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ABSTRACT

Addressing the inherent low stiffness of flexible manipulators, existing control schemes often face an intrinsic contradiction where
rapid convergence leads to increased vibration amplitudes, making it challenging to achieve high-precision trajectory tracking while
effectively suppressing elastic vibrations. To tackle this issue, this paper proposes a neural network-based Fixed-Time learning
control strategy. This strategy is capable of simultaneously handling output constraints, model uncertainties, and input dead-zone
nonlinearities of the system. The designed controller effectively compensates for the adverse effects of the input deadzone, ensuring
that all system states converge to a small neighborhood around the origin within a fixed time, thereby significantly improving the
system’s convergence speed and transient performance. By introducing a logarithmic Barrier Lyapunov Function (BLF), the prescribed
tracking error constraints are strictly guaranteed. Furthermore, high-frequency chattering is mitigated through a smooth approximation
of the sign function. Experimental results demonstrate that, compared with the PSF controller, the proposed Fixed-Time control
scheme reduces the steady-state tracking errors by 61.9% and 69.2%, respectively. In terms of vibration suppression, the steady-
state values of elastic vibrations are reduced by 49.2% and 32.6%, respectively. These results fully validate the superiority and

robustness of the proposed control strategy in balancing rapid convergence with vibration suppression.
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1 Introduction

1.1 Background

With the rapid advancement of robotics technology,
flexible manipulators have found widespread application in
fields such as deep-sea robotics !'l, terrestrial robots [ I, and
aerospace vehicles |1, Benefiting from innovations in materials
science and upgrades in sensor technology, flexible manip-
ulators possess prominent advantages, including lightweight
design and high adaptability. However, the inherent low
stiffness of flexible structures also presents unprecedented
challenges to their dynamic modeling and precise control,
making vibration suppression a core aspect of flexible ma-
nipulator control. To fully leverage these advantages, the
key lies in integrating artificial intelligence (AI) technology to
develop novel modeling methods and control systems tailored
to the characteristics of flexible manipulators. Consequently,
achieving fast convergence of both tracking errors and vibration
amplitudes is of significant practical importance for promoting
the real-world application of flexible manipulator technology.

From an engineering perspective, lightweight flexible
manipulators are particularly suitable for applications in which
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low inertia, high payload-to-weight ratio, and energy-eflicient
motion are required. However, rapid positioning motion can
excite elastic modes of the flexible links, resulting in residual
vibrations, longer settling times, and reduced end-effector
positioning accuracy. These effects may significantly decrease
the efficiency and repeatability of practical manipulation tasks.
Therefore, achieving rapid trajectory tracking while suppress-
ing elastic vibrations is essential for the reliable application of
flexible manipulators in high-speed and high-precision robotic
systems.

A flexible manipulator is an underactuated, strongly
coupled, and nonlinear system, and its dynamic model is
significantly more complex than that of a rigid manipulator.
During the control process, elastic vibrations induced by the
flexibility of the links make it difficult to achieve superior
error convergence. Although partial differential equations
(PDEs) can accurately describe the dynamic characteristics
of the system, they significantly increase the complexity of
control strategies. To reduce the difficulty of control design,
the academic community typically employs dimensionality
reduction methods to construct dynamic models, such as the
Finite Element Method (FEM) ! and the Assumed Modes
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Method (AMM) . Most research on vibration control for
flexible manipulators adopts AMM for dynamic modeling. In
(1 ABAQUS software is utilized to construct a simulation
model for the finite element analysis of a flexible gripper. In
(%) the AMM is adopted to establish a discretized model for the
FTLM. In "), the AMM is employed to develop the dynamic
model of the TLRF manipulator. Therefore, transforming the
PDE model into an ordinary differential equation (ODE) model
is crucial, as it provides a more convenient foundation for the
design of vibration control strategies.

In view of the increasingly widespread application scenar-
ios of flexible manipulators, research on their control strategies
holds significant practical importance. In recent years, various
methods, such as boundary control ['" and sliding mode
control '), have been applied to the control of flexible
manipulator systems. To address the issue that traditional
control methods rely excessively on precise dynamic models,
model-free control strategies have gradually emerged. Their
core advantage lies in the elimination of the need for an accurate
dynamic model, relying solely on the input-output data of the
control system to achieve favorable control performance in a
data-driven manner. Examples of such strategies include PID
control ', fuzzy control ('] and neural network (NN) control
U] Currently, research on the vibration control of flexible
manipulators is extensive | '*. However, the aforementioned
studies fail to simultaneously achieve guaranteed transient
performance and vibration suppression. Consequently, this
paper aims to realize superior vibration suppression while
ensuring favorable transient performance.

In addition, actuator input dead zones, tracking-error
constraints, and model uncertainties are unavoidable in prac-
tical flexible-manipulator systems. The model uncertainties
may arise from payload variations, unmodeled flexible modes,
and changes in operating conditions, whereas the input dead
zone represents a common actuator nonlinearity that reduces
the effectiveness of small control commands. The prescribed
tracking-error boundaries reflect the positioning-accuracy and
operational-safety requirements of practical robotic tasks. If
these factors are ignored, the system may exhibit degraded
tracking accuracy, increased residual vibrations, longer settling
times, or even closed-loop instability! "'® '), Leveraging
their powerful approximation capability for uncertain non-
linear functions, NNs can adaptively compensate for system
model uncertainties by dynamically adjusting network weights
through online learning, thereby enhancing the system’s anti-
interference ability and adaptability. Consequently, NN control
methods are widely used to address system uncertainties and
nonlinearities " *"* > % *] In existing research, scholars have
proposed various adaptive strategies based on this method.
In ), an adaptive fuzzy NN command-filtered impedance
control is proposed to eliminate the influence of unknown
system dynamics. For nonlinear multi-agent systems, *)
presents a neural network prescribed-time control method
based on a dynamic memory event-triggered mechanism. In
(7] an adaptive inverse NN control is presented for uncertain
flexible single-link manipulators with input backlash and
output constraints. In ‘), neural networks are employed to
approximate unknown dynamics, and an NN state observer is
constructed to compensate for unmeasurable states. In "), an
admittance control strategy based on NN is proposed. In [,

2

an adaptive NN-based output feedback controller is developed
for non-smooth nonlinear systems featuring deadzone and
saturation. This paper utilizes the ability of neural networks to
approximate nonlinear functions to address the uncertainties
and the influence of input deadzone in the flexible manipulator
system. To achieve tracking error constraints, a Barrier
Lyapunov Function (BLF) is introduced and integrated with the

31, 32
1 such as

backstepping method to design the controller !
logarithmic, tangent, and integral BLFs.

From a certain perspective, rapid convergence may lead
to an increase in the amplitude of elastic vibrations of the
manipulator. Consequently, in the presence of input non-
linearities, it is challenging to simultaneously realize excellent
error convergence and vibration suppression effects. To
achieve high accuracy and rapid convergence, a Fixed-Time
controller can serve as a feasible solution. Compared with
traditional finite-time control techniques "”!, a Fixed-Time
control algorithms offer significant advantages in terms of
convergence time, as their convergence time is independent
of the initial states of the robot and can be predetermined
via controller gains " ">l In addition, there are numerous
significant research results on Fixed-Time control "], In
[)"an adaptive fixed-time robust trajectory tracking control
strategy is designed for nonlinear robotic manipulator systems
subject to friction and external disturbances. In "), a novel
second-order fixed-time sliding mode controller is developed to
address mismatched disturbances. In ''], a composite learning
fixed-time control strategy is proposed to address the issues
of unknown parameters in robotic systems, the difficulty in
achieving Fixed-Time convergence for parameter estimation,
and the challenge of prespecifying transient performance.
In "), research on the adaptive tracking control problem
is conducted within a fixed-time framework for high-order
stochastic nonlinear time-delay systems. In [, an event-
triggered super-twisting fixed-time sliding mode consensus
control method is proposed for networked nonlinear multi-
agent systems with unknown disturbances. However, to the
best of our knowledge, research on fixed-time control for
flexible two-link manipulators (FTLM) that addresses model
uncertainties and input nonlinearities remains relatively scarce.

1.2 Motivation and Contributions

Although existing neural-network-based control methods
can compensate for unknown nonlinear dynamics, many of
them only guarantee the uniform ultimate boundedness of the
closed-loop signals, and the convergence time may depend
on the initial conditions. Prescribed-performance control
methods can constrain the transient and steady-state tracking
errors within predefined envelopes, but they do not necessarily
provide a fixed upper bound on the settling time while
simultaneously addressing flexible vibration, input dead-zone
nonlinearities, and model uncertainties.

To address these limitations, this paper develops a neural-
network-based fixed-time control framework for a flexible
two-link manipulator subject to model uncertainties, input
dead-zone nonlinearities, and state constraints. The novelty
does not arise from the individual use of RBF neural net-
works, fixed-time control, or Barrier Lyapunov Functions, but
from their coordinated integration within a unified vibration-
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control framework. Specifically, two RBF neural-network
approximation channels are introduced to compensate for the
unknown system dynamics and the input dead-zone nonlinear-
ity, respectively. The fixed-time control structure establishes
an explicit upper bound on the convergence time that is
independent of the initial conditions, while the logarithmic
Barrier Lyapunov Function guarantees that the tracking errors
remain within the prescribed boundaries. In addition, a
smooth approximation of the sign function is employed to
alleviate high-frequency chattering. Inspired by [*"), this study
improves the controller’s dynamic performance by effectively
suppressing high-frequency and large-amplitude chattering.
The proposed scheme successfully achieves a harmonious
optimization between ultra-fast convergence rates and strong
robustness, attaining ideal transient response and vibration
suppression effects. The following summarizes this paper’s
main contributions in comparison to earlier research:

e Addressing the limitation of Refs. 7 and U in
solving only single problems, A unified fixed-time
control framework is developed for flexible two-link
manipulators subject to model uncertainties, input dead-
zone nonlinearities, and state constraints. Different
from existing fixed-time methods that mainly focus on
convergence analysis or a single type of uncertainty,
the proposed method simultaneously considers trajec-
tory tracking, elastic-vibration suppression, unknown
dynamics, input nonlinearities, and constrained tracking
errors.

e Distinct from the single neural network method in
Ref. "], this paper designs two RBF neural-network
approximation channels are introduced to estimate the
unknown system dynamics and compensate for the
input dead-zone nonlinearity, respectively. Compared
with conventional single-network control structures, this
design separates the approximation tasks of the two
uncertainty sources and reduces the dependence of the
controller on an accurate dynamic model.

o A logarithmic Barrier Lyapunov Function is incorpo-
rated into the fixed-time control design to guaran-
tee that the tracking errors remain within the pre-
scribed boundaries. Unlike conventional prescribed-
performance schemes that mainly regulate the error
envelope, the proposed method also provides a fixed
upper bound on the convergence time independent of
the initial conditions. Moreover, a smooth sign-function
approximation is introduced to reduce high-frequency
chattering.

The subsequent sections of this paper are organized
as follows. Section II presents the preliminary knowledge
and system description. Section III presents the controller
design and proves its stability. Sections IV and V verify
the effectiveness of the controller through simulations and
experiments on the Quanser platform, respectively. Finally,
Section VI summarizes the contributions of this paper.

2 Dynamic Modeling
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2.1 System Description

Based on Hamilton’s principle, the dynamic model of
the FTLM system is established by incorporating factors such
as its rotational inertia, angular velocity, linear velocity, and
elastic vibration. This dynamic model is directly adopted
in this paper, with detailed derivation procedures referred
to in Reference ). The FTLM model is derived from the
user manual provided by Quanser Inc. "), The schematic
diagram of the FTLM is shown in Fig. 1, which defines the
symbols used in the mathematical modeling of the flexible
manipulator. Specifically, XOYZ is an inertial reference frame
for determining the spatial position of the manipulator. xoy is
a rotational reference frame for observing elastic vibrations.
The meanings of each symbol are as follows: 7; indicates the
torque of the i-th drive unit. w; represents the elastic vibration
of thei-th link in the xoy frame. Y;(Q, t) is the position of
the i-th link. I,; stands for the rotational inertia of thei-th
link. I; is the rotational inertia of the end load. I; denotes
the rotational inertia of the joint. B; represents the
equivalent viscous damping coefficient. K; is the torsional
stiffness constant. N denotes the total number of modes.

A

Torsion spring

Drive 1 0 K,

O\ A (X

Drive Unit

T A
4 VDAY

1B

FEnd load
LA

vV

Fig. 1 The Dynamic modeling of FTLM

The state variables of FTLM can be designed as @ =
0,0, 1 = [l11,....,l1ny, 121, .., l2ny] T is a time-varying
generalized coordinate, and § = [f1,02]7 denotes the
rotational angles of the links, with NV = n1 + n2. The dynamic
equation of the FTLM system is constructed as follows:

J(Q)Q+G(Q,Q)Q+ F(Q) = N(r) (1)

where N(7) = 7 — Ar is the deadzone function. The matrices
J(Q), G(Q, Q) respectively are the inertia matrix, Coriolis
matrix and centripetal effects, each sized RNH2)x(N+2)
F(Q) € RYT2 s the stiffness matrix. Then, the matrix
Z(Q, Q) designed by J(Q) — 2G(Q, Q) is skew-symmetric.
The nonlinear function of the deadzone is

h(t —br), T2>br
N(T) = O) bl <7< b'r (2)
h(r=b), 7<UY

Assumption 1: The expected trajectory is smooth,
bounded, and continuous.
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Assumptionl reflects the fact that practical reference
trajectories are normally generated by a trajectory planner
or a smooth command filter. More precisely, Qg, Qd,
and Qg are assumed to be bounded, which ensures that
the required reference position, velocity, and acceleration are
physically realizable. The positive definiteness of J(Q) and the
skew-symmetric property of J(Q) — 2G(Q, Q) are standard
mechanical properties of Euler-Lagrange robotic systems and
hold within the physical operating range of the FTLM. The
RBFNN approximation errors 6(.5) and 6-(S-) are assumed
to be bounded only on a compact operating region, which is
reasonable because the joint positions, velocities, and actuator
inputs of the experimental platform are physically bounded.
Furthermore, the BLF design requires the initial tracking error
to satisfy || f1(0)|] < k»(0), meaning that the controller is
initialized inside the prescribed feasible region.

2.2 Preliminary

Lemma 1 1 For any real-valued c1, c2, ..., cp with

satisfying 0 < = < 1, the inequality below is applicable.
(lexl+ - +len))” <er| + -+ [en]® ©)

Lemma 2 ); Givenu; > Ofork = 1,2, ..., n, the subsequent
inequality is derivable:

(zuk) =(21-uk> cu i
k=1 k=1 k=1

Lemma3: Forz,y € R,e > 0,c > 1,d > 1 satisfying (c —
1)(d — 1) = 1, the inequality below is effective:

2y < S fefo 4 Lyl s)
y= c dsdy

Lemma 4 [“): Let Apax(X) and Amin(X) denote the maximum
and minimum eigenvalues of real matrixX. For anym &
R™ with Euclidean norm || - ||, the inequality holds:

Amin(X)[m[|* < m"Xm < Amax(X)[[m[|* (6)

Lemma 5/"): Consider a dynamical system 5(t) = f(t, y) with
y(0) = yo, f : Ry Xx R™ — R", y € R™. Assume the
origin is the sole equilibrium. If there exists L(y) > 0, and for
0<d<1,® A >0 c>1,satistying:

L(y) < —®L°(y) — AL%(y) )

then the origin exhibits fixed-time convergent stability. The
settling time T'r4 meets the following:

1 1
TFdSTmax: ‘I)(C—l) +A(1—d) (8)

The RBFNN is capable of estimating unknown nonlinear
functions and has self-learning capabilities. For a continuous
function g(S) : R® — R, the RBENN is expressed as [*”!

9(8) =w7TZ(S) )

where Z(S) = [21(9),22(5),...,2¢(S)] represents the
Gaussian basic function, Its component z;(S) is given as
follows

2i(S) = exp {_(S_”")Z(S_m)}, i=1,2,...,0

A

(10)

where 1; = [1i1,7:2, ..., n:k] is the center of the Gaussian
basis function. Any continuous function can be estimated by
the RBFNN within the compact subset A. C R* to arbitrary
required precision as

g($)=W*TZ(S)+e VSeA. (11)

where € represents the bounded approximation error.

3 Control Design

In this section, for the flexible two-link manipulator
with unknown robot dynamics, input deadzone, and output
constraints, a novel Fixed-Time approach is put forward
to realize its trajectory tracking and vibration suppression
functions. Specifically, radial basis function neural networks
are adopted to approximate the uncertain dynamics and input
deadzone nonlinearity, while a logarithmic BLF is introduced
to impose constraints on the output states, thereby fulfilling the
integrated goals of Fixed-Time trajectory tracking control and
flexible vibration suppression for the manipulator. The control
block diagram of this Fixed-Time control strategy is shown in
Fig. 2.

Desired
Trajectory

Fixed Time controller RBFNN approximations

Q- . fi|r = Mot )t v 29) + 72,050 ¥T2(S) I @A +G(Q.QN

<, Tracking errors 1(*) /‘I/l ) . FF@Q) —8(8) (EQ20)
o | Kl (302) - Kal3) 11 10020 \

VZ.(8.) = B —5.(5.) (EQ21)
Qe

Sensors

System States

Ar

Approximations
FTLM SYSTEM
Errors
J@Q+6(Q.Q)Q+F(@Q =N(r) (EQ1) 5(8)  6.(S)

Fig. 2 The control block diagram of the Fixed-Time control

N(r)

3.1 Fixed-Time Control Design

The tracking error variables f1(t) and f2(t) of the FTLM
system are constructed as follows

fl(t):Q_Qr (12)
f2() =Q — X\ (13)

where A1 is the fictitious control variable of fi(¢). By
using the inversion method, define virtual control as follows

o fl(kz—f?f1)<1( k2 ))
T GV R

RUEIT) (L (L)) o
It h 2 ki — fi fa

— Ko -
. 1
+Qa— <§+M>f1
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Remark 1: Through computation, the limit of the virtual
variable A\ exists as fi — 0. Thus, equation (14) is free of
singularities, and A1 is properly defined for all values of fi.

Remark 2: Though no singularity arises in (14), the
function f1/(f{ f1) exists within this equation, leading to
chattering behavior. To tackle this problem, the function must
be approximated in a smooth manner. Inspired by "), when
f1/(ff f1) < v1 with vy isa positive number, f{ fi is replaced
by v1. Regarding the selection of parameter v1, it can initially be
set to a smaller value, and then modified according to feedback
on system performance.

The BLF Lyapunov function is constructed as

1 k2
L=t (7”) (1)
2 k2 — AT hH
where k;, > 0 denotes a continuous function, and its role

is to implement the constraints on the amplitude of errors. The
ky is defined as

ky = ae " +b (16)

where a, b, and i > 0, and their selection is based on the
desired error convergence trajectory.

The constraint boundary should be determined before
tuning the remaining controller parameters. It must satisfy
kp(t) > 0 and ensure that the initial tracking error lies
strictly inside the prescribed region. A smaller value of ks
imposes a tighter tracking-error constraint but may increase
the control effort because the denominator of the logarithmic
BLF approaches zero near the boundary. For the reported
simulation and experiment, constant error boundaries are
adopted; therefore, a = 0, b = kp, and ky, = 0. The
parameter p is retained as a nonnegative design coeflicient
satisfying |k /ky| < p and is tuned together with the virtual-
control gains.

The derivative of formula (4) is written as

fi=f2+ X —Qu (17)
The derivative of formula (8) is written as
AT+ M =Qa) =~ BaThH
kZ — T f

Considering f{ f2 < %flel + %fng and |ky /ks| < 11
, and substituting (7) into (11), we have

1T 2 3
Ll < A — Kll (% ln( kb ))

iy = (18)

T k- A ki — fi fa
1 k2 )2
- K Zln(—=2
" (2 TR
113 f 2
< W_Kll\/lzl — K127 (19)
kb —J1i fi

Because the dynamic information J(Q)A1, Z(Q, Q) A1,
and P(Q) of the robot are unknown, the controllor (19) cannot
be used properly. To address this issue, the RBFNN is used to
approximate unknown dynamic information. Thus, we have

W7 Z(S) = J(@Q)A + G(Q, Q)1 + F(Q) — 6(S)  (20)
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7 Z(Sr) = AT — 6,(Sr) (1)
where ¢ = [1/’1 s P2, ey 1/)N+2]T and 7 =
[¢1,%02,...,n12]T denote the optimal weight,Z(S) is

the basis function, S =

|:QT7QT:>\¥17)."{i|’ ST -
|:TT, QT QT, )\ﬂ indicates the input variables of RBFNN,

and 6(Z) € RM*? and 6,(S.) € RMT2 indicates the
approximation error, with the assumption that it is bounded,
that is, [|6(S)|| < d and ||6-(S7)|| < &, with & > 0 and
6+ > 0.

The two RBF neural networks have different approxima-
tion tasks. The first RBENN, 9T Z(S), is used to estimate the
unknown model-dependent term J(Q)A1 + G(Q, Q)M +
F(Q), which includes the inertia, Coriolis and centripetal,
stiffness, and unmodeled dynamic effects of the flexible
manipulator. Its input vector is S = [QT,QT, AT, )\T]T
The second RBENN, )7 Z(S,), estimates the unknown input
loss A7 introduced by the actuator dead zone, where N (1) =
T — A7, and its input vector is S; = [r7,QT,QT,A\T|T.
Consequently, the first network compensates for the unknown
system dynamics, whereas the second network compensates for
the actuator dead-zone nonlinearity. The bounded terms 6(S)
and 6-(S7) represent the residual approximation errors and
determine part of the final compact convergence set.

Hence, the control torque 7 is as follows

r= 7% <; + 2) fo+9" Z(S)+97 Z(S7)

ki — fiTh
1 2
— Ko féIQfQ <%f2Tf2) — Koo (%) faf2" fo
(22)

where K21 > 0and K22 > 0 are control gains, and 0
represents the estimation of .

Remark 3: Note that the sign function H;—zll is included
in (15), which can cause flutter problems. In this article, the
author uses the same smooth approximation sign function as
) When ff fo < w2 and vo is a positive number, ﬁ
f2

V2

is replaced by
chosen for vz initially, and then it can be modified based on
feedback regarding system performance.

. In practice, an initial small value can be

3.2 Stability Analysis

Define
1.7
Ly = 31" I(Q)f2 23)
The derivative of L2 is

L2 = £2"J(Q) (JTH QN () - GQ-F(Q) — Au)

+ 3 A I@f:
@)
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Then, the matrix G(Q, Q) designed by J(Q)—2G(Q, Q)
exhibits skew-symmetric. =~ Hence, equation (24) can be
expressed as follows:

= f2" (1 = G(Q, Q)M = F(Q) — J(Q)h1 — Ar)
(25)

By substituting Formulas (20), (21) and (22) into (25), we
can obtain that

; %f2Tf2 T T 5T T 5T
Lo < — 52— — fa fa+ fo " Z(S) + f2 - Z7(S7)
kb *fl fl
Ko (147 : Koo (L2 i
— K21 §f2 f2 — K22 §f2 f2
— 3 8(S) = f3 6-(Sr) (26)

From Lemma 4, it follows that

_ 5{21 (%f;Jﬁ)E > —Kan (%szﬁ)E 27)
Adax ()

2
K (%szsz) >

1 2
T3 ()) — K22 <§f2Tf2) (28)

1 1 1 1-
2 0(8) < 5 f2 fat 507 (S)6(S) < G f2 ot 587 (29)
Then ,we have
- K 1 3K
Ly < -2 (§f2TJf2) " 22J ( 7 Jf2>
)\Iflax(J) max( )

2f2 f2
T k2 fTh

+f2 "/}‘r ZT(ST)_F%SE (30)

+ T Z(8) + %SQ

Therefore, we can obtain

1,7
: 53 fo Ko Koy o
[y < ——2 -t o, B2

+IUT2S) + T2 + 58+ 58 6

where ©) = 1) — 1 denotes the error of weight 1. The NN
update laws as follows are constructed:

i = —T; [Zi(s)fm' + ihi i + Uﬂﬁz} (32)

7727',2' =TI [Zr,i(s)f2i + &T'L'&Zﬂ&‘rl + Ur,i?ﬁ-r,z} (33)

where I'; and I ; are constant matrices, and o; > 0 and
ori > 0,0 =1,2 ..., N+ 2, are the constants. The adaptation
matrices I'; and I'; ; are selected as symmetric positive-definite
matrices, and the leakage coefficients satisfy o; > Oand o7,; >
0. Increasing I'; or I'; ; accelerates the corresponding weight
adaptation but may amplify measurement noise. The leakage

6

coefficients are introduced to prevent unbounded weight drift.
Therefore, these parameters are selected by balancing adapta-
tion speed, robustness, and the residual approximation error.
The following Lyapunov function candidates are considered

N+2

Z % Ty s (34)
N+2

Z b il 7 ir,i (35)

The derivative of L3 is

N+2 N+2 o ~
Z WL Zi(S) fai — > b bih b
=1
N+2 -
= Z oty i (36)

By simplifying formula (36) separately, we can obtain

—oith; i < —QJJZTT,LI + ﬁ¢?¢i
(37)
o (0) G ()

The term —] 1h;1)} 1; within formula (36) is simplified
to

—gT DT = —IBall* = lwall® (151> + 97 )
— 20T ull” — 31l

By applying Lemma 3, the term in Formula (38) can be
optimized to

(38)

| ~ 3 2~ 3 1
—3‘%‘ ¢z‘T1/)i§3(Zlifi i +4H‘11i ‘||4) (39)
% TR
P < Gk (™) + o [ a0
Ml || <~ wl® (23] - 1) can

In addition, it is obvious that 2|[)f1;||? < 0. According to
inequalities (39)-(41) , (38) can be rewritten as

4

e s g 1 1
T b < — (1~ 23—
G < - (1 Gl 4ﬁ3i)\¢
= 2w |9
3
+ (o + ) Il + e

Substituting (37) and (42) into (36) yields the following
inequality:

i

(42)

N+2 N+2 1
s < — Z B Z(S) fai = > (2Nl + ) (BT )
i=1

N+42 1 N
- Z ( 4’{%) (1/1iT¢z‘) +C1
(43)
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According to Lemma 4, the expression of (43) is given as

N+2 1 N+2 1 2
r -1 =17
Ls < ~Ka ; ( eI wz) ~Kas ; (Ewi L wi)
N+2

- Z O} Zi(S) fai + Ch.
) (44)
Based on Lemma 4, the expression of (44) is given as

N+2

Ly < —Ks1VL 215 - Z i Zi(S) fai + C1
i=1
(45)
where K31, K32, and (' are specified as
2 (2[|¢]1? + o
Ks1 = min V2 (21194l +“X¢:1 LN+2Y e
Amax (071)
4
Ker — mi (1= Sel -y
32 = min 2 ,i=1,..., N 4+ 2
(Amax (T771))
(47)
N+2
3 3 4
a=2<(ufﬁmwﬁ+)w+>
. 3
=1 4K/1i
(48)
Similarly to (36), we can obtain Ly as
K N+2
La<—KyvVLi— -2 L4— Z U7 Zi(Sri) fai + Ca
_I_
(49)
where K41, K42, and C> are specified as
2 (2 12 .
Kui= V2@IWrili b omi) gy
Amax (T2 7)
(50)
9.3 1
4 (1 k3 — 5 )
K> =min 4111i” vi=1,.,N+2% (51)
(Amax (FT z))

N+2 3
@=2«4+Wﬂmm%

i=1 4k,
(52)

To guarantee K32 > 0 and Ki2 > 0, the auxiliary
constants introduced in the Young-inequality analysis are
selected such that

9 4 /3 1
—ky — — >0,
4 4K3,

3

i=1,...,N+2. (53)
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These constants are used only in the stability analysis and are
not parameters implemented in the controller.

Theorem 1: For the system model in (1), with
the controller constructed as (22) and update laws
chosen as (32)-(33), consider bounded initial conditions
(Q(0),Q(0),%(0),%r,:(0)), where Q(0) satisfies f1(0) €
(—kp, kp). Then, the signals f1, f2, ¢, and 9- ; will converge
to the sets Oy,, Of,, Oy, and O within a fixed time Tpq.
The settling time T'rq satisfies the followmg inequality:

2 3
TFd S Tmax = a + m (54)

With 0 < A < 1 being a constant. ¢ and ¢2 will
be defined subsequently, and Oy,, Oy,, Oy, and O are
defined as

Oﬁ:{fl ERN+2||f1IISkW1_ez} (55)

4 N2 H
sz—{fQGR [ Amm(J(Q))} 50

O = [h1, P2, .., Uny2]” € R2x(z\r+2)’
O =
v 7 H
il < J———,i=1,2,...,N +2
190 < /5=
(57)
&T:[’&TJ’?’BT’Q’”"&T,N—‘,—Q]TGRZX(NJ"Z)
G T
||1/1m||§ m l—l 2 N—|—2
(58)
where
=23 )

Proof: The Lyapunov function considered is defined as

L=Li+La+ L3+ La (60)

) llehr i ||? + 2222 Ir,i ) The derivative of L may be expressed as

L<—-KiuVLi — ——————/Ly— Ks1\VL3
Amax (J(Q))
Koo 2
— KuvVLi— KoL — 22 [
41V La 127 2 (J(Q) 2
K32 o Kyo 24+cC (61)

CN+27 T N2
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where
leo 1o
0201+02+§5 +§6‘r (62)
Based on Lemma 2, (60) may be rephrased as
LS—@@—%LQJFC (63)

where descriptions of ¢1 and ¢ are as follows:

01 :min{Kll,)mi(?;(Q)),thKu} (64)
. Koo K3z Ko
%2 _mm{K”’ NXax(J(Q) N +2° N+2} (65)

First, the boundedness of all signals in the system needs to
be verified. For L? > :;—f, L < 0, leading L to eventually be
beneath % As the exact scale of L’s convergence set cannot
be acquired, the convergence set is expanded by the authors to
{L|0<L< i—f} Based on the components of L, f1, f2, ¥,
and 1;7 converge to their respective compact sets.

There is a constant A € (0, 1) satisfying C' < A??Q L3,
allowing (50) to be restated as

L<—-¢pVL— %@LQ (66)

In light of Lemma 5, the convergence of Lto{L | 0 <
L< \/fidi } inside Trq, with Trq estimated as:
2 3

TFd S Tnax = a + m (67)

To facilitate stability analysis, a constant H is defined as
shown in (58). Taking into account the fact

1 ki
)
1
32 1@f <L (69)
1 N+2 _
3 2 Ui <L (70)
i=1
1 Nt2 ~
5 > Yril7ites <L (71)
i=1

_ Therefore, derivation shows that f1, fa, ¥, and
7 respectively converge into the compact sets Oy, , Oy,, O,
and Oy, within Tgq.

The above analysis establishes a direct connection between
the Lyapunov result and the control objectives. Since f1 =

@ — Q. and @ contains both the rotational angles and the

8

flexible modal coordinates, the fixed-time convergence of f1
to a compact neighborhood guarantees trajectory tracking
and, when the desired flexible coordinates are set to zero,
elastic-vibration suppression. The convergence of fo =
Q — A1 ensures that the system velocity follows the designed
virtual control. Moreover, the boundedness of L1 guarantees
that the tracking errors remain strictly within the prescribed
BLF boundaries, while the bounded estimation errors ¥ and
1, ensure that all closed-loop signals remain bounded in
the presence of unknown dynamics and input dead-zone
nonlinearities. According to Eq. (66), these signals enter the
corresponding compact sets within

2 3

Trg < E + m7 (72)

where the upper bound is independent of the initial conditions.
Therefore, the proposed controller achieves practical fixed-time
trajectory tracking, prescribed-error constraint satisfaction,
and elastic-vibration suppression, with the residual-set size
determined by the bounded neural-network approximation
errors.

4 Numerical Simulations

To verify the effectiveness of the Fixed-Time controller,
this section conducts simulation validation of trajectory track-
ing and vibration suppression for the FTLM with unknown
dynamics, input deadzone, and output constraints. The PSF
controller is selected as the comparison benchmark because
it represents a conventional feedback-control strategy with a
simple structure and relatively low computational cost. It only
uses the measurable joint-position and joint-velocity errors and
can therefore be implemented under the same simulation and
experimental conditions as the proposed controller. Unlike
the proposed method, the PSF controller does not explicitly
incorporate fixed-time convergence, neural-network-based un-
certainty approximation, input dead-zone compensation, or
BLF-based tracking-error constraints. Therefore, comparison
with the PSF controller makes it possible to clearly evaluate the
additional benefits provided by these mechanisms in terms of
tracking accuracy, convergence speed, transient performance,
and vibration suppression.

To ensure a fair comparison, the same desired signals,
initial conditions, and deadzone function are adopted for both
control methods. The reference trajectories are 614 = 15° and
624 = 10°, and the initial states for @ and @ are set to zero.
The parameters of the deadzone function are defined as b, = 1
and b; = —1.

To quantitatively evaluate the control performance the
following key performance indicators are defined. (1) Tracking
error which serves to verify the transient performance and
accuracy of the system. (2) Vibration suppression amplitude
which is used to measure the effectiveness of suppressing elastic
vibrations.

4.1 Parameter Configuration
PSF Control

As a conventional baseline, the PSF controller generates
the control input directly from the joint-position and joint-

CAAI Artificial Intelligence Research | JA
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velocity errors without introducing an uncertainty approxima-
tor, a dead-zone compensator, or an explicit error-constraint
mechanism. The form of the partial state feedback control law
is

7 = —K1(0; — 0;q) — Ko(0i — 0i0),i=1,2  (73)

The PSF control parameters are chosen as K; =
[50,100]7 and K2 = [0.8,0.5]T.

Fixed-Time Control

Each basis function S;(Z) in the neural network selects
256 nodes. The center parameters of NN are either -1 or
1, with variances set asé§ = [4,4]and¢; = [2,2]. The
control parameters are selected as K11 = [40,30]7, K12 =
[10,15]", K21 = [1,0.1]7, K22 = [0.001,0.01]7,9; =
[0.01,0.001]7, 92 = [10,10]", andp = [0.1,0.1]7.T =
[100, 100]T1256><256, r. = [100, 100]T1256><256, o =
[0.8,0.5]",0, = [1,0.8]. The initial neural network
weights ¢y = b, ; = [0,0]7 (i = 1,2,...,256). As the
desired trajectory takes the form of a square wave signal, errors
will mutate at the square wave transition moments. Therefore,
constraint parameters k, = [0.6,0.4]7 k, = [0,0]7) are
selected to ensure that the error amplitude does not exceed the
limited range.

The controller parameters are selected in the following
order. First, the constraint boundary k; is determined from the
allowable tracking-error range and the maximum error caused
by the square-wave transitions. Second, positive-definite adap-
tation matrices and positive leakage coeflicients are assigned
to guarantee the boundedness of the neural-network weight
estimates. Third, the positive gains K11, K12, K21, and K2
are tuned according to Eqs. (63)-(66). In particular, K11
and K1 mainly affect the square-root term in the Lyapunov
inequality, whereas K12 and Koz affect the quadratic term.
Increasing these gains improves the convergence rate but may
increase the peak control input. Finally, ¥1 and 92 are
adjusted to suppress near-origin chattering without introducing
excessive smoothing errors.

4.2 Comparison of Simulations Results

The simulation results of the FTLM system under the two
controllers are presented in Figs. 3-6. Detailed analysis and
evaluation of the trajectory tracking performance and vibration
suppression effect of the FTLM system are provided as follows.
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Fig. 3 Simulation results of trajectory tracking under input
deadzone
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Fig. 4 Simulation results of elastic vibration under input deadzone
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Fig. 6 Simulation results of control input under input deadzone

The trajectory-tracking and tracking-error results are
presented in Figs.3 and 5, respectively. Under PSF control,
the maximum tracking errors of the first and second links
are 2.6° and 1.7°, whereas the corresponding values under
the proposed Fixed-Time control are reduced to 2.1° and
0.7°. These results correspond to reductions of approximately
19.2% and 58.8%, respectively. Moreover, the steady-state
tracking errors under PSF control are approximately 0.2° for
both links, while those under Fixed-Time control approach
zero after the transient response. The error peaks mainly
occur at the switching instants of the square-wave reference
because the desired positions change abruptly. Nevertheless,
the tracking errors remain within the prescribed bound-
aries k, = [0.6,0.4]"rad, corresponding to approximately
[34.4°,22.9°]7.  The proposed controller also produces
smaller overshoots and faster post-transition error attenuation,
demonstrating improved transient and steady-state tracking
performance.

Figure.4 presents the elastic-vibration responses of the
two links. Under PSF control, the maximum vibration
amplitudes of the first and second links are 3.28° and 0.47°,
whereas the corresponding values under Fixed-Time control
are 3.04° and 0.44°. Thus, the transient vibration peaks are
reduced by approximately 7.3% and 6.4%, respectively. More
importantly, the vibration curves under the proposed controller
decay more rapidly after the square-wave transitions. The
vibrations of the two links approach zero at approximately 11.4s
and 13.4s, respectively, while noticeable residual oscillations
remain under PSF control over the same intervals. This
comparison indicates that the proposed controller improves
vibration attenuation without sacrificing the rapid tracking
response.

The control-input curves are shown in Fig.6.  The
largest control-input pulses occur near the switching instants
of the square-wave reference, when the abrupt tracking-
error variation requires rapid acceleration and dead-zone
compensation. The peak input magnitudes of the Fixed-
Time and PSF controllers are comparable, indicating that the
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improved tracking and vibration-suppression performance of
the proposed method is not achieved through a substantial
increase in the maximum control effort. After each transient
pulse, the input generated by the proposed controller returns
toward zero more rapidly and exhibits no sustained high-
frequency oscillation. This behavior also demonstrates the
effectiveness of the smooth sign-function approximation in
reducing chattering.

Overall, the simulation results demonstrate three main
advantages of the proposed method. First, the maximum
tracking errors of the two links are reduced from 2.6° and
1.7° under PSF control to 2.1° and 0.7° under Fixed-Time
control, corresponding to reductions of approximately 19.2%
and 58.8%, respectively. Second, the elastic vibrations decay
more rapidly and approach zero at approximately 11.4 s and
13.4 s, while noticeable residual oscillations remain under PSF
control. Third, the two controllers have comparable peak
control-input magnitudes, but the proposed control inputs
return toward zero more rapidly after the reference transitions.
These results indicate that the proposed controller improves
tracking accuracy and vibration suppression without requiring
a substantial increase in the maximum control effort.

In summary, the Fixed-Time control achieves a faster
convergence rate. Meanwhile, it exhibits superior trajectory
tracking accuracy and vibration suppression performance. By
contrast, the PSF control not only has larger steady-state
tracking errors but also requires a longer period to suppress
elastic vibrations. Additionally, the Fixed-Time control can
effectively reduce the system overshoot, further optimizing the
transient performance. This fully verifies the effectiveness and
practicability of this control strategy.

5 Experimental Results

5.1 Introduction of the Experimental Test Platform

The Quanser flexible system equipment is a high-precision
experimental platform, whose core purpose is to support the
development and verification of advanced control methods
for flexible robotic systems. The Quanser FTLM system is
shown in Fig. 7. The first-stage and second-stage links are
made of flexible materials with widths of 3 and 1.5 inches,
respectively. 'The FTLM system is powered by two high-
precision brushed DC motors, with models Maxon 273759
and 118752, respectively. ~Angular position measurement
is implemented using high-resolution quadrature optical en-
coders, which have a precision of 1024 lines per revolution,
sufficient to meet the strict requirements for position detection.
To achieve efficient integration of hardware and control
algorithms, the experimental platform adopts a collaborative
architecture of QUARC and Simulink software. During the
experiment, the data acquisition (DAQ) card is responsible for
collecting raw data from sensors and encoders. The power
amplifier (AMPAQ) conditions the drive signals. The industrial
computer serves as the carrier for algorithm operation, enabling
precise control of the FTLM system through the designed
control strategy.  Next, detailed dynamic parameters of
the FTLM system will be provided as shown in Table 1.
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Table 1 Parameters of the Quanser FTLM planform

Parameters Link1 Link2 Unit
Mass of link 0.49 0.42 kg
Length of link 0.35 0.30 m
Inertia of link 0.02 0.013  kgm?
Width of link 76.2 38.1 mm
Range of rotation of link £90 +90 deg
Torsional stiffness sonstant ~ 22.0 2.5 N-m/rad
Thickness of link 1.27 0.89 mm
Servomotor torque constant  0.119  0.0234 N-m/A

5.2 Parameter Configuration

The Fixed-Time controller is designed for the FTLM
system in this experiment, and this design enables the FTLM to
better tackle the disturbances arising from dynamic uncertain-
ties and nonlinearities. Meanwhile, the positioning accuracy of
the FTLM is ensured, and its vibrations in the horizontal plane
are suppressed. The parameters of the deadzone function are
defined as b, = 1 and b; = —1.

1) The PSF control parameters are chosen as Ki; =
[80,160]" and Ko = [1,2]%.

2) The Fixed-Time control parameters are selected as
K11 = [20,60]7, K12 = [10,15]7, K21 = [1,0.1]%,
Kes = [0.001,0.001]7, 9, = [0.003,0.001]%,
92 = [2,1007, p = [1,1]7. The neural network
parameters are selected as I' = [5, 10]” Ios6x 256, ['r =
[50,50] " I2s6x 256, ¢ = [0.1,1]7, o = [1,0.001]%.
The constraint parameters are k, = [0.5,0.4]7 and
ky = [0,0]7. The remaining parameters are the same
as in Section IV.

5.3 Comparison of Experimental Results

In this experiment, a square wave signal with a phase
difference of 2.5° is used as the input signal. After conversion
and amplification, the signal is applied to the control of the
FTLM system. The SRV02 drive system controls the two drive
motors respectively, while real-time operating data is collected
by sensors to feed back the rotation angle 6 and elastic vibration
o of the manipulator. Based on this data, the trajectory tracking
error is calculated.To verify the effectiveness of the Fixed-Time
control scheme, comparative experiments are conducted on
the experimental control platform shown in Fig. 7, where
the performance of the PSF control and Fixed-Time control
algorithms is validated. The experimental results are presented
in Figs. 8-11.
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Fig. 11 Experimental results of control input under input deadzone

Table 2 Comparison of the proposed method with PSF control

Tracking errors (link1/link2) Vibration(deg)

Methods  peak-peak max value steady peak-peak steady
value of errors  state value state
PSF 17.35 12.05 0.42 1.01 0.63
Control 3.84 151 039 077 043
Fixed-Time 16.96 11.56 0.16 0.34 0.32
Control 2.85 0.71 0.12 0.33 0.29

The experimental results of trajectory tracking and track-
ing errors for the FTLM system are shown in Fig. 8 and Fig. 10,
respectively. As can be seen from Fig. 10, under PSF control,
the maximum tracking errors of the links are 12.05 and 1.51
deg. Under Fixed-Time control, these values decrease to 11.56
and 0.71 deg. Moreover, the maximum tracking errors of both
control strategies do not exceed the preset constraint range ks,
which meets the system error requirements. It can be observed
from Fig. 8 that under PSF control, the steady-state tracking
errors of the links are 0.42 and 0.39 deg. Under Fixed-Time
control, these errors reduce to 0.16 and 0.12 deg. Additionally,
the Fixed-Time control exhibits a smaller overshoot and better
transient performance.

The elastic vibrations and control inputs of the FTLM

system are shown in Fig. 9 and Fig. 11, respectively. The
analysis of Fig. 9 demonstrates that the steady-state amplitudes
of the elastic vibration of the link under PSF control are 1.01
deg and 0.77 deg, while those under fixed-time control are
0.34 deg and 0.33 deg. Furthermore, the vibrations under
Fixed-Time control eventually converge within 0.32 deg and
0.29 deg, whereas the elastic vibrations of the link under PSF
control converge within 0.63 deg and 0.43 deg respectively,
exhibiting a slower decay rate. Observation of Fig. 11 shows
that the control inputs of Fixed-Time control and PSF control
are basically equivalent. The former improves performance
without significantly increasing control energy consumption.

Table 2 compares the performance of the PSF controller
and the Fixed-Time controller in the flexible manipulator
system. In terms of trajectory tracking, the peak-to-peak
tracking error is reduced by 2.3% and 25.8% with Fixed-Time
control compared to PSF control, while the maximum tracking
error is reduced by 4.1% and 53%, and the steady-state error by
61.9% and 69.2%. Regarding vibration suppression, the peak-
to-peak value of steady-state vibration is reduced by 66.3% and
57.1%, and the steady-state value of elastic vibration by 49.2%
and 32.6% under Fixed-Time control compared to PSF control.

In summary, Fixed-Time control exhibits a faster con-
vergence speed and higher trajectory tracking accuracy. It
cannot only keep the error of the FTLM system within the
set range and improve the system’s response efficiency but
also enable the elastic vibration to converge with a smaller
amplitude and faster speed. In addition, it can effectively reduce
the system overshoot to optimize transient performance. In
comparison, PSF control has larger steady-state tracking errors
and poorer elastic vibration suppression effect. Therefore,
the Fixed-Time control strategy proposed in this paper can
significantly improve the trajectory tracking performance and
vibration suppression efficiency of the FTLM system, which
fully verifies its effectiveness.

The experimental results further confirm the advantages
observed in the simulations. Compared with PSF control, the
proposed controller reduces the steady-state tracking errors of
the two links by 61.9% and 69.2%, respectively. The peak-to-
peak vibration values are reduced by 66.3% and 57.1%, while
the steady-state vibration values are reduced by 49.2% and
32.6%. Moreover, the control-input curves of the two methods
have comparable peak ranges and do not exhibit sustained high-
frequency oscillations. These improvements are consistent
with the roles of the fixed-time terms in accelerating error
convergence, the dual RBFNNs in compensating for unknown
dynamics and input dead-zone effects, and the logarithmic
BLF in maintaining the tracking errors within the prescribed
boundaries.

6 CONCLUSIONS

To achieve fast convergence and vibration suppression for
the FTLM, this paper proposes a Dual RBFNN-based Fixed-
Time Control strategy. The proposed strategy comprehensively
addresses critical issues such as system dynamic uncertainties,
actuator input deadzones, and output constraints. First, a
novel adaptive neural network update law is integrated into
the fixed-time control framework. RBFNNs are employed to
approximate the unknown dynamics of the flexible manipulator
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while simultaneously compensating for actuator input dead-
zones. Second, large-range oscillations in the control torque
are effectively avoided through the smooth approximation of
the sign function. Finally, comparative verification with PSF
control demonstrates that the proposed Fixed-Time control
exhibits superior performance in terms of tracking accuracy
and vibration suppression, characterized by smoother transient
responses and smaller overshoots. These results fully validate
the advantages of the proposed algorithm.

The future work will concentrate on how to further
reducing the energy consumption of motors via optimization
algorithms while ensuring control performance, such as model
predictive path integral control.
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