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ABSTRACT

This paper investigates noncooperative online games in multi-agent systems with time-delay feedback constraints. In these
games, all players individually minimize their own time-varying costs, yet these costs are coupled through the joint strategies of the
entire group. The gradient feedback available to the player is subject to unknown, heterogeneous delays that vary across players
and time instants. To address these challenges, a distributed online gradient-descent algorithm is developed to seek the time-vary-
ing Nash equilibrium in the game. The algorithm is proven to achieve a sublinear dynamic regret bound via an appropriate learn-
ing rate, provided that the path variations grow sublinearly. Finally, an online electricity market game with time-varying delays is

provided to illustrate the effectiveness of the algorithm.
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nered substantial research attention across numerous
domains, including formation control”, wireless sensor
networks”, and smart grids”. Within the realm of multi-agent
noncooperative games, the Nash equilibrium (NE)" is a strategy
combination such that, given the fixed strategies of all other play-
ers, no single player can reduce its own cost by deviating from its
chosen strategy. Extensive research has investigated distributed
NE and generalized NE (GNE) seeking algorithms under varied
problem settings, including coupled constraints™, multi-coalition
structures””, and prescribed-time convergence requirements®".
The above works™" address offline game scenarios under the
assumptions of known analytical cost functions and a stationary
game environment. These assumptions are restrictive in dynamic
settings such as online mobile sensor networks"”, where sensors
require real-time position adaptation to unpredictable target
motion and a priori unknown environmental disturbances.
Recent work!™"” on online noncooperative games generally relies
on the simplification of a fixed one-step feedback delay, where
players receive cost feedback after each decision. Multi-step delays
have been addressed in Refs. [18-19], but they are assumed to be
fixed, uniform across players, and known a priori. In practice,
delays fluctuate over time due to environmental shifts and uneven
player performance, while heterogeneity further introduces asym-
metric delay profiles. This motivates the recent work™ on
unknown time-varying delays, in which static regret analysis for

Distributed algorithms in multi-agent systems have gar-

online optimization problems has been provided.

In this paper, online noncooperative games for multi-agent sys-
tems, where the feedback delays are unknown and time-varying,
are investigated. A distributed algorithm for seeking the NE is
designed, together with an accompanying analysis of its dynamic
regret. The primary contributions of this work are outlined in the
following content.

1) Noncooperative online games with unknown time-varying
delays are considered over directed unbalanced topologies. Classi-
cal online game problems"*'” assume a one-step feedback delay,
and fixed multi-step delays are considered in Refs. [18-19]. The
unknown time-varying delay setting has wider applicability to real
online scenarios.

2) An online distributed NE seeking algorithm is developed
with an appropriate learning rate to ensure sublinear dynamic
regret. The derived regret upper bound explicitly captures the
effects of delays and consensus estimation errors. When reduced
to the one-step delay case, the sublinear regret order matches that
in Ref. [13].

Notations: The set of real numbers is defined by R, the g-
dimensional Euclidean space is represented by R?, and real matri-
ces are denoted by R?*¢. The set of nonnegative integers is writ-
ten as Z,. E denotes the expectation. col(-) stacks its arguments
into a column vector. For a given matrix A and a vector x, A"

and " denote their transpose. diag(-) treats its arguments as the
diagonal elements of a diagonal matrix. The inner product in the
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Euclidean space is formulated as < -, >. The cardinality of a set or
the absolute value of a scalar constant is represented by |- |. The
Euclidean norm is ||-||. The Kronecker product is indicated by .
max means the maximum. | | represents the floor function. The
gradient of a differentiable function J(a, b) with respect to a is
denoted by VJ(a,b) = dJ(a, b)/da, where 0 stands for the par-
tial derivative operator. The projection onto a set X is represented
by Pyx. The g x q identity matrix is I,, and 1, denotes the g-
dimensional all-one vector, where their subscripts can be omitted
without causing any confusion. For a square matrix A, p(A)
stands for its spectral radius. O(f) characterizes the upper bound
of the asymptotic growth rate of f, o(f) describes a strictly slower
asymptotic growth rate relative to f, and O(f) describes the tight
asymptotic order of f. For any a >0, [I/a], = [I/a] if a >0, and
[1/a], = 0 otherwise.

1 Preliminaries

1.1 Graph theory

Let G=(V,€) be a directed network, with V=1{1,2,...,N}
being the collection of N players and £ CV x V being the collec-
tion of directed links. A link (i,j) € € is interpreted as player j
sending data to player i. Strong connectivity of the network G is
defined by the existence of a directed link sequence from i to j for
any players in G. The set of in-neighbors of player i is then
expressedas N, = {j € V: (i,j) € £}.

1.2 Problem formulation

Consider an N-player online noncooperative game over the
directed network G. At time t € Z,, every player i € V chooses a
decision x;, € M,, with M, € R? its feasible set and q its deci-
sion dimension. Let x_;;: = cOl(Xy4 Xppo - - - Xi 1o Kisro Kisao -« >
xy) denote the joint decisions of all players except i. After the
decisions are made, an adversary reveals to each player i delayed
feedback regarding the local cost function J;; (%, X ;) : RY — R
for ke T, ={0<k<t: k+1,—1=t}, where 1, € Z,, is the
unknown time delay during which player i makes a decision at
time k. Each player i then tackles the following minimization
problem:

min ]i,r(xi,n x—i,r) (1)

xi €M,

A decision profile x; = (x;,x°

i it

) isan NE of the game (1) if

Ju(xpx7,,) < Ju(xi0x7,,) (2)
holds for any (x,,x",,) € M = M, x ... x My. In line with Ref.
[21], the variational NE is defined as any x; that resolves the fol-
lowing inequality problem

(F(x)) (x—x)>0,Vxe M (3)

t

where Ft(xt) = COI(V]Lt(prx i,[)) V]z,z(xz,nx 2,t)> B V]N,t(xN,[)
X_y,)) is the pseudo-gradient, and x, = col(x,,, X, . . ., ;).
Motivated by Refs. [13-16], the dynamic regret is introduced to
measure the performance of online algorithms as follows.
Definition 1: Consider the game (1) over the time horizon
T € Z,,. The dynamic regret of player i € V is defined as

T

Ry =Y (u(xpx,,) = Ju(x;,%,,)) (4)

t=1

In Eq. (4), R, measures the accumulated difference between

the cost incurred by the online decisions and the cost incurred by
the time-varying NE over the horizon T.

A no-regret online-decision-making procedure is defined when
the regret exhibits sublinear growth with respect to T, namely
lim, ,R,,/T = 0.

Assumption 1: The network G, is guaranteed to be strongly
connected.

Assumption 2: For each player i € V, the corresponding cost
function and the feasible set are required to meet the properties
listed below:

1) The feasible set M, is nonempty, compact, and convex.

2) The cost function J,,(x;,, x_;,) is differentiable with respect to
x; and convex in x;; under any fixed x_,,.

3) The gradient V], (x,,x_,) is characterized by L-Lipschitz
continuity.

4) The pseudo-gradient F,(x,) satisfies the condition of u-
strong monotonicity.

Remark 1: Assumption 1 ensures that information can be
transmitted across the network at any time. Assumption 2 is stan-
dard and widely adopted in NE seeking problems (see Refs. [13-
16,22-24]).

2 Main results

An online distributed algorithm executed by each player i € V' is
presented in Algorithm 1. The core idea is as follows. Each player
i receives the set of delayed local gradients {V],: k€ 7.}, the
neighboring decisions {x;,: j € V,,},and the neighboring esti-
mates {X,.: s € V/{j},j € N, }. If the delayed feedback is non-
empty, ie., || # 0, player i updates its decision x;,,, via gradi-
ent descent using the delayed feedback; otherwise, x;,., remains
unchanged at x;,. Finally, player i updates its estimate X;,,, of
each other player j € V/{i} via a leader-follower consensus-based
mechanism using the neighboring information.

Algorithm 1 Online distributed seeking algorithm with delayed gra-

dient feedback

Input: Initial decisions X,, € M, and estimates %o € M, Vj€

V\{i}; time horizon T} learning rate «;,; tracking gains ki, k, > 0;

weight matrix A = [a;].

Output: x;,t=12,...,T.

l:fort=0,1,...,T—1do

2: Receive delayed gradients {V]; (%, X ix): k€ T} and neigh-
boring information {x;,,%;,: j € N }.

3:if | T;,| # O then

a; A~

4: Zi =Py, | X — d Z V]i,k(x,;k, x—i,k)
IT] =

S:else

6: Zi = Xiy

7:end if

8: X1 = (1 - ax}t)xi,t + 04200

N
9: %, =%, — [kl E“*‘S (B — X0) + koay (%, — xj,[)] ,Vj e V/A{i}

In Algorithm 1, 0 < a;, <1 is a learning rate to be determined.
ki, k, > 0 is tracking gains to be determined. a; > 0 is the (i,j)th
element of the weight matrix A € RV, where a; > 0 if (5,§) € &;
otherwise, a; = 0.

Let X;, = col(Xy,Xns - s Ko Xip Xiisr Xiiaos - - - Xivy) be the
joint estimates of all players except i, and X, = col(&,,
X5,...,Xy,) be the joint estimates of all players. X, =
col{%,, : k € T,,} represents the joint delayed estimates received at
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time ¢ by player i, and X, = col(&,7;,, %, 75, . . ., Xx75,,) represents
the joint delayed estimates of all players, where 7, = UY, T, is the
union of all players' time delays. Moreover, F,( 5;7,) =

col ( [ﬁ] +Zke7—“ Vi (%o X 10)s [\sz ] Yiers, Vs (oo X i), -

[ﬁ] . Liers, Va(Fe ’tN,k)> is the joint averaged delayed gra-

dients of all players. Then, let &, = diag{a,;, ct,, ..., 005}, I'=
diag{am Apas e oos ANy A1 A5 oo s Aons oo vs AN AN -+ s uNN}) I =
diag{a,, as, ..., an},
then the compact form of Algorithm 1 is

Xin1 :PM (xt - ‘xtpt('&’ﬂ))

Xen =((Le =k (LRIy) — k) QL)X+

kb(Tol)(Iy@x,) ©)

where £ =D+ — A denotes the Laplacian matrix associated with

G, D =diag{d},d;,...,d}} is the diagonal in-degree matrix,
and df = Z}N:] a; represents the number of incoming links to
player i.

Concerning the estimation error, the following lemma is
derived.
Lemma 1"%: Under Assumptions 1 and 2, if k, and k, satisty

1
0<k <
" maxey {a;} -+ maxiy, {d; } (6)
1
0<k,<

max;cy {aij} + max;cy {df}

then the estimation error e, =X, —
rithm 1 satisfies

ly®x, generatedby Algo-

t—1
||erH < mtOHHeOH + ZNCMZm;“max,r—s—l (7)
5=0
where Cy > 0, m, € (0,1), and a,,, = max,cy,o;,.

Using the above lemma, the bound of the dynamic regret is
obtained as follows.

Theorem 1: Under Assumptions 1 and 2, if k, and k, satisfy
Eq. (10), and a;, satisfies 0 < &, < a;, <1, then the dynamic
regret (4) generated by Algorithm 1 satisfies the following condi-
tions:

R <

Ll <2NC2M +2C, /NG, L 26N (=)
] 2
#amax,T n"l

(8)
where ¢, = Y [|x;, —%[[, 9 = X! [[F.(x) ~ Fuu (%) |, and
o= (2CVNE B+ L ) [
( LY B +2LCuL Y /;ZJ) / "
-

B, = my ||| |+ 2NCy ;Um Cnaxts1>
B, :amax,Zi B,

Br=(Tux —)NY B,

B, = [1/|77,:|L|’Et\,

where Cy, 0t and m, are defined in Lemma 1, L, >0, 7, =
MaXe;, Ti> Timax = MAXieqo1..,1y Ty > 0, AN Tpra = MAX ey T .-

Proof: Based on Assumption 2.(1), it can be derived as

N
thH _x:+1H2 < 4CMZ ‘ |x:t+1 -

i=1

N
X+ Yl =2, (9)
i=1

and from the mathematical relationship in Line 10 of Algo-
rithm 1, it can be further obtained

N N N
Yol =X [P <Y (1= a)lx — x|+ Y a2z — x|
i=1 i=1 i=1
(10)
With the utilization of the variation inequality (3) and the
inherent projection characteristics, Eq. (10) can be rearranged and
rewritten as

N - L]
ZHx,-JH _x:le < ai‘a""z {m] +

i=1 i=1

Z (V]H( i —zt)_

keTi

N
V(X X_i)) ”2 + Z ]2, — 2, [~

i=1

N
206,2,“”2 { ] ZV]xk (%o X_ix) — VIi(x; i ﬂt)fo,rfot
|Tf| + keTie
(11)

In accordance with Assumption 2, a positive constant L; is
guaranteed to exist such that the corresponding inequality
[|V]..(%,9)|| <L, holds for any (x,y) € M and any i € V. Com-
bined with the Cauchy-Schwarz inequality, the following inequal-
ity can be established:

£ [l

Z (V]xt( " ,,t)*V]i,k(xx,k,-’ALi,k)) <

keTis

24,424,

(12)

where the relevant parameter definition is provided as follows:

Z Z LT } V] (%o X i6) — V(X X0 ||

i=1 ke Tiys

-y ¥ [ITJ V7% ) = VI 20|

i=1 ke Ti;

By virtue of the strong monotonicity property specified in
Assumption 2, the following relation can be validated:

_2‘x12naxt2 |: :| Z V]k xlk’xﬂk) V]”( it —At) x
17ul 1. &,

‘max,t (AS,t + AA,[)

2(xr2nax,t1u| |x[

and
Yy [m] 19760 1) — V%)

i=1 keTis

i |: |,7. | :| |V]i,t(xi,p x—i,t) - V]i,k (xi,t) x—x;t) H

i=1 keTiy

Meanwhile, the Cauchy-Schwarz inequality is adopted to derive
the following inequality:

s t2 % | ted ek ] 0. a9

i=1 ke Tis

where ¢, = |7 Z: - |2, — x| | if 7, > 1, otherwise ¢, =
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A summation operation is implemented on Eq. (13) with yields
Zt 12, 1”le+1 x| < \Fﬁb, By substituting Egs. (10)-(14)

into Eq. (9) and performing summation on both sides of Eq. (9)
with respect to ¢, the following inequality can be derived:

- ||% —x

T x —x |2 —
#Z\Ixf—xfIIKZH’ 1]

max,t

Zamx,flﬂﬁﬁ,ﬂr

* HZ
t+1
J’_

!l+l
maxl i=1

2CML\FZ|T|ﬂOt+4LZZﬂ“+2CMZ( Tomae — 1) X

i=1

M"i

(HV]i,t(xi,n x—i,t) - V]i,r+1(xi,n x—i,t) || + L ||xr - xt+1 H) (15)

and then, the following result can be acquired:

o x| — [l — X0 2NG
)y < +
zaﬁux t afﬂax,l
1 1 1 2NC:
= - 4C, = M (16)
2 (xlznax T ‘ximx,l imx,'l‘

By Jensen's inequality and the non-increasing property of a;,, it
is derived as

Yl -l < Y, (17)

max,t i=1 max, T

e

—1

In combination with the mathematical relations in Egs. (5)-(7)
as well as the projection property and Assumption 2, one gets that

N
||xt+1_xtH gLIZ[l/‘ﬁf”Jﬁt'azt (18)

i=1

Finally, combining Egs. (15)-(18) and Lemma 1 with Assump-
tion 2 gets Eq. (8). The proof is therefore completed. o

Remark 2: The dynamic regret bound in (12) depends on four
variables, ie., ¢, 9r, ¥, ,, and v, . Specifically, ¢, refers to the
NE-sequence path variation, a commonly used measure in online
optimization and game problems™™***. 9; reflects the path varia-
tion of the pseudo-gradient sequence. v, capturesthe cumula-
tive consensus estimation error, while y, . represents the cumula-
tive error incurred by time delays. When the considered problem
reduces to the classical online game with 7, = 1, the bound in Eq.
8 remains applicable and simplifies to

© (\/T((1+¢ )/ +Zt 1“"“"“)) given 7, =land y,, =

0, in full agreement with the conclusion of Ref. [13].

Based on Theorem 1, the sufficient conditions for the sublinear
dynamic regret are derived as follows.

Theorem 2: Under Assumptions 1 and 2, if ¢, = O(T’) and
9r = O(T°) with 0 < 0 <1, k, and k, satisfy Eq. (10), «;, satisfies
a, =, = O(t7) with 0 < § < (1—0)/2, then the dynamic regret
(4) generated by Algorithm 1 is sublinear in T. Moreover, the
optimal choice § = 8" = (1— 0)/3 leads R,; = O(T**9°).

Proof: One obtains that 0<a;, < a;,, <1 with «;, =a, =
O(t™), and thus the conditions of Theorem 1 are all satisfied.
Then, there is

By, = 6(a) =O(t"°),
ﬂl,l = 6(0‘[) = O(tia)’
B, =6(aj) =0O(™) (19)

where the derivation of 8, follows 0 < A, < 1. Thus, one gets that

o(1)
o(1) (20)

y,, = O(me(lfa,pw)) _
,(//21_ — O(Tnax{l—é,l—zﬁ}) —

Substituting Eq. (20) into Eq. (8) yields that

Rir = O(T\ [, 4+ 1°/8, +- %)

_ O(Tnax{0,5+6+u.59,1—0.56}) (21)

Combining with 0.5+6+0.50 <1 and 1—-0.56 <1, 0ne con-
cludes that R, = o(T). One knows that the order of R, in Eq.
(21) is the smallest when 0.5+ 6 + 0.5 equals 1—0.58, and thus
0" =(1—6)/3. Substituting 6 =¢" into Eq. (21) yields R;; =
O(T®*9%). The proof is therefore completed. o

Remark 3: As implied by Theorem 2, no-regret property can be
ensured by Algorithm 1 when path variations exhibit sublinear
growth with respect to T, and the learning rate is determined
based on path variations in the absence of time delay information.

3 Simulation results

Consider the online electricity market game with N=5 wind
power companies. The communication topology is directed and
strongly connected, as shown in Fig. 1.

N

o<

‘\4 \3

Figure1l The directed and strongly connected topology of 5 wind power

companies.

The time horizon is set to T=1000 time steps. Each wind
power enterprise i €V acts as an independent participant and
determines its real-time power generation output x;, € M, CR,
so the decision dimension is q = 1. Referring to the game model-
ing method adopted in Ref. [28], the mathematical expression of
the aforementioned online market game is established as Eq. (1).
Meanwhile, the local cost function for each wind power producer
is formulated as

= Jue(%is) + T (X Xi0) (22)

where the first term J;,(x;,) stands for the time-dependent opera-
tional and generation cost, which dynamically fluctuates with the
change of operating time slots. The second term J, (%, % ;)
indicates the real-time market electricity price, which serves as the
core market transaction parameter affecting the profit of power
generation enterprises. Particularly, the function J;, is

Tt (%00 %1)

Jui(%,) = ay, +b,x, + Ci,ler (23)
and the function J,, is

N
x,—-025) x, (24)

s=Ls#i

][Z,t(xx,t) x—i,t) =&

where g, = 80+ 0.5sin(#/12). The detailed settings of a;,, b, ¢,
and M, follow Table 1.
To evaluate the robustness of the proposed algorithm against
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Table1 The detailed settings of parameters

company index ait bt Cit M;
1 2 L5sin(#/2) 6 [2,45]
2 9 2sin(t/6) 4 [5,50]
3 6 2.5sin(t/5) 5 [4,35]
4 7 3sin(#/9) 6 [3,30]
5 5 3.5sin(1/12) 3 [8,60]

delay variation, the time-varying delay is set as

7, =B,t<50
17,, = 2B,51 < t < 500 (25)
1, =3B,1,, =3B

and is capped by T+1—t. Four delay levels, ie., B € {1,2,3,5},
are tested in separate trials. The algorithm parameters are set as
ki=01,k =02, a,=(t+1)"",

Algorithm 1 (referred to as “Algl”) is compared with two clas-
sic online algorithms. The comparison benchmarks include the
online mirror descent algorithm with delays proposed in Ref. [19]
(referred to as “OMD”) and the online gradient algorithm pro-
posed in Ref. [14] (referred to as “OG”). In the simulation setup of
OMD, all time-varying feedback delays (i.e., ;) are assumed to be
completely observable and known in advance. For both bench-
mark algorithms OMD and OG, single delayed feedback is ran-
domly selected at each independent time step. It is worth noting
that Algl does not require prior knowledge of the delays, while
OMD is provided with oracle delay information, which makes the
comparison conservative and favorable to OMD. Fig. 2 presents
the time-averaged dynamic regrets of all compared algorithms,
ie, R,/T, under diverse delay scenarios. The numerical results
and curve comparisons show that the proposed Algl achieves the
best overall performance. In the early stage, the time-averaged
regrets of all algorithms are relatively high because of the transient
adaption process. As T increases, the regret curves of Algl
decrease rapidly and gradually flatten, which is consistent with the
sublinear dynamic regret established in Theorem 2. When B
increases from 1 to 5, the regret curves of OMD and OG shift
upward more noticeably, indicating that their performance is
more sensitive to delay variation. In contrast, Algl maintains rela-
tively stable and low time-averaged dynamic regret across all
tested delay levels. These results fully validate that Algl possesses
outstanding adaptive performance and stronger robustness in
complex variable-delay environments than the two conventional
benchmark algorithms.

800 r
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Figure2 The time-averaged dynamic regrets of all compared algorithms.

4 Conclusions

This paper proposed an online distributed algorithm for NE seek-
ing to handle unknown time-varying delays among players. By
integrating leader-follower consensus with projected gradient
descent over unbalanced topologies, an upper bound on dynamic
regret was established. An appropriate learning rate, tailored to the
path variation of NE sequence and that of pseudo-gradient
sequence, was derived to ensure sublinear dynamic regret.
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