. As an example, the
HOCBF constraint along the red trajectory in Fig. 2 is active
earlier than the blue one, therefore, the robot cannot move
freely after the CBF constraint becomes active. As the solution
approach of the CBF method is point-wise and myopic, we
wish to maximize the future action space of the system at
each time step. This is equivalent to the feasibility robustness
concept we introduce here.

The feasibility robustness of a controller with respect to
a constraint (9) can be quantified by the value of b;(x(t§)).
The value of b;(x(t})) may denote a distance metric to a (type
of) unsafe set j € S; (see the robot control example shown
in Fig. 2). In order to maximize the feasibility robustness
(equivalently, the future action space, i.e., the future feasible
control set a system can select from), we need to minimize
the HOCBF value at ¢7:

minb; (z(t%)),  j € S (12)

t]

The minimization of the above objective is equivalent to
minimizing the activation zone of the HOCBF, hence, the
feasibility robustness (or future action space) is maximized,
as illustrated through the robot control example in Fig. 2.

The CBF constraint is first active at time tjg

Robot
trajectories

Initial position

\

Destination

b(x(t))

Blue traj. is unconstrained in this interval
(i.e., free action space)

Activation zones
for red and blue trajectories

Fig. 2. Tllustration of feasibility robustness quantification: CBF activation
zones depend on the dimension of the state space as state-feedback is used,
but are only visualized in the  — y 2D space. The CBF (HOCBF) constraint
(5) first becomes active at time t¢ when the robot approaches the obstacle.
The CBF in the blue trajectory is active later than the one in the red, thus,
the robot has more freedom to move before ¢4 and it does not necessarily get
close to the obstacle as shown in the figure. When b (x(t%)) is minimized,
the activation zone of the HOCBF is minimized, therefore, the feasibility
robustness (future action space) is maximized.

There are three main advantages in maximizing the feasibil-
ity robustness of the controller: (i) The QPs are more likely to
be feasible since fewer constraints will become active when
a system gets close to a number of unsafe sets; (ii) In an
unknown environment, the controller obtained through the QPs
is more robust to changes in the environment and the detection
of unknown unsafe sets, since the corresponding HOCBF con-
straints only become active when a system gets close to these
unsafe sets. If the corresponding HOCBF constraints become
active before the unsafe sets are detected, the system may fail
to avoid these unsafe sets. (iii) There is a higher probability
to find a better solution (e.g., energy optimal) if the feasibility
robustness is maximized since the QPs are less constrained.
Note that proximity to an unsafe set can increase the chance of
the state entering it in the presence of disturbances. However,
the maximization of feasibility robustness does not mean that
the system state has to get close to the unsafe sets, and this
performance depends on how we design the CLF to enforce
the state convergence in (8).



The robustness objective (12) depends on the time ¢§, where
t7 is determined once a HOCBF in the above problem is
defined. Therefore, we need to consider objective (12) in the
definition of a HOCBF. This approach requires a parameteriza-
tion of a HOCBF and a learning process for these parameters
so as to solve (12).

B. Sampling-based Learning

In the sampling-based learning approach, for each type
of unsafe set we sample states in the vicinity of the set.
For each of the sampled states, we solve the QP (one or
more steps forward, and more steps can help to check the
feasibility of a receding horizon) and label the state as +1 if
the QP is feasible for all steps, and label it as -1 otherwise.
In contrast to parameter learning, sampling-based learning is
more myopic as the parameter learning approach considers
the horizon from the initial time to the final time. Then, we
use a machine learning algorithm to classify all the feasible
and infeasible states, and get a feasibility constraint from
the classifier hypersurface. This feasibility constraint is then
enforced by a HOCBF and added to the QP. This learning
approach allows us to deal with irregular unsafe sets in an
unknown environment.

Example revisited. Consider the autonomous driving ex-
ample in Example 1, each type of traffic participants (cars,
trucks, pedestrians, bicyclist, etc.) can be treated as a type of
unsafe set. We sample the ego vehicle state around each type
of unsafe sets, and then learn the corresponding feasibility
constraints.

IV. PARAMETER LEARNING APPROACH

The learning objective is to find the optimal class X
function functions of a HOCBF that maximizes the feasibility
robustness of the controller with respect to unknown unsafe
sets as the QP-based approach for constrained optimal control
problems is myopic due to the fact that the QP is solved one
single time step forward. The eventual learned parameters can
guarantee the feasibility of the CBF-based QP, and improves
the system performance, such as optimality. We decompose
Problem 1 into two sub-problems: (¢) minimize the objective
(8) subject to (9), (10), (2) and (1) that is solved with the QP-
based method from [1]; (4) minimize the objective (12) after
solving sub-problem (7). We begin with sub-problem (i).

A. Online HOCBF and CLF-based QP (sub-prob. (i))

The approach to sub-problem (i) is based on partitioning
the time interval [0,7;] into a set of equal time intervals
{[0, At), [At,2At),...}, where At > 0. In each interval
[wAL, (w4 1)At) (w=0,1,2,...), we assume the control is
constant (i.e., the overall control will be piece-wise constant).
Then, we solve

: 2
o C (@A) + pod®(wAt)

S.t. Umin S u S Umazx,

LiV(x)+ LyV(x)u+ eV (x) <0,
L7bj(x)+[L L7~ bj(@)Ju+O0(b; ()

+ ap (Vm—1(x)) > 0,Vj € S.

13)

The above optimization problem can easily become infeasible.
In the following sections, we show how we can use machine
learning techniques to address this and maximize the feasibil-
ity robustness (12).

B. The Parameterization Method

To recursively improve the feasibility of the QP
(13), we parameterize the family of class K functions
a1 (), aa(v),...,am(:) as in [32], where m denotes the rel-
ative degree of the constraint b(x) > 0 in the definition of
a HOCBF b(x). Let ¢o(x) := b(x). Since power functions
are the most frequently used class X functions, we select the
«;(+) functions in (3) as follows:

Yi(x) i= i1 (@) + pid (z), i€ {l,...,m}

where p; > 0,4 € {1,...,m} and ¢; > 1,i € {1,...,m}.
Then, we can obtain the HOCBF constraint (5) when combin-
ing with dynamics (1), as shown in Def. 4.

Recall that S; denotes the set that indexes all the un-
safe set types. For each type of unsafe set j € S;, we
consider an arbitrary location for it and get an unsafe set
constraint b;(x(t)) > 0, similar to (9). Let p := (p1,...,Pm),
q = (¢1,---,qm). We know from [32] that the values of
P, q affect the feasible set for the decision variables of (13),
as well as what time t§ the HOCBF constraint (5) will be
active, i.e., we can rewrite b;(x(t})) as b;(x(t}))p,q. Since
t? depends on p,q and b;(-) no longer explicitly depends
on x(t$) (i.e., bj(x(t}))p,q is fixed once p, q are given), we
define D;(p, q) := b;(x(t}))p,q- and reformulate (12) so that
the minimization is over p, q:

(14)

IIliIle(p7 q), j S St. (15)
p.q

We can, therefore, view the minimization of D;(p,q) as the
maximization of the feasibility robustness that depends on
P, q. However, this optimization problem is hard to solve as t7
corresponds to a particular trajectory resulting from a sequence
of QPs from the initial time to the final time. We will introduce
a solution approach using machine learning techniques in the
following section.

C. Offline Feasibility-Guided Optimization (sub-prob. (ii))

Note that subproblem (i:) depends on subproblem (%), and
the feasibility of subproblem (i) depends on control bounds
(2). Given an arbitrary (0), one can generally expect most of
the p, g values to result into infeasible solutions of problem
(13), which makes (15) difficult to solve. Therefore, we need
to first solve the infeasiblity problem of sub-problem (i).

We randomly sample p,q values over their domain (pos-
itive), and for each set of p,q values, we solve problem
(13) until the terminal state constraint is satisfied within some
allowed error. If problem (13) is feasible at all times, then we
label this particular set of p,q values as +1, otherwise, we
label it as —1. Eventually, we get sets of feasible and infeasible
P, q points. Note that the penalty method [32] guarantees that
+1 data points exist given the control bounds (2) if certain
conditions are satisfied. We assume that the control bounds



(2) are properly defined such that we can select balanced data
sets for better classification, e.g., the same number of feasible
and infeasible samplings with large enough data size, from
the randomly sampled data. Then we can apply a classification
method, e.g., a support vector machine (SVM) [36], to classify
these two balanced sets and get a continuously differentiable
hypersurface

9 R* 5 R, (16)

where
9Hi(p,q) >0

denotes the set of p,q values which leads to the feasible
solution of QPs (13), i.e., it defines the feasibility constraint
for the set of p, q values associated with the QPs (13). With
the assistance of the feasiblity classification hypersurface, we
look further to optimize (15), i.e., we consider (15) subject to
7.

We wish to get the set of p,q values such that (17)
is satisfied, but (17) is usually complex as it is directly
obtained from the classifier hypersurface, therefore, we view
$;(p,q) > 0 as a constraint applied to a dynamic system with
states p, q and formulate an associate HOCBF. In particular,
just like b(x) is associated with the dynamic system (1), we
need to introduce an auxiliary dynamic system for $;(p, q)
and take p, g as state variables, as shown in the sequel.

We have imposed the assumption that the control bounds
(2) are properly defined such that the whole problem is well-
posed to get a proper constraint (17) from the hypersurface.
However, the learned hypersurface is still complex even with
the HOCBF method, making this optimization problem (15)
subject to (17) hard to solve. We use the following dynamic
process to simplify this optimization problem.

We start at some feasible pg € R™, gg € R™ to search for
the optimal p, g values. Since the determination of the optimal
p,q is a dynamic process, we define the gradient (auxiliary
dynamics) for p, g as the variations of p, g that are controlled,
i.e., we have

a7

(B(1),q(1) = v (1),
s.t. ﬁj (p7 q) 2 07
p(to) = Po, q(to) = qo,

(18)

where v € R?™ denotes an input vector in the dynamic
process constructed in order to determine the optimal p,q.
t denotes the dynamic process time for the optimization of
(15), which is different and independent from ¢ in (1) and
problem (13). ty € R denotes the initial time.

We want to get a HOCBF corresponding to (17) treated as
a state constraint analogous to b;(x) > 0 in (9) which leads to
(5). Considering the feasibility of problem (13), the dynamic
process that is controlled by v should be subjected to (18), as
well as subjected to the HOCBF constraint for (17) since we
define the hypersurface in (17) to be a HOCBF, as discussed in
the last three paragraphs. Since we take all the state variables
of the auxiliary dynamics (18) as the input for the classifier, the
relative degree of the feasibility constraint (17) with respect
to (18) is 1, i.e., we only need to differentiate );(p, g) along
the dynamics (18) once to let v show up. A control v should

satisfy the HOCBF constraint (5) which, given the system
dynamics in (18), in this case is:

d$;(p, q)
d(p, q)

where (1 (-) is an extended class /C function as $);(p, q) could
be negative due to the classification error. Any control v that
satisfies (19) implies that the resulting p, g (determined by v)
leads to a feasible solution of QPs (13) in the dynamic process.
We implement the feasibility constraint (17) by the HOCBF
constraint (19) in which the control v explicitly shows. How-
ever, the cost function (15) is only defined over the state of
the auxiliary dynamics (18), and we also wish the control v
to show up in the cost function, which is required by the
CBF-based optimization, as shown in Sec. IV-A. Therefore,
we consider the derivative of the cost function (15) as our
new cost to let v show up in the cost function. Recall that
(15) is the robustness metric that we wish to minimize. As
long as the derivative of (15) is negative, we can ensure that
(15) is decreasing at each time step by discretizing t similar
to sub-problem (7). To modify (15), we proceed as follows.
By taking the derivative of (15) with respect to t, we have

dD;(p(1),q(t)) _ dD;(p(t).q(t))
dt d(p(t),q(t))

Then, we reformulate sub-problem (i) through the dy-
namic process (18). The result is the Feasibility-Guided
Optimization (FGO) algorithm that is implemented by the
same approach as introduced in Sec. IV-A, i.e., we discretize
t, and at each t = wAt,w € {0,1, ...}, where At > 0 denotes
the discretization constant, and we solve

. dD;(p(t),q(t))

v+ A9 q) 20, 19)

(20)

i dp(0.q(0) Y
s.t. Cl?égp(’l;])u + 51(9;(p,q)) >0, @D

Vmin S v S Vimax-

where Vi, < 0,Vpqe > 0 (componentwise), 0 € R2™,
Then, we update (18) for t € (wA¢, (w + 1)At) with v*(t).
The optimization problem (21) is a linear program (LP) at each
time step for each initial p, g (we need to reset t for each set of
initial p, g values). Without any constraint on v, the LP (21)
is ill-posed because it leads to unbounded solutions. In fact,
the value of v determines the search step length of the FGO
algorithm implemented through the LP (21), and we want to
limit this step length. Therefore, we add limitations to v for
the LP (21). Note that in the last equation, % is a
row vector of dimension 2m, while v is a column vector of
dimension 2m. Therefore, the cost function in the last equation
is a scalar function of v.

After adding limitations to v in (21), the dynamic pro-
cess’s search step length will become bounded. Although
there are control limitations on v, the resulting LP from the
optimization (21) is always feasible as the relative degree of
(17) with respect to (18) is 1 [2]. We also need to evaluate
%ff e, Wi’ aqu ey Bani at each time step, i.e., evaluate
the coefficients of the cost function (21).




The resulting process is the FGO algorithm formulated from
(21) to optimize p, q. For each step of the FGO algorithm,
any one of the following four conditions may terminate it: (a)
the problem (13) becomes infeasible (since the hypersurface
from SVM cannot ensure 100% classification accuracy), (b)
the evaluated values of ?)D" ey ng ,%Dj ey ng are all 0,

P1 Pm g1 dm
(c) the objective function value of (15) is greater than the
current known minimum value. (d) the iteration time exceeds
some N € N. We present the FGO algorithm in Algo. 1. This
approach is more computationally efficient than an approach
that directly incorporates the barrier function in the cost, as
Algo. 1 only involves QPs.

If we consider (21) without constraint (19), then we have
the commonly used gradient descent (GD) algorithm. The
FGO algorithm is more efficient compared with GD since
the solution searching path is guided by the feasibility of
(13). However, the hypersurface in (17) cannot guarantee
the correctness of the FGO method due to the classification
error. We can apply GD one step forward whenever the FGO
algorithm terminates to alleviate this limitation.

Note that we can update the training set and get a new
classifier in (17) after running the FGO algorithm for a number
of different initial samples py, qo, i.e., re-initialize (18) for
each FGO process. We will show how this may affect the
performance of FGO in the case studies considered in Sec.
VI. Once we have learned feasibility and robustness for some
known types of unsafe sets with the FGO algorithm, we can
use these unsafe sets to approximate other types of unsafe sets.

Remark 1. The time complexity of subproblem (i), i.e., the QP
(13), is O(d®), where d = q + 1 is the dimension of decision
variables. Since the CBF method (after pre-training) does not
need planning, it is more computationally efficient than path
planning methods, such as Rapidly-exploring Randomized
Trees (RRT) [37] and A* [38], as seen in Sec. VI.

Remark 2. The time complexity of subproblem (ii) is that of
a LP [39], ie, O((d+ ¢)**dL), where d,c are the number
of decision variables and constraints, respectively, and L is a
given parameter. Thus, the complexity of the FGO is almost
the same as the GD one as it just has one more constraint than
the GD method, so the computational times are comparable.

It is important to note that the parameter learning approach
cannot work for irregular unsafe sets since the problem fea-
sibility heavily depends on the initial condition, and system
(1) may get stuck at the local traps formed by the irregular
unsafe sets. Determining the optimal parameters that work for
all initial conditions is non-trivial, and maybe infeasible. We
show how we may consider irregular unsafe sets in the next
section.

V. SAMPLING LEARNING APPROACH

In this section, we show how we can deal with irregular
unsafe sets as defined in Def. 7. This approach also works
for regular unsafe sets, but tends to be conservative. The
dimension of the data is the same as the one of the system
state, the training is done offline, and thus it works for rapidly
dynamic systems as well. Recall that the type of every unsafe

Algorithm 1: FGO algorithm
Input: Constraints (9), K in (8), system (1) with (2),
N

Output: p*, g*, Diin

1. Sample p, q in the definition of the HOCBF;

2. Discard samples that do not meet the initial
conditions of HOCBF constraint (5);

3. Solve (13) for each sample for ¢ € [0,¢7] and label
all samples;

4. Select balanced training and testing data sets;

5. Use machine learning techniques to find classifier
(16);

6. Pick a feasible pg, qo, Prmin =D;(Po, qo), iter. =1;

while iter.++ < N do
aD; D, 9D; aD;

Eva}luate ap; S 31)7:,, ) aqu RN aqi
with random perturbation to p; or
q%, k 66{1, 2,...,m}

.. OD; 9D, . .
f 5o Ga vk € {1,2,...,m} is infeasible to
evaluate over sub-problem (i) then
‘ Jump to the very begining of the loop;

at po, qo

else
oD; _ o 9D; _ .
o =0, 5,0 =03k € {1,2,...,m} is
infeasible to evaluate over sub-problem (i);
end

Solve the optimization (21) and get new p, gq;
Solve the problem (13) with p, q;
if (13) is feasible for all t € [0,1s] then
if Dan > Dj (p, q) then
‘ Din = Dj<paq)v Po=P;q90 = q;
else
| break;
end
else
Solve the optimization (21) without (19) and
get new p, q;
Solve the problem (13) with p, g;
if Dmin 2 Dj (pa q) then
‘ szn = Dj(l’a‘])’ Po=P,q90 = q;

else
| break;
end
end
end
P* =P0,4" = qo;

set ¢ € S is already known in an unknown environment, and
S; denotes an index set for unsafe set types in an unknown
environment, and S; C S,j € S; denotes the index set for
unsafe sets of type j.

A. Feasible and Infeasible State Sets

The QP (13) may be infeasible at a given state x(t) at time
t. The constraints in (9) form a constraint set for the state
of system (1). Without control (i.e., u(t) = 0,Vt € [0,tf]),
system (1) may escape from this constraint set for a given



initial state x(0). However, if the system is controlled with
the optimal control w*(¢) from solving the QP (13), the
system may also exit this constraint set since the limited
control may not be able to prevent the system from leaving
this set when the state approaches the set boundary, which
typically happens in high relative degree systems. Then, QP
(13) becomes infeasible.

An intuitive example is a robot control problem. Suppose
a robot, with limited control input (deceleration), needs to
arrive at a destination while avoiding an obstacle that is located
between the robot’s initial position and the destination. When
the robot gets close to the obstacle with high speed, it may
not be able to brake in time to avoid the obstacle since the
control in QP (13) is limited by (2). However, when the speed
is low, the robot can safely avoid the obstacle.

The main idea of the sampling learning approach is to parti-
tion the state space of system (1) into sets in which the QP (13)
is feasible or infeasible after a certain number of time steps.
This is a difficult problem, especially for high-dimensional
systems with fast dynamics. We show how machine learning
techniques can be used to address this problem.

B. Sampling and Classification

As mentioned before, the system is in an unknown environ-
ment such that it only knows the types of the unsafe sets the
environment may include, but not their number and locations.
In order to make the learned feasibility constraint independent
from the location of an unsafe set, we choose the relative
coordinate z € R™ between the system and unsafe set as
one of the input features for machine learning techniques.
For example, let the system state be © := (z1,22,...,2Tp).
If 21,22 denote the 2-D position of an object in x, then we
define input features z := (21 — Tp, L2 — Yo, T3, ..., Ty) fOr
the machine learning techniques, where (z,,y,) € R? denotes
the 2-D location of the unsafe set. Along the same lines, we
may also consider the relative speed and acceleration between
the system and unsafe set as the input for the machine learning
model in order to consider moving unsafe sets.

For each type of unsafe set j € Sy, since we only consider
the relative coordinates as the input for the learning model
as discussed above, we arbitrarily assign a location and an
orientation (if it exists) for 5 and randomly sample around j
to find an initial state z(0) around the unsafe set. We then
solve the QP (13) at time 0 according to the geometry of the
unsafe set:

o (i) Regular unsafe set: we solve the QP (13) at time 0

for 1 time step forward.

o (ii) Irregular unsafe set: we solve the QP (13) at time

0 for H, € N > 1 time steps forward.

Remark 3. Unlike regular unsafe sets, when dealing with
irregular unsafe sets, the system may get stuck at local traps,
e.g., in Fig. 10. This is why we extend the solution of the QP
(13) to H, > 1 time steps. In this case, any one of the H;-
step QPs becoming infeasible will make the system fail. The
local traps can easily make the QP (13) infeasible, especially
when the system gets to their boundary. Therefore, it is more
likely to make an inital state that is located around the local

traps belong to the infeasible set when we solve the QP (13)
H; > 1 time steps forward. Then, the system may avoid the
local traps if it avoids the infeasible set, and thus improve its
reachability.

If the QP (or all the QPs in case (ii)) (13) is feasible, we
label the state z(0) as +1. Otherwise, it is labelled as —1.
This procedure results in two labelled classes. We employ a
machine learning technique (such as Support Vector Machine
(SVM), Deep Neural Network (DNN), etc.) with z(0) as input
to perform classification, and get a classification hypersurface
for each j € S; in the form:

H,;(z):R" >R, (22)

where H,;(z(0)) > 0 denotes that z(0) belongs to the feasible
set. This inequality is called the feasibility constraint.

Assuming the relative degree of (22) is m, we define the
set of all control values that satisfy H,(z(t)) > 0 as:

Kj

Gea ={ue€U: LPH(z)+ LyL} " Hy(z)u

+O(H;(2)) + am(¥m-1(2)) = 0}

where 9,1 is recursively defined as in (3) by H; with
extended class K functions.
We define feasibility forward invariance as follows:

(23)

Definition 8. An optimal control problem is feasibility forward
invariant for system (1) if its solutions starting at all feasible
x(0) are feasible for all t > 0.

Theorem 2. ([31]) Assume that the hypersurfaces
H;(z),Yj € S, ensure 100% feasibility and infeasibility
classification accuracy. If H;(2(0)) > 0,Vj € S, then any
Lipschitz continuous controller u(t) € K}ea,Vj € S, renders
Problem 1 feasibility forward invariant.

Naturally, machine learning techniques cannot ensure 100%
classfication accuracy. We introduce an approach based on
feedback training to improve the classification accuracy in the
following subsection. In fact, if the classification accuracy is
high enough, Problem 1 may also be always feasible since

system (1) may never reach the infeasible space.
Similarly to the QP (13), we have a feasible reformulated

problem at t = wAt (w=0,1,2,... —1):

. 2
ugg}(gt)c(l lu(t)|]) + pod~(t)

r
At

S.t. Umin S u S Umazx
LiV(x)+ LgV(x)u + eV (x) <4,
L7'b(x)+[Ly LT~ ()] u+O(b(x)) + cm (thm-1(x)) > 0,
L7 Hj(2)+Lo L}~ Hj(2)u + O(H;(2)) + tm ($m-1(2)) 2 91
(24)
where b(x) = b;(x), and every safety constraint of the same
type j uses the same H;(z(t)) > 0,Vj € S.

C. Feedback Training

For each j € S;, we first sample the points without
any hypersurface (22). After the first iteration, we obtain a
hypersurface that classifies the state space of system (1) into
feasible and infeasible sets, but with relatively low accuracy.
Then we can add these hypersurfaces (22) into the QP (13)



(i.e., use (24)) and sample new data points to perform a new
classification, and obtain another classification hypersurface
that replaces the old one. Iteratively, the classification accuracy
is improved and the infeasible set shrinks.

Since the CBF method requires the constraint to be initially
satisfied, we discard the samples that do not meet this require-
ment. To ensure classification accuracy, we also need unbiased
data samples.

D. Generalization

Since we sample data around the unsafe set, we also need
to check the generalization of the hypersurface (22) in the
area where we do not sample since system (1) may actually
start from some state in the unsampled area. Problem 1 is
usually feasible when system (1) is far away from the unsafe
set, therefore, the unsampled area should be located at the
positive side of the hypersurface (22), which can be viewed
as the generalization (i.e., not overfitting) of this hypersurface,
as usually appears in machine learning techniques.

Once we get a hypersurface (feasibility constraint) for a type
of unsafe set in the pre-training process, we can also apply
this feasibility constraint to other unsafe sets that are of the
same type but with different locations since the hypersurface
only depends on the relative location of the pre-training unsafe
set. This is helpful for systems in which we do not know the
number and locations of the unsafe set, but know the type of
unsafe sets the environment has.

It is important to note that the optimal hypersurface is not
unique given the training samples; this is due to the weight
space symmetries [36] in neural networks.

Comparison between parameter and sampling learning:
The parameter learning approach tries to learn the optimal
parameters in the definition of a HOCBF such that the QP
feasibility robustness is maximized. This can improve the
adaptivity of a system in an unknown environment. However,
a single set of parameters may not work for all possible initial
conditions, and the system may also get stuck at local traps,
so that the QP may still be infeasible. However, the sampling
learning approach can deal with irregular unsafe sets as it
learns a feasibility constraint by checking the feasibility of a
longer (than 1) receding horizon control (multi-step QP) for
each sampling state. The main drawback of this approach may
be the conservativeness of the learned feasibility constraint as
the feasibility robustness is not considered, which could lead
to unreasonable system behaviors. We need to properly choose
the learning model to alleviate the conservativeness.

VI. IMPLEMENTATION AND CASE STUDIES

We implemented the FGO algorithm in MATLAB and
performed simulations for a robot control problem. The robot
control problem is basically a reach and avoid problem, where
the robot is required to reach a desired location while avoiding
all the obstacles [40]. Suppose all the obstacles are of the same
type but the obstacle number and their locations are unknown
to the robot, and the robot is equipped with a sensor (%71’ field
of view (FOV) and 7m sensing distance with 1m uncertainty)
to detect the obstacles.

With « = (z,y,0,v),u = (u1,us2), the dynamics are
defined as: ) 0. g in(6)
& =wvcos(f), y=wvsin(9),

), v ( 25)

H:ul, @ZUQ,

where z,y denote the location along z,y axis, respectively, 6
denotes the heading angle of the robot, v denotes the linear
speed, and uj,us denote the two control inputs for turning
and acceleration, respectively.

We instantiate cost (8) in the form:

t
min [ [u0) + 030 dep(a(t )0+ o(t5)-0a)?).
(26)
In other words, we wish to minimize the energy consumption
and drive the robot to a given destination (z4,y4) € R2,
ie., drive (x(t),y(t)) to (za,yq),Vt € [t',ty],for some t' €
[0,7], as defined in (8). The robot dynamics are not full state
linearizable [33] and the relative degree of the position (output)
is 2. Therefore, we cannot directly apply a CLF. However,
the robot can arrive at the destination if its heading angle 6
stabilizes to the desired direction and its speed v stabilizes to
a desired speed vy > 0, i.e.,

ya — y(t)

xgq — x(t) @7)

0(t) — arctan( ), v(t) = vo, Vt € [0,1].
Now, we can apply the CLF method since the relative degrees
of the heading angle and speed are 1.

The unsafe sets (9) are defined as circular (regular) obsta-

cles:

V(@) —z)2+ (y(t) —y)2 =rVie S, (28

where (z;,y;) denotes the location of the obstacle ¢ € S, and
r > 0 denotes the safe distance to the obstacle. Note that
we may have irregular obstacles when there are overlapped
circular obstacles.

The speed and control constraints (2) are defined as:

(29)
(30)

Vmin S U(t) S Vmaz>

UL, min < Ul(t) < UL mazs U2,min < Uz (t) < U2, maz;

where szn = Om/syvmar = 2m/87u1,maz = —Ul,min =
0.2rad/s, us maz = —U2,min = 0.5m/s%. Other parameters
are pg = 1, At = 0.1s,¢e = 10.

A. Parameter Learning Case Studies

We set up the FGO algorithm training environment with the
initial position of the robot, the location of the obstacle (with
radius 6m and r = 7m) and the destination as (5m, 25m),
(32m, 25m) and (45m, (25 + £)m) where ¢ € R, respectively.
The initial heading angle and speed of the robot are 0 deg and
Vinaz. respectively. The parameters for the FGO algorithm are
At =0.1,Vp40 = —Vmin = (0.1,0.1,0.1,0.1). The map for
FGO training is shown in Fig. 4(a).

Note that the value of ¢ will affect the trajectory of the
robot since we have a circular obstacle. If ¢ = 0, the robot
will eventually stop at the equilibrium point shown in Fig. 4(a).
If € > 0, the robot goes left around the obstacle as shown in
Fig. 4(a). Otherwise, the robot turns right.



We choose a very small ¢ # 0 in our FGO algorithm.
Since the obstacle constraint (28) has relative degree 2 with
respect to the dynamics, our HOCBF parameters are p =
(p1,p2),q = (q1,q2). We collect balanced data sets (the ratio
of the samplings between +1 and —1 labelled data is 1:1 for
both training and testing sets) from the random samplings of
M training and 1000 testing samples for p and g over interval
(0, 3] and (0, 2], respectively. Note that we allow g to sample
in (0,1) as the robot will not get too close to the circular
obstacles, although the class K function p;1/" | (x) in (14) is
not Lipschitz continuous when ;_;(x) = 0.

The classification model is a support vector machine (SVM)
with polynomial kernel of degree 7, i.e., the kernel function
k(y, z) is defined as

k(y,z) = (c1 + 2y’ 2)", 31)

where y, z denote input vectors of SVM (i.e., y := (p, q), as
well as for z). We set ¢; = 0.8, co = 0.5, and the comparisons
between FGO and GD are shown in Table I (“better/worse
than GD percentage” denotes the percentage of data in the
testing set that the FGO obtains a better objective value (12)
of subproblem (i7) than the GD method).

q
(a) FGO and GD algorithms search paths in 2D.
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(b) FGO and GD algorithms search paths in 3D.

Fig. 3. FGO and GD comparison. The red and green circles denote infeasible
and feasible points for p, g in the training samples, respectively.

The FGO has better performance compared with GD in
finding D,,,;,, when the number of training samples M for the
hypersurface (19) is large enough, as shown in Table I. FGO
and GD have almost the same computational cost, i.e., < 0.01s
for both. But this advantage decreases when the classification
accuracy of the hypersurface (19) further increases, which may
be due to over-fitting. One comparison example between FGO
and GD search paths is shown in Fig. 3(a), 3(b). Note that
we can combine them to get improved capability to search
for p*, q*. If we apply the FGO method to the good results
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Fig. 4. Case study setup and planning frameworks comparison.

from GD, the additional improvement percentage is around
5% among all the testing samples.

We have implemented the learned optimal HOCBF param-
eters (p},p5,qi,q3) = (0.7426,1.9745,1.9148, 0.7024) in
the definition of all the HOCBFs for all obstacles in a robot
exploration problem in an unknown environment. We should
also note that the optimal penalties and powers are not unique.
All the circular obstacles are with different size to test the
robustness of the penalty method with the learned optimal
parameters, and are static but randomly distributed. The robot
can safely avoid all the obstacles and arrive at its destination
if the obstacles do not form traps such that the robot has no
way to escape, as shown in Fig. 4(b).

We also compared the CBF-based robot exploration frame-
work with the RRT [37] and A* [38] algorithms by considering
the configuration shown in Fig. 4(b). The pre-training for the
CBF-based method could be several hours. Both the RRT and
A* algorithms have global environment information such that
they tend to choose shorter-length trajectories compared with
the CBF method. But this advantage disappears if the environ-
ment is changing fast, in which case the CBF method tends
to be more robust and computationally efficient. Comparisons
based on four different criteria are shown in Table II. In a
dynamic environment, the RRT and A* algorithms need to re-
plan their path at each time step, but the CBF method does
not need to do this. Therefore, we can see that the CBF-
based framework is able to better adjust to changes in the
environment and is computationally efficient.

B. Sampling Learning Case Studies

We chose all class K functions in the definitions of all
HOCBFs as linear functions, and used SVM to classify the
feasible and infeasible sets for the QP (13) or (24). We
obtained a hypersurface for each type of obstacle, and apply
this hypersurface to the same type obstacles with unknown
locations.

1) Regular Obstacles: We consider three regular obstacles
(locations unknown to the robot, but detected by the on-board
sensor with sensing range > 6m in radius), and solve the QP
(13) or (24) one time step forward to check the feasibility
of the samples. Some other parameters are: r = 7Tm,e =
0.001,¢ = Im,x4 = 32m,y4a = 2bm,zp = 20m,yp =



TABLE I
COMPARISONS BETWEEN THE GD AND FGO ALGORITHMS
items GD FGO
Training sample number M 500 [[ 1000 ][ 1500 [[ 2000 ][ 2500 [[ 3000 ][ 3500 [[ 4000
Classification accuracy 0.879 0.927 0.939 0.953 0.960 || 0.963 0.966 0.970
Better than GD percentage 0.210 0.248 0.254 0.252 0.244 0.282 0.288 0.266
Worse than GD percentage 0.270 0.190 0.232 0.204 0.218 0.218 0.240 0.240
Dmin/m (samples min.: 5.0) 4.6 4.6 4.6 4.6 4.8 4.6 4.6 4.6 4.6
TABLE 11 TABLE III
PERFORMANCE COMPARISON BETWEEN CBF, A* AND RRT TRAINING RESULTS FOR THE REGULAR OBSTACLE
item Compute safety Environment pre- iter. | QP (24) inf. rate | classi. accu. | train test
time guarantee knowledge training
- - 1 0.0665 0.8490 2k 1k(20k)
C/ff <1050515 ;e; “O:Cri‘il;‘;;ed re‘lr:‘(;tred 2 | 00528 0.9150 0.8k 0.2k (10k)
’ q required 3 0.0058 0.9600 0.6k 0.2k (60k)
RRT 0.3s No required not tees; 8'0004 1.0000 ggi
required gen. )

35m, xc = 30m,yc = 10m, and the map of the environment
is shown in Fig. 5(a).
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Fig. 5. The control profiles for the infeasible example with relaxation on both
control limitations (30). The control bound for w2 (t) is satisfied.

Assume the robot destination is (40m, 35m). If the QP (13)
is solved with all the objectives and constraints defined as (25)-
(30), it will become infeasible when the robot gets close to the
obstacle, as shown in Fig. 5(a). In order to show how these
two control inputs may lead to the infeasibility of the QP (13),
we relax both limitations (30) and show the control profile in
Fig. 5(b).

To solve this infeasiblity problem, we apply the learning
method introduced in Sec. IV. During pre-training, we arbitrar-
ily assign the location (z,,y,) := (20m, 35m) of an obstacle
that is the same type (circle with the same radius) as j € S;.
Then we define z := (& — x,,y — Yo, 0, v) as input for SVM
with polynomial kernel of degree 2, i.e., the kernel k(y, z) is
defined as:

k(y,z) = (k1 + koy® 2)2.

where y denotes an input vector similar to z, ky € R, ke € R.

We set k1 = 0.9,k = 0.4 for the kernel (32) in the
feedback training process. Each training iteration for the
regular obstacle is shown in Fig. 6.

As shown in Fig. 6, the classification accuracy for the in-
feasible and feasible samples is improved after each iteration,
and the infeasibility rate also decreases. It becomes inefficient
to get infeasible samples after just three iterations since we
want to get an unbiased training data set and the infeasibility

(32)

rate is 0.0004 (improved 166 times compared to the first
iteration). The training results are shown in Table III (the
first number of test samples denotes the test number for the
classification accuracy, and the number in the bracket denotes
the test number for the infeasibility rate). Eventually, we get
a hypersurface H(z) from the kernel.

Hypersurface generalization: A natural question is what
happens if the robot starts at points outside the sample area (we
only sampled around the obstacle with location radius within
[7,13], and achieved 96.00% classification accuracy over the
test samples and 0.04% infeasibility rate for the QP (24)).
Therefore, we tested the classification accuracy for samples
with location radius within [13,32] (out of the train and test
sets). The test accuracy is 100% (i.e., H(z) > 0) and the
infeasibility rate of the QP (24) is 0% (over 20000 samples)
for the obstacle (listed in the last row of Table III), which
shows good generalization of this hypersurface.

We apply this hypersurface to the robot control problem
with the objective and constraints defined as (25)-(30) and test
8 different destinations a, b, ¢, d, e, f, g, h shown in Fig. 7. The
initial conditions at time Os are (0) = (0m, O0m, Orad, 1m/s)
(out of the training and test sets), and ¢ty = 70s. The QPs (24)
are always feasible during [0s, 70s]. The obstacles are safely
avoided, and the robot eventually arrives at the destination.
We present the two control input profiles in Fig. 7.

2) Irregular Obstacle: In this case, we consider an irregular
obstacle that is formed by two overlapped disks (with locations
(22m,28m) and (31m, 19m) but unknown to the robot), as
shown in Fig. 8. We apply the learning method introduced
in Sec. IV to recursively improve the problem feasibility, and
possibly to escape from local traps. We formulate a receding
horizon control of H; = 60, and check the feasibility of all
these H,; step QPs. The other settings are the same as the ones
from the regular case. Each training iteration is shown in Fig.
8.

As shown in Fig. 8, the classification accuracy and the
infeasibility rate change similarly to the regular obstacle case
in each iteration. The training results for the irregular obstacle
are shown in Table IV. We also apply this hypersurface to the
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TABLE IV
TRAINING RESULTS FOR THE IRREGULAR OBSTACLE

iter. | QP (24) inf. rate | classi. accu. | train test

1 0.0811 0.8280 5k 1k(36k)

2 0.0109 0.8400 1.2k 0.8 (90k)
3 0.0021 0.9250 1k 0.2 (270k)
test 0.0004 100k

gen. | O 1.0000 100k
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Fig. 7. Robot control problem feasibility test after learning in an environment
with regular obstacles.
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robot control problem, and test the feasibility and reachability.
The QPs (24) are always feasible on the path from the initial
positions to destinations. The obstacles are safely avoided, and
the robot can reach the destinations in most cases. We present
the results in Fig. 9(a)-(b). The robot can safely avoid the
local traps formed by these two circle obstacles, and thus,
reachability is also improved in addition to feasibility.

Comparison between parameter and sampling learning:
The sampling learning method can easily get over-constrained
such that the optimization (24) may generate unreasonable
trajectories as shown in Fig. 9(b) (blue and green solid
trajectories), while the parameter learning approach can avoid
such problems. However, the parameter learning cannot escape
from the local traps, and the QPs can easily become infeasible
at these local traps, as the dashed red and cyan trajectories
shown in Fig. 10. We can limit the applied region of the
feasibility constraint to alleviate the over-constrained problem
in the sampling learning approach.

C. Application to a Robot Control Problem

We implemented our approaches (parameter learning for
regular obstacles and sampling learning for irregular obstacles)
in a laboratory experimental setup using an iRobot Create
2. The experiment field has a size of 5 x 5 meters, and is
equipped with an opti-track motion caption system to detect



the robot position and heading angle, as well as the location
of the obstacles. The robot’s linear speed is obtained by its
own sensor. At the beginning of each control time interval
(At = 0.1s), the controller receives the robot state from
the opti-track and its own sensors, multiplies the position
and speed by 10 (since the simulation is in a 50 x 50
meter field), and then solves the CBF-CLF based QP and
gets an optimal control (rotation speed uj(¢) and acceleration
us(t)). Since iRobot Create 2 takes the linear speed and the
rotation speed as control inputs, we get the optimal speed as
v*(t) = v(t) + us(t)At/10, and then apply v*(¢) and uj(¢)
to the robot in the following At.

The specification is to go to point a := (25dm, 35dm) and
b := (35dm, 10dm), and then go back to the start point. When
the robot arrives at point a, the map changes from 1 to 2, as
shown in Fig. 11. The position and heading angle uncertainties
(from the opti-track) are about 0.002m (0.02m for the QP) and
0.0057ad, respectively, which are relatively small. However,
the uncertainty of the linear speed from the robot sensors
is about 0.03m/s (0.3m/s for the QP). Therefore, we relax
U2, min Dy —0.2m/ 52 in order to consider these noises, as well
as system dynamics inaccuracy and other noise terms (such as
the battery level of the robot). The comparison between the
simulated trajectory and the experimental trajectory is shown
in Fig. 11.

o 5 10 15 2 30 35 40 10 15

25 a0 35

2 2
x/dm z/dm

(a) Robot trajectory in map 1 (b) Robot trajectory from map 1 to 2

Fig. 11. Experimental results using an iRobot Create 2.

D. Application to Autonomous Driving

In autonomous driving, the ego vehicle treats all the other
vehicles as moving obstacles [41]. We consider the same
dynamics and constraints as in (25)-(30), except relaxing the
maximum speed limit to 28m/s. We use the sampling learning
approach to recursively improve the QP feasibility with respect
to moving obstacles. As all the vehicle types (such as size) are
known, we can learn a feasibility constraint for each type of
vehicle, and then apply this feasibility constraint to the QP. We
fully cover the other vehicle by a disk, and only consider the
distance between the center of the ego vehicle and the disk.

In the learning process, we take the relative position and
relative speed between the ego vehicle and the other vehicle
in both along-lane and lateral directions, and the heading of the
ego vehicle as the inputs for the SVM model (32). The relative
speed difference is sampled between 0m/s and 20m/s. The
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feedback learning process is similar to Table III, but takes 6
iterations in order to achieve an infeasible rate that is smaller
than ¢. In the ego vehicle overtaking test, we set the initial
and desired speeds for the ego vehicle as 28m/s, while the
other vehicle runs at a constant speed 16m/s. Note that the
control bounds for both wuj,us are very tight, as shown in
(30). Without the learned feasibility constraint, the QP will be
infeasible at some time instant for the ego vehicle. However,
the ego vehicle can successfully overtake the other vehicle
and the QP is always feasible with the learned feasibility
constraint, as the snapshot shown in Fig. 12.
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Fig. 12. Sampling learning approach applied in autonomous driving for the
overtaking of another moving vehicle.

VII. CONCLUSION

We presented a tutorial of a set of machine learning
techniques for the CBF-CLF-based QPs corresponding to
optimal control problems with safety constraints and control
limitations. The parameter learning approach improves the
feasibility of the QPs for regular unsafe sets (i.e., sets for
which the feasibility does not depend on the initial condition).
The sampling-based learning approach can deal with irregular
(i.e., not regular) unsafe sets . The simulation and experimental
results on a robot control problem and an autonomous driving
case study show good feasibility performance with the pro-
posed approaches. Future work will focus on dynamics and
datasets affected by noise, addressing the inter-sampling effect
of the QP-based approach, and on the combination of barrier-
based methods with deep learning systems [42].
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