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ABSTRACT
The  solution  of  Schrödinger  equation  generates  the  quantisation  properties  of  the  system,  which  can  completely  describe  the
quantum behaviour of microscopic particles in a physical system. However, solving the Schrödinger equation is a non-deterministic
polynomial  time  (NP)-hard  problem.  Numerical  methods  for  solving  the  Schrödinger  equation  require  careful  selection  of  basis
configurations, and the complete basis set has high accuracy but its complexity increases exponentially in the number of particles.
Therefore, it is crucial to find an effective numerical method. To solve this problem, this paper present a deep learning architecture,
VMCNet,  using  the  powerful  computational  efficiency  of  neural  networks  to  improve  the  speed  of  numerical  computation.
Moreover, this paper proposes a suitable wavefunction ansatz, witch determines the accuracy of neural networks, that achieves
more  accurate  energy  solutions  of  the  many-electron  Schrödinger  equation  compared  to  the  conventional  single-determinant
variational molecular Monte Carlo. We introduce non-local and local blocks to represent quantum mechanical interactions, which
contain  more  physical  information  about  the  particle  system.  The experimental  results  show that  VMCNet  can  cover  more  than
93%  of  the  correlation  energy  of  the  main  group  elements  (Be–Ne)  for  the  monoatomic  system  and  more  than  90%  of  the
correlation energy for the diatomic system.
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T he  ability  to  solve  the  Schrödinger  equation  for  a  given
system  allows  prediction  of  its  behavior,  with  important
applications  in  atomic,  molecular,  solid-state  physics,

nuclear physics, chemistry, and other fields. It can only be solved
analytically  in  simple  systems,  such  as  hydrogen  atoms,  but  in
recent  decades  ab  initio  quantum  chemistry  methods  have  been
developed.[1] The  term  ab  initio  indicates  that  the  calculation  is
from first principles and that no empirical data is used. Coupled-
cluster  with  single,  double,  and  triple  perturbative  excitations
(CCSD(T)) is regarded as the gold standard of quantum chemistry
methods.[2] Density functional theory (DFT) is at present the best
approach for the investigation of reactive chemistry in medium to
large systems.[3] While the ability to solve the Schrödinger equation
is  crucial  for  predicting  the  behavior  of  various  systems  in  fields
ranging  from  atomic  physics  to  chemistry,  traditional  ab  initio
methods like CCSD(T) and DFT, though accurate, face significant
computational  challenges.  These  methods,  while  foundational  in
quantum  chemistry,  are  often  constrained  by  computational
feasibility,  especially  for  larger,  more  complex  systems.  This
limitation  highlights  the  need  for  innovative  approaches  that
balance computational efficiency with accuracy. Many approaches
in quantum chemistry represent the many-electron wave function
as  a  linear  combination  of  Slater  derterminants.  The  difficulty  is
that  solving  the  Schrödinger  equation  requires  the  knowledge  of
the  many-body  wave  function  in  the  many-body  Hilbert  space,
which  typically  has  an  exponentially  large  size  in  the  number  of
particles. So the number of possible Slater determinants increases

rapidly  with  the  system  size,  leading  to  a  trade-off  between
accuracy and computational cost.

Quantum  Monte  Carlo  (QMC)  is  a  way  to  provide  a  reliable
solution  (or  an  accurate  approximation)  of  the  quantum  many-
body  problem,  which  is  not  as  strongly  limited  by  size
considerations and is readily adapted to parallel computers.[4, 5] The
precision of QMC is determined by how accurately the exact wave
function  can  be  approximated.  The  wavefunction  ansatz  can
provide a more compact wave function representation. Typically,
QMC  calculations  are  carried  out  in  the  fixed-node
approximation using a Slater–Jastrow ansatz, which is written as a
product of a truncated linear combination of Slater determinants
and  an  exponentiated  Jastrow  function.  The  latter  term  captures
close-range  correlations  and  depends  explicitly  on  interparticle
distances.  Additionally,  the  backflow  transformation[6] in  which
the  coordinates  of  the  electrons  are  modified  by  a  backflow
displacement  allows  the  orbitals  to  depend  on  the  positions  of
nearby  electrons.  For  continuous-space  many-electron  problems
in  three  dimensions,  the  default  choice  is  the
Slater–Jastrow–backflow  ansatz.  There  remains  a  great  deal  of
flexibility  in  the  form  of  backflow  displacement,  but  recent
work[7–11] shows  that  a  neural  network  is  a  powerful  tool  for
representing backflow transformations.

Over  the  past  decade,  techniques  borrowed  from  the  field  of
machine  learning  (ML)  have  had  a  great  impact  on  quantum
chemistry,  involving  solving  the  electronic  Schrödinger  equation
using  deep  learning  based  on  the  many-electron  wave  function 
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ansatz[8, 9],  prediction  of  electronic  energies[12–18],  electron
densities[19–21],  molecular  orbitals[3, 22],  force  fields[23–25],  and empirical
corrections of semiempirical, density functional, or Hartree−Fock
(HF)  energies  to  higher-level  theories[26, 27].  This  work  is  of
particular  interest  in  solving  the  electronic  Schrödinger  equation
using  deep  learning.  The  Jastrow  function  and  backflow
transformations  are  essential  to  capture  the  interaction  between
nucleus-electron and electron-electron, and the neural network is
a general function approximator and can provide a more flexible
method  to  approximate  the  interaction  of  many-body  quantum
systems.  Most  ML  is  supervised  learning,  so  their  accuracy  is
limited by the quality of the data used to train them. By contrast,
we use the Slater determinant as the starting point for our ansatz,
the  direct  representation of  correlated wavefunctions  with neural
networks  and  their  unsupervised  training  via  the  variational
principle.

There  are  already  some  ML  methods  for  solving  the
Schrödinger equation.  The ∆-ML[28] approach is  renowned for its
capability to obtain energy at an expensive level of theory using an
ML-learned  additive  correction  term,  given  the  energy  at  the
baseline  theory.  This  method  exemplifies  the  use  of  machine
learning  to  refine  and  enhance  predictions  based  on  baseline
quantum  chemical  calculations.  DimeNet[29],  on  the  other  hand,
introduces  a  novel  approach to  model  local  interactions  between
atoms  by  including  angular  information  in  the  feature  updates.
This  method  acknowledges  the  critical  role  of  angular
relationships  in  determining  atomic  interactions,  thereby
providing a more nuanced representation of molecular structures.
VMCNet is similar to PauliNet[8], but the latter only encodes local
interaction  information  between  particles,  which  makes  it  less
accurate than VMCNet.  The architecture of  Ferminet[9] is  simple,
but  in  addition  to  antisymmetry,  it  does  not  introduce  other
physical  knowledge  of  the  wave  function,  but  replaces  it  with
numerous  parameters  to  be  optimized.  This  leads  to  higher
computational  cost.  SpookyNet[30] also  contains  non-local
interaction, but only considers interactions between atoms and is
independent of coordinates.

VMCNet, the centerpiece of this study, signifies a major leap in
ab  initio  methods.  By  employing  a  deep  neural  network  (DNN)
for the wavefunction ansatz, VMCNet surpasses the conventional
Slater–Jastrow-backflow variational method in both accuracy and
computational  efficiency.  This  advancement  is  not  just
incremental but represents a paradigm shift  in how we approach
the  quantum  many-body  problem.  It  is  an ab  initio quantum
chemistry  method  and  does  not  rely  on  values  derived  from  ab
initio calculations. The main contributions made in this paper can
be summarized in the following four points.

(1)  We  demonstrate  the  superior  computational  efficiency  of
neural  networks  in  solving  the  Schrödinger  equation.  This
approach  significantly  reduces  the  computational  time  required
for  complex  quantum  systems,  addressing  a  major  limitation  in
traditional quantum chemistry computations.

(2)  Our  development  of  VMCNet,  a  novel  deep  learning
architecture,  marks  a  significant  advancement  in  wavefunction
ansatz. Unlike traditional single-determinant variational methods,
VMCNet  achieves  markedly  higher  accuracy  in  energy  solutions
for many-electron systems, thus providing a more reliable tool for
quantum chemical analysis.

(3)  By  introducing  non-local  and  local  blocks,  VMCNet
captures  a  more  comprehensive  range  of  quantum  mechanical
interactions,  encompassing a wider array of  physical  information
about particle systems. This innovation allows for a more detailed
and  accurate  representation  of  particle  interactions  than

previously possible.
(4)  VMCNet’s  ability  to  achieve  higher  accuracy  in  modeling

monatomic and diatomic systems, using only atomic coordinates
and  charges,  represents  a  significant  reduction  in  data
dependency.  This  makes  VMCNet  not  only  more  efficient  but
also more applicable in scenarios where data availability is limited.

The  organization  of  the  rest  paper  is  as  follows:  Section  1
introduce  Slater–Jastrow–backflow  Variational  Monte  Carlo
(VMC)  method  and  the  proposed  method;  Section  2  presents
experiments  and  analysis  of  experimental  results;  Section  3
concludes the paper. 

1    Proposed Method
VMCNet  extends  the  Slater  determinant  by  generalizing  single-
electron  orbitals  to  include  universal  exchangeable  nonlinear
interactions  for  all  electrons.  In  this  paper,  only  the  single
determinant method is considered limited by computer resource.
As a deep-learning QMC approach, Section 1.1 will first introduce
Slater–Jastrow–backflow VMC method, and Section 1.2 shows the
detail structure of VMCNet. 

1.1    Variational quantum Monte Carlo

Ψ(X)
X

The mathematical description of the quantum state of an isolated
quantum  system  can  be  represented  by  a  wave  function ,
where  denotes a many-body configuration and contains particle
coordinates  and  electron  spin  states.  The  time-independent
Schrödinger  equation,  which  predicts  that  wave  functions  can
form standing waves, has the mathematical form[31] of

ĤΨ = EΨ (1)

Ĥ
E

Ψ(X)

where  is  the  Hamiltonian,  containing the  differential  operator
and  is  the  energy  eigenvalue,  i.e.,  the  system  ground  state
energy.  The  energy  can  also  be  expressed  in  the  form  of  the
expectation value of the energy [32]:

E[Ψ] =
⟨
Ψ|Ĥ|Ψ

⟩
⟨Ψ|Ψ⟩

=

r
Ψ(X)ĤΨ(X)dXr
Ψ(X)Ψ(X)dX

(2)

|Ψ(X,a)|2r
|Ψ(X,a)|2 dX

a

a

The  difficulty  of  Schrödinger  equation  lies  in  solving  the
integral of Eq. (2). VMC is a quantum Monte Carlo method that
applies variational methods to approximate the ground state of a

quantum  system.  It  interprets  as  a  probability
distribution function,  where  is  the parameter,  which is  used to
estimate the system energy. The optimal values of the parameters

 is  then found upon minimizing  the  total  energy  of  the  system
using the variational principle for the total electronic energy.

E= min
Ψ

E[Ψ]⩽ min
a
E[Ψa] (3)

E[Ψa] E[Ψa]

a

So  sample  the  probability  distribution  function,  and  evaluate  the
energy expectation value . Once  is known for a given
set of variational parameters , then optimization is performed in
order  to  minimize  the  energy  and  obtain  the  best  possible
representation of the ground state wave function[33]. 

1.2    VMCNet architecture
VMCNet  projects  particle  information,  including  nuclei  and
electrons,  as  well  as  their  coordinates  and distances,  into  a  high-
dimensional  feature  space  by  embedding  to  calculate  their
interactions. In order to balance efficiency and accuracy, VMCNet
incorporates the multireference HF method as a baseline. We use
a distance featurization inspired by the DimeNet architecture with
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a  little  modification.  In  addition  to  encoding  local  information
based  on  distance,  VMCNet  also  encodes  non-local  interactions
by introducing a network that is only related to coordinates, while
most  architectures  only  consider  local  interactions  and  lose  edge
information. Figure 1 contains a schematic of the network.

M Z= (Z1,

Z2, . . . ,ZM|Zi ∈ N) R= (R1,R2, . . . ,

RM|Ri ∈ R3) N
r= (r1, . . . ,rn↑ , . . . ,rn↑+n↓ |ri ∈ R3) N= n↑+n↓ n↑

n↓

Ψθ(r;R)
Ψ(r;R)

VMCNet  work  in  the  Born-Oppenheimer  approximation[31]

and  the  trial  wavefunctions  are  assumed  to  be  real-valued.  We
consider  a  system  of  nuclei  with  atomic  numbers 

,  Cartesian  coordinates  set 
 and  electrons  with  Cartesian  coordinates  set

,  where ,  denotes
up-spin  electrons  and  denotes  down-spin  electrons.  In
VMCNet,  The  wavefunction  ansatz  of  the  groundstate
wave function  is represented by DNN as

Ψθ(r;R) = eγ(r) ∑
k
ωk det

[
Φk,↑

θ (r;R)
]

det
[
Φk,↓

θ (r;R)
]

(4)

θ
ωk ∈ R γ(r)

det[Φk,↑
θ ] det[Φk,↓

θ ]

φi

rj

where  denote  the  set  of  trainable  parameters  in  the  model,
 is  a  trainable  weight,  term  represents  the  cusp

correction[34],  and ,  are  Slater-like  determinants
for up- and down-spin electrons, respectively. The elements of the
Slater matrix are the values of each orbital  (in rows) evaluated
at each electron’s coordinates  (in columns). We derive the one-
electron  molecular  orbitals  starting  with  multireference  HF
calculations  using  the  6-311g  basis  set  and  VMCNet  initialize
orbitals  using  PySCF[35] to  implement  self-consistent  field
calculations.  Then  through  the  calculation  of  VMCNet,  each

rjelectron  position  is  replaced  by  the  collective  coordinate  to
capture the correlation energy.

l
X(l)

= (x(l)
1 , . . . ,x(l)

n↑ , . . . ,x(l)
n↑+n↓) Y= (y1,y2, . . . ,

yM)

l+ 1 i
x(l)
j

rij
riI

x(l)
j r R

VMCNet contains two parts: the embedding block (Fig. 1 blue
box) and the interaction block (Fig. 2), the latter being subdivided
into  the  non-local  interaction  block,  the  local  interaction  block
and  the  out  block.  VMCNet  projects  each  particle  information
into  an  F-dimensional  feature  space  and  iteratively  updates
electron  embeddings  with  particle  coordinates  and  distances.  In
the  current  layer ,  the  electrons  and  nucleus  embeddings  are
denoted  as ,  and 

,  respectively.  Using  the  Born-Oppenheimer  hypothesis,  the
position  of  the  nucleus  is  fixed,  and  its  feature  vectors  are  only
automatically  updated  during  the  backpropagation  process,  and
only  the  feature  vectors  of  the  electrons  are  updated  during  the
entire  forward  propagation  process.  At  layer ,  for  the th
electron,  the  local  interaction  block  includes  the  embeddings 
of  its  neighbors,  distances  and  the  distance  between  each
electron and nucleus  as input. The input to the non-local block
is  similarly  the ,  but  contains  coordinates  and  instead  of
absolute  distance.  Taking  absolute  distances  and  coordinates  as
input eliminates the need to include a separate Jastrow factor after
the determinant, and accuracy is also improved over distance-only
models.

The  primary  goal  is  to  ensure  that  the  represented
wavefunction  satisfies  the  anti-symmetry  property,  which  means
that swapping the two input variables only changes the sign of the
trial  wavefunction,  which  the  matrix  determinant  can  achieve.
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Fig. 1    VMCNet  architecture.  Global  architecture:  The  electron  and  nuclear  coordinates,  and ,  are  transformed  through  several  layers,  and  the  wave
function  at  that  position  is  given  as  output.  Blue  box:  Embedding  block  generates  the  initial  message  embeddings.  Green  box:  Three  interaction  blocks,
consisting of non-local, local and out blocks, update embeddings via directional message passing to capture the interaction between particles. Red box: Output
block compresses feature vectors and generates determinant elements.
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Fig. 2    Interaction block.  It  consists  of  three  parts:  non-local  block,  local  block,  and output  block.  This  block encodes  the  interactions  between particles  and
outputs the information uniformly to a high-dimensional representation of the electron.
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riI(rij)
ZI
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VMCNet  introduces  a  more  sophisticated  approach.  Unlike
simpler architectures such as FermiNet, which does not introduce
additional  physical  knowledge  of  the  wave  function  beyond
antisymmetry,  VMCNet  incorporates  this  condition  through  its
advanced  neural  network  architecture.  Another  necessary
condition that the wavefunction needs to satisfy is  the Kato cusp
condition, meaning that the wavefunction is  continuous,  and the
first  partial  derivative  is  bounded  but  discontinuous  at  the
Coulomb-type  singular  points  of  the  potential.  VMCNet’s
architecture,  which  includes  both  local  and  non-local  interaction
blocks,  is  specifically  designed  to  better  capture  these  intricate
interactions. The local block, inspired by SchNet, encodes nuclear
charge and coordinates information, enabling VMCNet to model
the  influence  of  the  local  environment  on  electrons  more
effectively than methods that only consider either electron-nucleus
or  electron-electron  interactions  in  isolation.  Let  be  the
electron-nuclear  (electron-electron)  distance,  be  the  nuclear
charge  of  the -th  nucleus,  and  the  wavefunction  at  the  origin
satisfies

lim
riI→0

∂ ⟨Ψ⟩
∂ riI

=−ZIΨ(riI = 0)

lim
rij→0

∂ ⟨Ψ⟩
∂ rij

=
1
2
Ψ(rij = 0)

(5)

⟨Ψ⟩where  is  the  spherical  average  of  the  many-body
wavefunction. To ensure nuclear cusp conditions, VMCNet apply
the  technique  proposed  by  Ma  et  al.[36] to  modify  molecular
orbitals  and  for  electronic  cusp  conditions,  VMCNet  applied
PauliNet’s method to enforce. 

1.3    Coordinate embedding
In  order  to  use  neural  networks  to  extract  features  and  find
relationships between original data, we need to project the original
data (particle  coordinates and distances)  into a high-dimensional
space.  This  embedding  is  based  on  Electronic  SchNet[24] and
PauliNet. Coordinate data can reflect the similarity of particles to a
certain extent. If the coordinate characteristics of two particles are
similar, their interaction is strong, otherwise, it is weak. In order to
preserve the similarity of the initial coordinates, VMCNet uses the
parameter sharing feature of the convolutional neural network to
project  the  3-dimensional  coordinates  into  the F-dimensional
feature space:

r=We

θ(r)
R=Wn

θ(R)
(6)

We

θ Wn

θ

r
R

σ = 1
β

log
(
1+ eβx

2β

)
r(R)

where  and  represent  two  different  two-layer
convolutions, which means that the electron coordinate set  and
the  nuclear  coordinate  set  have  undergone  the  same
transformation  respectively,  and  both  use  only  the  activation

function (shifted  softplus[8])  and  bias  in  the
first layer. Now each element of  is an F-dimensional vector.
In VMCNet, it is sufficient to take F as 64, which is smaller than
PauliNet’s 128 and Ferminet’s 256.

Inspired  by  Dimenet  and  PauliNet,  the  distance  feature  is
defined by

em(d) = d2e−d · sin(πmd/c)
d/c

(7)

d
m ∈ [1,2, . . . ,nr] c

nr = 16

with the spherical Bessel functions of the first kind, where  is the
distance  between the  two particles, ,  is  a  cutoff
parameter.  The  number  of  radius  basis  functions  is
sufficient,  which is  much less  than Gaussian basis  functions.  The

minitial value of  is a positive integer, but not a fixed value, and is
set  to  be  updated  during  backpropagation.  Equation  (7)  also
guarantees that the value and differential of the distance feature at
zero distance are equal to zero to preserve the cusp conditions. 

1.4    Non-local block

3%

The purpose of this block is to express electron-electron, electron-
nucleus  interactions.  Many  frameworks  describing  chemical
systems  in  recent  years  have  only  considered  local  interactions,
and  although  they  have  yielded  good  results,  some  key
information may be missed. We found that VMCNet yielded 
higher correlation energy accuracy than PauliNet with only non-
local interactions (Fig. 3), demonstrating that nonlocal effects can
play  an  important  role  in  capturing  correlation  energy.  Energy
contributions  should  always  depend  on  the  presence  of  other
atoms  in  the  structure.  Consequently,  it  is  difficult  for  models
without  nonlocal  interactions  to  predict  the  correct  asymptotic
behavior for all systems simultaneously and simply increasing the
cutoff  is  not  enough  to  guarantee  the  capture  of  all  particles'
contribution to the energy.

Every electron interacts with every other particle in the system,
so  its  feature  vector  should  include  the  effect  of  every  other
particle  on  it.  VMCNet  uses  a  linear  combination  of  particle
feature vectors to represent the effect on the current particle. The
interactions  between  particles  with  similar  characteristics  should
be stronger and the influence from high to low can be represented
by  the  weight  from large  to  small.  Therefore,  each  update  of  the
electron  feature  can  be  written  as  a  weighted  sum  of  all  particle
features. Figure 4a contains a schematic of non-local block. This is
consistent with the role of self-attention[37], which is to calculate the
similarity weight, and then do the weighted sum of the input.

l+ 1 i
X(l) r R

We  have  expressed  the  coordinates  and  information  of  each
particle  as  a  high-dimensional  vector  using  embedding.  At  layer

, for the th electron, the non-local interaction block includes
the embeddings , coordinates  and . Taking coordinates as
input eliminates the need to include a separate Jastrow factor after
the determinant, and accuracy is also improved over distance-only
models.

l i
We  calculate  the  weights  representing  the  magnitude  of  the

interaction. In layer ,  for electron ,  the weight between electron
and electron is

v(l,±)
non,i :=w(l,±)

non,θ

(
x(l)
i

)
,

h(l,±)

non,i := h(l,±)

non,θ

(
ri⊙x(l)

i

)
,

g(l,±)

non,i := g(l,±)

non,θ

(
ri⊙x(l)

i

)
,

c(l,±)
i := softmax

(
h(l,±)

non,i(g(l,±)
non )

′

8

) (8)
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Fig. 3    Percentages  of  the  correlation  energy  and  standard  errors  of
VMCNet  and  PauliNet.  Error  bars  represent  standard  errors.  In  atomic
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(3), while PauliNet’s range is between 0.001 082(7) and 0.004 126(1).
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and the weight between electron and nucleus is

v(l,n)
non,j :=w(l,n)

non,θ

(
yj

)
,

g(l,n)
non,j := g(l,n)

non,θ

(
Rj⊙yj

)
,

c(l,n)i := softmax

(
h(l,±)

non,i(g(l,n)
non )

′

8

) (9)

(+)/(−) (n)
⊙

w(l)
non,θ h(l)

non,θ g(l)
non,θ

v(l)
non h(l)

non

g(l)
non ∈ RF c(l)i ∈ R

where  denotes  the  same/opposite  spin  electrons, 
denotes  the  nuclei, “non” denotes  non-local  block,  denotes
element-wise  multiplication,  superscript  (')  means  matrix
transpose, , ,  and  are  trainable  functions
represented  by  ordinary  fully  connected  DNNs, , ,  and

 are  intermediate  variables,  and  is  the  weight.
The denominator in the normalization calculation is 8 because F
is  taken  to  be  64.  After  information  exchange,  the  information
aggregation method is

z(l)non,i := c(l,+)
i v(l,+)

non + c(l,−)
i v(l,−)

non + c(l,n)i v(l,n)
non (10)

z(l)nonwhere  is the message received by the electron feature vectors
in the iteration of non-local block. 

1.5    Local block

x(l)
j rij

riI
z(l)

local

The local block is concerned with the local information inside the
system. SchNet, as a graph convolutional neural network, encodes
nuclear  charge  and  coordinates  information  to  model  molecular
energy.  In  VMCNet,  we  take  Schnet’s  ideas,  with  a  little
modification,  to represent the influence of  the local  environment
on electrons (Fig. 4b). The input to the local block is similarly the
embeddings  of its neighbors, but contains distances  and the
distance  between  each  electron  and  nucleus  instead  of
coordinates.  Here,  the  message  is  still  divided  into  three
channels:  same-spin  electrons,  opposite-spin  electrons  and  the
nuclei,

c(l,±)
ij := softmax

[
g(l,±)

local,θ (e(rij))
]

c(l,n)
iI := softmax

[
g(l,n)

local,θ (e(riI))
]

v(l,±)
local,i :=

±

∑
j̸=i

c(l,±)
ij ×

[
h(l,±)

local,θ (e(rij))⊙w(l)
local,θ

(
x(l)
j

)]
v(l,n)

local,i := ∑
I

c(l,n)iI ×
[
h(l,n)

local,θ (e(riI))⊙Y
]

z(l)local,i := v(l,+)
local,i +v(l,−)

local,i +v(l,n)
local,i (11)

j ∈ N\i

i

where  the  notation  is  similar  to  that  in  the  non-local  block  and
“local” denotes  local  block.  In  Eq.  (11), ,  which represents
the  set  that  does  not  contain  the  currently  considered  electron 
within the cut-off radius. 

1.6    Out block
After going through the non-local and local blocks, the electronic
feature  vector  goes  through  the  out  block  for  final  aggregation
(Fig. 4c),

z(l)i = x(l)
i +LN1

(
z(l)non,i

)
+LN2

(
z(l)local,i

)
x(l+1)
i = z(l)i +out(z(l)i ) (12)

outwhere  LN  denotes  layer  normalization  and  represents  two
fully  connected  DNNs.  Now  each  electronic  high-dimensional
feature vector contains information about all particles.

The  determinant  part  of  the  Slater−Jastrow  network  amounts
to  removing  the  interaction  block  from  VMCNet.  After
compressing the feature vectors into the number of orbitals using
three  fully  connected  DNNs,  VMCNet  calculates  correlation
energy using PauliNet’s backflow transformation. 

2    Experiment and Analysis
Here we evaluate the performance of the VMCNet on a variety of
electronic  structures.  VMCNet  minimizes  the  total  electronic
energy (VMC) via the variational principle. Without the need for
external  data,  self-consistent  results  are  obtained  by  iteratively
sampling  the  electron  density.  For  hyperparameter  choices  and
training setup see Table 1. 

2.1    Less determinants, more accurate solutions
To  demonstrate  the  expressive  power  of  the  VMCNet,  We  first
investigate  the  results  of  methods  VMCNet,  PauliNet,
conventional  single-determinant  VMC  (VMC-SD)  and  multi-
determinant  VMC  (VMC-MD)  methods  in  calculating  the
correlation energies of the first row atoms (from Be to Ne). Where

 

(a) (b) (c)

e Yr R Y

Softmax Softmax

Σ

Out block

h±g±

v±

gn

vn

cnc±

Znon

X i−1 X i−1

SoftmaxSoftmax

Out block

c± cn

v± vn

Z local

X i−1 Z localZnon

LayernormLayernorm

+ X l

W ±(·)

W ±(·) W ±(·) W (·)

W (·)

W ±(·) W ±(·) W (·)

W (·)

W (·)

σ(W (·)+b)

Σj ΣIΣ

Σ

X,Y r,R
X,Y e

Fig. 4    Interaction blocks. (a): Non-local block encodes the interaction of all particles using particle messages , and coordinate embeddings . (b): Local
block  uses  the  neighboring  messages  and  the  distance  representations  to  enhance  the  encoding  of  local  information.  (c):  Out  block  aggregates  the
resulting feature vectors.

 

Table 1    Hyperparameters of all models used in this work.

Hyperparameter Value Significance

F 64 Dimensionality of feature space

nr 16 Number of radial basis functions

c 10 Å Cutoff radius for interactions
in the neural network
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VMCNet and PauliNet are single-determinant Ansatz in terms of
Slater–Jastrow–backflow  network. Figure  5 compares  the
VMCNet results with numbers already available in Refs. [38, 39].
It  shows  percentages  of  the  correlation  energy  retrieved  for  each
atom  within  four  methods.  VMCNet  recovers  more  than  93%
electron  correlation  energy  for  the  monoatomic  system,  in  all
cases far beyond the accuracy of PauliNet (90%). VMCNet covers
97.13(8)%  of  the  correlation  energy  for  the  Ne  atom,  96.71(8)%
for the N atom. The numbers in parentheses indicate the statistical
uncertainty  in  the  last  digit  shown.  VMCNet  also  has  an
overwhelming  superiority  in  the  case  of  a  single-determinant
Ansatz, especially in Be, B, C, N atomic systems. VMCNet is only
surpassed  by  VMD-MD,  but  the  latter  result  is  numerically
unstable  (Fig.  6).  Furthermore,  the  VMC  optimizations  were
performed  using  5  ×  104 statistically  independent  particle
configurations,  corresponding  to  hundreds  to  thousands  of
determinants.  It  is  worth  noting  that  as  a  single  determinant
method,  neural  networks  have  higher  accuracy  than  traditional
methods, and PauliNet’s paper reaches higher accuracy for some
systems, but they use six determinants. VMCNet, on the contrary,
can achieve higher accuracy by using only the single determinant.

Inspired by the recently proposed PauliNet, VMCNet contains
more  physical  information  about  the  wave  function  and  has
higher accuracy. Figure 3 shows the percentages of the correlation
energy  and  standard  errors  of  VMCNet  and  PauliNet  under  the
same  calculation  condition.  The  bar  graphs  represent  the
distribution of the correlation energy results for the two methods,
and the lines with endpoints represent the standard error ranges.
VMCNet  has  smaller  standard  errors  on  almost  all  single-atom

systems.  For  Be  atom,  The  standard  errors  of  VMCNet  is
0.000 762(6),  while  PauliNet  is 0.001 525(7).  Apart  from  this,
VMCNet  has  a  smaller  standard  error  range.  The  range  of
VMCNet’s  standard  error  is  from 0.000 762(6)  to 0.003 292(3),
while PauliNet’s range is from 0.001 082(7) to 0.004 126(1). In the
absence  of  Jastrow  Ansatz,  VMCNet  uses  non-local  blocks  to
capture  more  physical  information.  The  results  show  that
VMCNet  has  higher  accuracy  and  error  range,  which  indicates
that  non-local  block  can  capture  interaction  information  better
than Jastrow Ansatz.

Figure 6 reports the standard deviations for VMCNet, PauliNet,
VMC-MD. The results show that it has higher accuracy than the
conventional  single  determinant  VMC, and the standard error is
smaller  than  the  similar  PauliNet.  The  variance  is  reduced  by
approximately  several  dozens  times  when  a  neural  network  is
introduced  to  a  Slater–Jastrow–backflow  wave  function.  The
improvement  is  particularly  large  for  Be,  O,  and  F,  where  the
variance  drops  by  factors  of  approximately  100,  40,  and  35,
respectively. In comparison, standard deviations from VMC using
a  conventional  Slater–Jastrow–backflow  Ansatz  for  first-row
atoms[39] are uniformly worse than the VMCNet,  despite  using at
least an order of magnitude more determinants. This reflects that
although VMC-MD has  higher  accuracy,  the  flexibility  of  neural
networks can capture the static correlation more stable. In general,
for  a  given  system,  the  variance  decreases  as  the  variable  energy
decreases.  This  is  affected  by  the  complexity  of  the  particle
structure.  For  Be,  VMCNet  reaches  the  standard  deviation  of
0.005 39(3),  while  PauliNet  reaches 0.010 78(9).  Both  are  in  the
order of 10−2. 

2.2    Equilibrium geometries

Eexact

2 2 2

2 2

Table  2 gives  the  VMCNet  energies  and  percentages  of  the
correlation  energy  retrieved  for  each  of  the  diatomic  molecules
studied  with  the  same  single-determinant  VMCNet  and  training
hyperparameters.  The  reference  nonrelativistic  energies  are
taken  from  Ref.  [40].  On  LiH,  the  VMCNet  error  was  within
chemical  accuracy,  defined  as  1  kcal/mol  (1.594  milli-Hartrees),
which is  the typical  standard for a quantum chemical calculation
to be considered “correct”. In comparison, energies from PauliNet
using  a  Slater–Jastrow–backflow Ansatz  for  first-row atoms[8] are
uniformly  worse  than  the  VMCNet  on  LiH,  Li ,  Be ,  and  N ,
despite  using  higher  dimensional  feature  vectors.  VMCNet
reaches high accuracy with only single  determinants.  The VMC-
based  VMCNet  generalizes  well  to  a  wide  variety  of  atoms  and
diatomic.  There  are  many  possible  causes  for  the  decline  in  the
percent  of  correlation  energy  recovered  for  diatomic  molecules
like B , C . It may be that the VMCNet has issues with unpaired
spins systems. In fact, our results are with a fixed-width network,
while  the  total  number  of  basis  functions  grows  with  the  system
size  for  coupled  cluster,  meaning  the  coupled  cluster  Ansatz
becomes  more  expressive  for  larger  systems  while  the  VMCNet
stays  fixed.  The  results  from  the  single-determinant  network
should  be  a  lower  bound  on  the  performance  of  a  Slater  ansatz
with a given number of determinants. This paper reports only the
single  determinant,  and  the  smaller  standard  errors  make
VMCNet with more configurations and determinants should have
more competitive results. This will be part of future work.

Figure 7 shows the optimization progress over time for many of
these  systems.  The  error  in  the  correlation  energy  decreases
monotonously  as  the  training  progresses  from  the  initial  HF
baseline  level  to  the  final  reported  values.  In  most  cases,  the
learning  curve  has  not  fully  reached  the  platform  state,  which
shows  that  our  neural  network  ansatz  is  highly  expressive  and
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Fig. 5    Comparison  of  the  VMCNet  against  the  Slater–Jastrow–backflow
Ansatz.  VMCNet covers 93%−98% of the correlation energy using only the
single determinant, while PauliNet only covers 90%−97% and VMC-SD only
covers  74%−98%.  The  results  of  VMCNet  and  PauliNet[8] are  completed
under  the  same  calculation  condition.  The  rest  of  the  reference  results  are
taken  from  single-determinant  VMC(VMC-SD)[38] and  multi-determinant
VMC(VMC-MD)[39].
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shows  that  higher  accuracy  can  be  achieved  using  more
computational  resources.  This suggests  that  deep learning can be
an  effective  tool  to  reduce  the  large  amount  of  determinant
sampling in other VMC methods that act directly on fixed orbital
determinants[41, 42] and is  expected to  further  increase  its  accuracy.
By  introducing  more  physical  information,  VMCNet  greatly
increases  the  flexibility  of  ansatz.  Actually,  non-block  blocks  can
capture  more  physical  information  about  the  system  to  cover
more correlation energy. 

2.3    Ablation experiments

2 2

There are many free parameters in the VMCNet architecture that
must  be  chosen  to  maximize  accuracy  for  a  given  amount  of
computation. VMCNet takes particle coordinates into account in
the  input.  The  non-local  block  is  introduced  to  capture  global
interaction  information.  And  there  is  additional  out  block  for
information  aggregation.  We  compared  the  accuracy  of  the
VMCNet  with  and  without  these  features  on  monatomic  and
diatomic systems in Table 3. Some configurations, B, Li  and N ,
without  the  non-local  block  and  out  block  are  numerically
unstable  and  diverged.  The  out  block,  an  extra  layer  of
information  convergence,  reduces  the  error  by  half.  When
including global features, the error is further reduced. This shows

that  global  features  and  information  aggregation  contribute
towards stability and accuracy. 

3    Conclusion
We have designed VMCNet, a DNN representation of electronic
wavefunctions ansatz, and shown that it can enable high-accuracy
quantum  chemistry  calculations.  The  VMCNet  Neural  Network,
which  models  electronic  degrees  of  freedom  and  nonlocal
interactions,  makes  the  simple  and  straightforward  single-
determinant  VMC  method  competitive  for  equilibrium
geometries. The much higher flexibility of neural networks allows
us  not  to  have  to  choose  the  base  set  or  worry  about  basis-set
extrapolation,  a  crucial  error  reduction  point  in  computational
quantum  chemistry.  VMCNet  includes  physically  motivated
induction biases and encoding complex interaction information of
particle  systems  through  neural  networks  allows  a  variational
approach  to  reach  higher  accuracy.  VMCNet’s  self-iterative
training mode makes it immune to the impact of data set quality,
which is crucial for other neural networks, and there is no need to
carefully select the pre-training data set.

Although  VMCNet  currently  operates  using  a  single-
determinant approach, there is  potential  for incorporating multi-
determinant  expansions.  This  could  theoretically  lead  to  even
higher  accuracy,  especially  in  systems  with  complex  electronic
correlations.  Future  work  should  focus  on  realizing  multi-
determinant expansion and extending it  to larger,  more complex
systems. 

Acknowledgment
This work was supported in part by the National Natural Science
Foundation  of  China  (Nos.  U20A20225  and  U2013601),  Anhui
Province Natural Science Funds for Distinguished Young Scholar
(No. 2308085J02), the Science and Technology Innovation 2030 -
“New  Generation  Artificial  Intelligence” Major  Project  (No.
2022ZD0116305),  Innovation  Leading  Talent  of  Anhui  Province
TeZhi plan, the Natural Science Foundation of Hefei, China (No.
202321),  the  CAAI-Huawei  Mind  Spore  Open  Fund  (No.

 

Table 2    Groundstate energy at equilibrium geometry for diatomics. Also included are Hartree–Fock energies EHF calculated using 6-311g, the exact energies
Eexact

[40], and the percentage of the correlation energy recovered at the VMCNet level (VMCNet-corr%) and PauliNet level (PauliNet-corr%). All energies are in
atomic units and the numbers in parentheses indicate the statistical uncertainty in the last digit shown. The best results are in bold.

Molecule VMCNet PauliNet EHF Eexact VMCNet-corr% PauliNet-corr%

LiH −8.070 63(3) −8.069 76(2) −7.984 64(1) −8.070 548 100.10(0)% 99.08(5)%

2Li −14.992 44(1) −14.991 25(6) −14.869 81(2) −14.9954 97.64(4)% 96.70(0)%

2Be −29.324 07(8) −29.322 64(8) −29.130 67(0) −29.338 54(5) 93.04(0)% 92.35(3)%

2B −49.386 11(6) −49.387 36(7) −49.069 22(2) −49.415(2) 91.59(4)% 91.95(5)%

2C −75.870 26(2) −75.871 44(2) −75.362 78(0) −75.923(5) 90.50(5)% 90.71(6)%

2N −109.494 92(6) −109.492 18(0) −108.894 17(1) −109.5423 92.69(1)% 92.26(7)%
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Table 3    Performance of the VMCNet on monatomic and diatomic systems
with features  removed.  Both non-local  block and out  block are  critical.  All
numbers are relative to Refs. [40, 43]. mEh means milli-Hartrees, “O” means
without and “W” means with.

Configuration
ΔE (mEh)

Be B 2Li 2N

O-non-local&O-out 0.11 2.05 17.50 12.73

O-non-local&W-out 0.63 0.63 0.67 9.67
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