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Abstract The design of optimizer parameters affects
model performance and is widely applied in fields such
as image analysis, autonomous driving, and security
monitoring. However, the interpretability and generalizability
of optimizers are insufficient, limiting their practical
applications. To address these challenges, we introduce a
novel approach using transfer function and phase trajectory
methods to design the parameters and critical conditions
for Stochastic Gradient Descent with Momentum (SGD-M)
and Nesterov Accelerated Gradient (NAG). The proposed
theory is verified through numerical examples and image
recognition experiments. First, using the phase trajectory
method, a qualitative analysis of the responses of SGD-M
and NAG to initial states is conducted, revealing the influence
of parameters on the phase trajectory. Then, through the
transfer function method, a quantitative analysis of the
unit step response of SGD-M and NAG is performed to
explain the impact of parameters on system response. Finally,
numerical examples and image recognition experiments verify
the significant impact of the momentum control parameter
g(µ) and momentum parameter α on optimizer performance,
stability, and time-domain characteristics. Experimental
results show that adjusting g(µ) or α improves image
classification accuracy on the Modified National Institute of
Standards and Technology (MNIST) and Canadian Institute
for Advanced Research (CIFAR-10) datasets. It reduces the
loss value, validating the effectiveness of the proposed theory.
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1 Introduction
With the rapid development of Artificial Intelligence (AI)
technologies, Deep Learning (DL), as its core engine, has
been widely applied in fields such as image recognition [1–3],
control [4], and more. Optimizers play a crucial role in model
training, impacting convergence speed, and performance.
They improve convergence, shorten time in computer vision,
and enhance understanding in sentiment analysis. Thus,
optimizers are vital for both theoretical exploration and
practical applications.
Optimizers, crucial for parameter adjustment in DL

to minimize loss functions [5], yet face challenges (see
Fig. 1). First, suboptimal settings lead to gradient issues,
oscillations, and inefficiency [6]. Second, research often
relies on experience and extensive experimental tuning,
lacking systematic qualitative analysis [7]. This results in
blind and unexplained parameter settings, severely affecting
the efficiency and performance of model training. Again, most
studies focus on data-driven and statistical analysis, lacking
precise quantitative analysis methods [8], which limits the
application of optimizers in complex tasks. Finally, although
the optimizer reduces the value of the loss function through
a finite number of iterations, studies for gradient descent
optimizer order are less concerned with the effect of the
modulation coefficients on the training process, and lack the
necessary tools for preselection of parameter ranges [9]. These
issues collectively underscore the need for an interpretable,
quantifiable, and controller-oriented theoretical framework
for optimizer parameter design.
Second-order system optimizers like SGD-M and

NAG mitigate slow convergence and local optima
issues in Gradient Descent (GD) through momentum.
Control-based optimizers, such as An et al. [10],
applied Proportional-Integral-Derivative (PID) controllers
to optimizers, drawing a connection between momentum
terms and integral control, correction terms and differential
control. However, the impact of control parameters remains
underexplored. Wang et al. [11] analyzed the influence of
PID parameters on optimizer performance based on Ref.
[10] and proposed parameter setting strategies. However,
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Fig. 1 Existing issues and innovation breakthrough.

this experiment was limited to small-scale datasets. Wu
et al. [12] explained the conditions for gradient descent
optimizers to achieve stable learning dynamics from the
perspective of dynamic differential equations. Yet, there is a
lack of systematic research on parameter settings for specific
optimizers. Ref. [13, 14] introduced the phase plane method
to analyze the effect of optimizer parameters (e.g., learning
rate) on dynamic performance. However, the applicability and
effectiveness of this method in different types of optimizers
and network architectures still need further verification, and
there is no coupling analysis of multivariate parameters such
as momentum and correction coefficients.
To address the above issues, we propose a dual-mode

control-theoretic framework integrating phase trajectory
analysis (qualitative) and transfer function modeling
(quantitative) to analyze the impact of second-order system
optimizer parameters (such as learning rate, momentum
coefficient, and correction coefficient) and their combinations
on DL performance. This shifts optimizer research from
statistical methods to control theory, providing new insights
and practical tools for parameter design to improve the
interpretability and controllability ofmodel. The contributions
(see Fig. 1) are as follows.
(1) Using the phase trajectory analysis method, an

explanatory mapping between optimizer parameters and
phase trajectory shapes for the first time is established,
overcoming empirical tuning limitations and providing
theoretical guidance for network parameter tuning.
(2) The transfer function method is used to quantify

the regulatory mechanism of parameter coupling on
system performance, transforming empirical parameter
combinations into mathematical constraints, thereby
providing mathematical criteria for parameter selection.
(3) Using the multi-modal modeling framework of phase

trajectory and frequency domain response analysis, we
establish a mapping between parameter settings, dynamic

responses, and model convergence. Through cross-domain
validation using both numerical simulations and real datasets,
the completeness of the theoretical framework is validated,
achieving the transition from theory to practice.
The paper is organized as follows. Section 2 outlines

the evolution of optimizers, parameter tuning, and control
theory in parameter design. Section 3 analyzes optimizer
parameters’ impact on system response and stability using
transfer functions, phase trajectories, and validates Corollaries
1 to 4 via phase-plane plots, unit step responses. Section 4
tests these insights on MNIST and CIFAR-10 datasets with
varying values of g(µ) and α. Section 5 concludes the paper.

2 Related Work
The rapid development of deep learning is closely related to
the improvement of optimizers. Optimizers adjust network
parameters to minimize the loss function, and their selection
and configuration directly impact the stability and efficiency
of the gradient descent process. This subsection describes
the current development status of DL optimizers, methods
of optimizer parameter tuning, and applications of control
theory to optimizer parameter design.

2.1 Deep learning optimizer

Deep learning uses complex neural networks with many
parameters. Optimizers are essential for finding optimal
solutions in high-dimensional parameter spaces. They are
mainly classified into two types: first-order and higher-order.
First-order optimizers, like SGD [15], AdaGrad [16],
RMSProp [17], and Adam [18], use gradient information
of the loss function to update parameters. Higher-order
optimizers, such as Newton’s method, utilize second-order
derivatives for parameter updating. Recently, frontier
optimizers like RAdam [19] and AdaBelief [20] have emerged
to address stability and convergence issues in Adam. RAdam
[19] enhances convergence and stability through dynamic
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correction. Lookahead [21] improves convergence speed and
stability by iteratively updating "external" parameters to guide
the "internal" optimizer’s search direction. Ranger combines
RAdam’s dynamic correction with Lookahead’s updates for
better performance. Additionally, AdamW [22] introduces a
weight decay term to improve generalization, while NovoGrad
[23]mergesmomentum and adaptive learning rates to enhance
optimization efficiency and stability.

2.2 Optimizer parameter tuning

In deep learning, optimizer parameter tuning is one of the key
steps to improve model performance and training efficiency.
These parameters include learning rate, momentum factor and
decay rate, etc., which directly affect the convergence speed
and stability. The main methods for optimizer parameter
tuning include: empirical and experimental methods,
automated tuning frameworks, and learning rate scheduling
strategies. Empirical and experimental based methods, such
as grid search, random search and manual tuning, are suitable
for small-scale parameter spaces and limited computational
resources [24]. Modern automated hyperparameter tuning
frameworks (e.g., Hyperopt, Optuna, Ray Tune, etc.) combine
methods such as Bayesian optimization, genetic algorithms,
and stochastic search to automate the selection of optimizer
parameters [25]. These frameworks are suitable for large-scale
parameter searches and complex model architectures to find
better-performing parameter settings through an efficient
exploration process [26]. Learning rate scheduling strategy,
dynamically adjusts the learning rate during the training to
balance convergence speed and stability of the model.

2.3 Control theory to optimizer parameter design

Control theory provides a new perspective for optimizer
parameter design, by modelling the optimization process as
a dynamic system and applying control strategies to adjust
the parameters to achieve the stability of the optimization
process. Methods based on control theory to study optimizer
parameters include frequency domain control theory, feedback
control strategy and proportional-integral-derivative control
methods. Yang et al. [27] regarded the optimizer as a control
system, and analyzed the frequency response characteristics
of the gradient descent optimizer by using frequency domain
control theory to design a more robust optimizer. Grefenstette
et al applied frequency domain control theory applied to the
feedback control strategy to dynamically adjust the optimizer
parameters to improve the stability and efficiency of training.

3 Parametric Analysis and Damping of SGD-
M and NAG

This section analyzes the impact of parameter from a
control theory perspective, comparing SGD-M (zero-free)
and NAG (zero-included) optimizers through four integrated
approaches. First, identifying convergence-critical parameters
through characteristic equations of their transfer functions,
revealing dynamic properties. Second, the phase trajectory
method is employed to qualitatively examine the performance
characteristics of the SGD-M and NAG systems. By analyzing
different parameter combinations, the damping characteristics
of the system are assessed to evaluate their impact on system
response and stability. Third, the transfer function method
quantitatively analyzes the step response to determine system
order and optimize parameters. Finally, qualitative (phase
trajectory) and quantitative (step response) analyses are
combined to validate the proposed parameter optimization
criteria (Corollaries 1–4).

3.1 Time-domain response analysis of SGD-M

To identify the key parameters affecting the convergence
characteristics and stability of the SGD-M and to analyze the
dynamic characteristics of the SGD-M using the damping
properties in classical control theory. The iterative expression
of SGD-M is [28]

θt+1 = θt − r∇L
(
θt
)
− r

t−1∑
i=1

αt−i∇L
(
θi
)
. (1)

where θt is network parameters θ at time t, r is the learning
rate, α is momentum parameter, and ∇L (θ′) is gradient of θ
of the loss function at t.

Definition 1. An automatic control system is a
second-order system if its transfer function’s denominator
is of order 2 [29]. The general differential equation is
a2

d2y(t)
dt2 + a1

dy(t)
dt + a0y(t) = b1

du(t)
dt + b0u(t). Here, at

a specific moment t, y(t) and u(t) are the output and input
signals, respectively, constant coefficients ai (i = 0, 1, 2) are
structural parameter of system, and constant coefficients bj
(j = 0, 1) are structural parameter of the input function. Let
Y (s)=L[y(t)], U(s)=L[u(t)], according to the differential
theorem, when the initial condition is 0, the closed-loop
transfer function is

φ(s) =
Y (s)

U(s)
=

b1s+ b0
a2s2 + a1s+ a0

. (2)

Definition 2. A second-order system without zeros
occurs when the numerator of the transfer function in Eq. (2) is
a constant [29], i.e., φ(s) = b0

a2·s2+a1·s+a0 . If a1 and a2 have
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the same sign, then φ(s) = K0·ω2
n

s2+2ξωn·s+ω2
n
. The characteristic

equation and roots are given by

s2 + 2ξωns+ ω2
n = 0, s1,2 = −ξωn ± ωn

√
ξ2 − 1. (3)

where ωn =
√

a0
a2

is the undamped natural oscillation

frequency, ξ = a1
2
√
a0a2

is the damping ratio, andK0 = b0
a0

is
the amplification coefficient for amplifying the input signal.
Ref. [13] gives the SGD-M closed-loop transfer function:

φSGD−M =
K0r

g(µ)s2 + s+K0r
. (4)

where K0 is the proportionality coefficient, and g(µ) is the
momentum control parameter, equal to α in the SGD-M
iterative format. K0 is the amplification coefficient of the
autotuning amplifier given according to the actual problem
[29], which accelerates system response and improves
regulation accuracy. Transfer function in Eq. (4) has a
denominator of order 2. From Definition 2, SGD-M is a
second-order control model without zeros.

(a) SGD-M

(b) NAG

Fig. 2 Linkage of SGD-M and NAG with proportional integrators.

The parameters ξ and ωn define the dynamic response [29].
The SGD-M process is governed by ωn =

√
K0r
g(µ) and ξ =

1√
4K0rg(µ)

, controlling convergence rate and stability through

K0, r and g(µ). Fig. 2(a) shows the relationship between the
SGD-M transfer function and the iterative expression, where
K0 = −r and K0

τ1
= rαt, thenK0 = −r and τ1 = 1

αt .
The inertial link is defined as φ(s) = 1

g(µ)s+1 . The inverse
Laplace transform of its response to a unit step signal is
C(s) = 1

g(µ)s+1 ·
1
s = 1

s −
1

s+ 1
g(µ)

, resulting in c(t) =

L−1[C(s)] =
(
1− e−

t
g(µ)

)
· 1(t). The inertial link consists

of two parts, c(t) = c1(t)− c2(t), and the transient part

c2(t) = e
− t
g(µ) = 1 +

(
− t

g(µ)

)
+

(
− t
g(µ)

)2
2!

+

(
− t
g(µ)

)3
3!

+ · · ·+

(
− t
g(µ)

)n
n!

+ O


(
− t
g(µ)

)n+1

(n+ 1)!


≈ 1− t

g(µ)
+

1

2!

t2

g2(µ)
− 1

3!

t3

g3(µ)
+ · · ·+ 1

n!

tn

gn(µ)

(5)

Some terms are
∑t−1
i=1 α

t−i∇L (θt) = α0∇L
(
θ1
)
+

α1∇L
(
θ2
)
+· · ·+αt−1∇L (θt), showing thatα corresponds

to a gradual decay of the gradient, reducing transient terms
as computations increase. This leads to the relationships
α = 1

n!
tn

gn(µ) , g(µ) =
n

√
1
n!α t. Ultimately,K0 and g(µ) in the

SGD-M control model correspond to the iterative format with
K0 = −r, g(µ) = n

√
1
n!α t, andK0rg(µ) = −

(
r2t
)
n

√
1
n!α .

Definition 3. The time response is the output variation
over time to an input signal [29]. The system is underdamped
for 0 < ξ < 1, critically damped for ξ = 1, and overdamped
for ξ > 1.
Then, the response of the SGD-M system to the initial

state is discussed qualitatively using the phase trajectory;
that is, considering the case of no input, u(t) = 0. This is
mainly reflected in the categorical discussion of the effects of
different values of the parameter K0rg(µ) on the damping
characteristics, convergence rate and stability of the system.
Corollary 1. When K0rg(µ) > 0.25, SGD-M behaves
as an underdamped system with fast convergence, but may
oscillate and is less stable. WhenK0rg(µ) = 0.25, SGD-M is
critically damped system with fast convergence and stability,
which is ideal for optimization. When 0 < K0rg(µ) < 0.25,
SGD-M is over-damped system with high stability but slow
convergence.
Proof. (1)WhenK0rg(µ) > 0.25, the damping ratio 0 < ξ <

1, SGD-M is an underdamped system, the system converges
faster, but due to the presence of oscillations, the system may
cross the target value several times. The characteristic equation
is g(µ)s2 + s + K0r = 0, and

√
ξ2 − 1 = j

√
1− ξ2,

and eigenvalues are s1 = − 1
2g(µ) +

j
√

4K0rg(µ)−1
2g(µ) , and

s2 = − 1
2g(µ) −

j
√

4K0rg(µ)−1
2g(µ) .

In Table 1, the real part of the eigenvalues of the system state
control matrix A determines the stability of the equilibrium
point, while the imaginary part of the eigenvalues determines
the oscillatory nature of the system [30].The eigenvalues of
the SGD-M state matrix are complex with negative real parts,
indicating that SGD-M is stable but has weak stability due
to oscillations and overshoot during convergence, making
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Table 1 Equilibrium types and stability based on eigenvalues ofA [30].

s1,2 = σ + ωj Classification and explanation of s1, s2 Equilibrium point Stability
s1,2 are real numbers s1s2 > 0 and s1 + s2 < 0 s1,2 are both negative stable node asymptotically stable

s1,2 are complex numbers s1,2 = σ + ωj(σ < 0) real part is less than 0 stable focus asymptotically stable
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(a) K0rg(µ)>0.25, g(µ)=0.93 (b) K0rg(µ)=0.25, g(µ)=0.5 (c) 0<K0rg(µ)<0.25, g(µ)=0.07

Fig. 3 SGD-M phase trajectory curves with different g(µ).

it susceptible to fluctuations. The imaginary parts in s1

and s2 causes oscillation in the SGD-M system, with the
phase trajectory converging to the stable focus (0, 0) in an
oscillatory, helical manner [30], showing both oscillation and
decay, as shown in Fig. 3(a).

(2)WhenK0rg(µ) = 0.25, then ξ = 1, the SGD-M system
becomes critically damped, enabling faster convergence to
the target value without overshoot. This critical damping state
ensures quick stabilization without oscillations, achieving
both fast convergence and good stability. The eigenvalues are
calculated as s1 = s2 = −

√
K0r
g(µ) , the SGD-M is a stable

system whose equilibrium point is a stable node. The phase
trajectory will converge non-oscillatory to the stable node
(0, 0) along the parabola in Fig. 3(b).
(3) When 0 < K0rg(µ) < 0.25 and ξ > 1, SGD-M

is an overdamped system. At this time the system tends to
steady state slowly because there is no oscillation. Since ξ >√
ξ2 − 1 > 0, from Eq. (3), we know that s1 < 0, s2 < 0,

s1 = − 1
2g(µ) +

√
1−4K0rg(µ)

2g(µ) , s2 = − 1
2g(µ)−

√
1−4K0rg(µ)

2g(µ) .
Since the eigenvalues of the SGD-M state matrix are all
negative (Table 1), the system is stable, avoiding oscillations
and overshoots. However, this stability comes at the expense
of the convergence speed, and its equilibrium is a stable
node. The phase trajectory of the SGD-M system converges
non-oscillatory to the stable node (0, 0) along the parabola,
as depicted in Fig. 3(c).

Next, the effect of g(µ) on the performance and its stability
is investigated by means of x − x′ phase trajectory curves.
By setting various initial conditions, where x represents

position and x′ denotes velocity, multiple phase trajectories
are generated in the x− x′ plane. The differential equation
for the motion is g(µ)s2 + s + K0r = 0. Different initial
conditions yield distinct x and x′ solutions, creating various
curves in the phase plane (Fig. 3). Each trajectory reflects the
system’s kinematic state, with points indicating the system’s
status at specific times, while the trajectories illustrate how
the state evolves over time, with arrows showing the direction
of change as time progresses.
In Fig. 3,K0 and r are fixed toK0=50 and r=0.01, while

g(µ) is taken to be 0.93, 0.5, and 0.07, respectively, which
corresponds to an underdamped (Fig. 3(a)), critically damped
(Fig. 3(b)), and overdamped (Fig. 3(c)). In the underdamped
case (Fig. 3(a)), the phase trajectory consists of converging
logarithmic spirals that oscillate around the target value,
indicating rapid convergence with some overshooting. The
critically damped case (Fig. 3(b)) shows a parabolic trajectory
that converges smoothly to the target without oscillation,
reflecting fast convergence. In the overdamped scenario (Fig.
3(c)), the curve is smoother and converges slowly to the
equilibrium, indicating the slowest convergence. Different
values of g(µ) result in varying damping states, affecting
convergence speed and stability, as predicted in Corollary 1.
Lemma 1. The auxiliary angle formula a sinα+ b cosα =√
a2 + b2 · sin(a+ ϕ), and tanϕ = b

a .
Proof. Since tanϕ = b

a , sinϕ = b√
a2+b2

, and
cosϕ = a√

a2+b2
, thus a sinα + b cosα =

√
a2 + b2 ·(

a·sinα√
a2+b2

+ b·cosα√
a2+b2

)
=
√
a2 + b2 · (cosϕ · sinα + sinϕ ·

cosα) =
√
a2 + b2 · sin(α+ ϕ). �
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The unit step response is the response of a system to an input
that changes abruptly fromzero to a constant value. In SGD-M,
it reveals the speed and stability of the system’s response to
changes in the loss function. Next, we use a transfer function
approach to quantitatively analyze the dynamic properties
exhibited by the unit step response of the SGD-M under
different circumstances (whenK0rg(µ) is greater than, equal
to, or less than 0.25), which affects the parameter updating
speed and stability in deep learning training.
Corollary 2. WhenK0rg(µ) > 0.25, the unit step response
of SGD-M shows an oscillatory decay curve. This indicates
that in deep learning training, the parameter update speed is
faster but easy to cause larger fluctuations. WhenK0rg(µ) =

0.25 or 0 < K0rg(µ) < 0.25, the unit step response
of SGD-M shows a monotonically increasing curve. This
indicates that under the critically damped system, the response
is faster and without oscillation, while in the over-damped
system, the response is slower but more stable.
Proof. When the parameters K0, r, and g(µ) take different
values, the time response curve of SGD-M has different
shapes.
(1) When K0rg(µ) > 0.25, the second-order system is

essentially an oscillatory link. When the input to the SGD-M
system is a unit step function, the Laplace transform of the
input is U(s) = 1

s . Substituting this into φ(s) = Y (s)
U(s) , the

Laplace transform of time response of the SGD-M system

becomes Y (s) =
K0r

g(µ)

s2+ s
g(µ)

+
K0r

g(µ)

1
s . Let the denominator of

Y (s) be equal to 0, and then the three poles of the SGD-M

are as follows: s1=0, s2 = − 1
2g(µ) +

j
√

4K0rg(µ)−1
2g(µ) , and

s3 = − 1
2g(µ) −

j
√

4K0rg(µ)−1
2g(µ) . where s1 comes from the

input, and s2 and s3 are poles of the transfer function of the
system. Assuming that the three undetermined coefficients
are A, B, and C, and substituting them into Y (s), we obtain

Y (s) =
A

(s− s1)
+

B

(s− s2)
+

C

(s− s3)
. (6)

Comparing the numerators on both sides of the equation
after generalizing Eq. (6) yields

K0r

g(µ)
=A (s− s2) (s− s3) +B (s− s1) (s− s3)

+ C (s− s1) (s− s2) , (7)

Let s = s1 = 0. Then, K0r
g(µ) = As2s3 = AK0r

g(µ) , and

A = 1. Let s = s2 = − 1
2g(µ) +

√
4K0rg(µ)−1

2g(µ) j, then

K0r

g(µ)
= B

(
− 1

2g(µ)
+
j
√

4K0rg(µ)− 1

2g(µ)

)(
j
√

4K0rg(µ)− 1

g(µ)

)

= B

(
−
j
√

4K0rg(µ)− 1

2g(µ)2
− 4K0rg(µ)− 1

2g(µ)2

)

= B

(
−2K0r

g(µ)

)(
j

2
√
K0rg(µ)

√
1− 1

4K0rg(µ)− 1
+ 1− 1

4K0rg(µ)

)
(8)

Since ξ = 1√
4K0 rg(µ)

, Eq. (8) is transformed into

1 = −2B
(
ξ
√
1− ξ2j + 1− ξ2

)
. This yields

B = −1

2

1

(1− ξ2) + ξ
√
1− ξ2j

(
1− ξ2

)
− ξ
√
1− ξ2j

(1− ξ2)− ξ
√
1− ξ2j

= −1

2

(
1− j√

4K0rg(µ)− 1

)
.

(9)

Similarly, let s = s3 = − 1
2g(µ) −

√
4K0rg(µ)−1

2g(µ) j, then

K0r

g(µ)
= C

(
2K0r

g(µ)

)(
1

2
√
K0rg(µ)

√
1− 1

4K0rg(µ)
j + 1− 1

4K0rg(µ)

)
(10)

Therefore, C=− 1
2

(
1 + j√

4K0rg(µ)−1

)
. Substituting the

solved A, B and C into Eq. (7) yields

Y (s) =
1

(s− s1)
− 1

2 (s− s2)

(
1− j√

4K0rg(µ)− 1

)

− 1

2 (s− s3)

(
1 +

j√
4K0rg(µ)− 1

)
.

(11)
The Laplace transform is applied to both sides of Eq. (10),

y(t) = es1t − 1

2

(
1− j√

4K0rg(µ)− 1

)
es2t

− 1

2

(
1 +

j√
4K0rg(µ)− 1

)
es3t

= 1− e−
t

2g(µ)


(
e
jt
√

4K0rg(µ)−1

2g(µ) + e−
jt
√

4K0rg(µ)−1

2g(µ)

)
2

+

j

(
e−

jt
√

4K0rg(µ)−1

2g(µ) − e
jt
√

4K0rg(µ)−1

2g(µ)

)
2
√

4K0 rg(µ)− 1
(12)

According to Euler’s formula ejα = cosα+ j sinα, there
are

e
jt
√

4K0rg(µ)−1

2g(µ) = cos

(
t
√
4K0rg(µ)− 1

2g(µ)

)
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+ j sin

(
t
√
4K0rg(µ)− 1

2g(µ)

)
, (13)

e−
jt
√

4K0rg(µ)−1

2g(µ) = cos

(
t
√

4K0rg(µ)− 1

2g(µ)

)

− j sin

(
t
√
4K0rg(µ)− 1

2g(µ)

)
. (14)

Thus, we have
1

2

(
e
jt
√

4K0rg(µ)−1

2g(µ) + e−
jt
√

4K0rg(µ)−1

2g(µ)

)
= cos

(
t
√
4K0rg(µ)− 1

2g(µ)

)
, (15)

j

2

(
e−

jt
√

4K0rg(µ)−1

2g(µ) − e
jt
√

4K0rg(µ)−1

2g(µ)

)
= sin

(
t
√
4K0rg(µ)− 1

2g(µ)

)
, (16)

y(t) =1− e−
t

2g(µ)

(
cos

t
√

4K0rg(µ)− 1

2g(µ)

+
1√

4K0rg(µ)− 1
sin

t
√

4K0rg(µ)− 1

2g(µ)

)
.

(17)

By Lemma 1, we have

y(t) =1− e−
t

2g(µ)

√
4K0rg(µ)

4K0rg(µ)− 1

· sin

(
t
√

4K0rg(µ)− 1

2g(µ)
+ ϕ

)
,

tanϕ =
√

4K0rg(µ)− 1

(18)

Since s1= 0, the system output contains a constant, 1 from
the system input.

(
e−

t
2g(µ)

√
4K0rg(µ)

4K0rg(µ)−1

)
decreases with

time and tends to zero, but sin
(
t
√

4K0rg(µ)−1
2g(µ) + ϕ

)
is the

period of 4πg(µ)√
4K0rg(µ)−1

. The initial phase is a trigonometric
function of ϕ. Eq. (18) shows the unit step response of the
SGD-M system as a function of time for K0rg(µ) > 0.25,
which is an oscillating and decaying curve. This indicates
that the system fluctuates briefly in the face of sudden
changes, but eventually converges to a steady state. In deep
learning training, this means that the model parameters will
experience large update fluctuations at the beginning, and
these fluctuations will gradually decrease as the training
progresses, and the parameters will eventually stabilize near
the optimal solution. The momentum term plays a key role
in this process by introducing a certain degree of fluctuation

while speeding up convergence, thus helping the model to

find a better solution on the complex loss surface.

(2) When K0rg(µ) = 0.25, the poles are s1=0, s2 =

s3 = −
√

K0r
µ , and Y (s) =

ω2
n

(s2+2ωns+ω2
n)s

= 1
s −

1
s+ωn

− ωn
(s+ωn)

2

(
ωn =

√
K0r
g(µ)

)
. The Laplace transform is

performed on both sides of the equation,

y(t) = 1− et
√
K0r

g(µ) − t

√
K0r

g(µ)
e
−t

√
K0r

g(µ)

= 1−

(
1 + t

√
K0r

g(µ)

)
e
−t

√
K0r

g(µ)

(19)

Eq. (19) shows the unit step response of the SGD-M system

in the case of critical damping. −
(
1 + t

√
K0r
g(µ)

)
e
−t

√
K0r

g(µ)

decreases with time, the system response exhibits a

monotonically increasing curve without overshoot. During the

DL training process, this indicates that the model parameter

updates can move towards the optimal solution in a smooth

and continuous manner, reducing excessive fluctuations and

repeated adjustments, thus improving the convergence speed

and the stability of parameter updates.

(3)When 0 < K0rg(µ) < 0.25, the poles are s1 = 0, s2 =

− 1
2g(µ) +

√
1−4K0rg(µ)

2g(µ) , and s3 = − 1
2g(µ) −

√
1−4K0rg(µ)

2g(µ) .

Let s = s1 = 0, then A = 1. Let s = s2 = − 1
2g(µ) +

√
1−4K0rg(µ)

2g(µ) , then B = 2K0rg(µ)

(1−4K0rg(µ))−
√

1−4K0rg(µ)
.

Let s = p3 = − 1
2g(µ) −

√
1−4K0rg(µ)

2g(µ) , then C =
2K0rg(µ)

(1−4K0rg(µ))+
√

1−4K0rg(µ)
. Substituting A, B, and C into

Eq. (6) yields

Y (s) =
1

(s− s1)
+

2K0rg(µ)√
1− 4K0rg(µ) 1

(s− s2)
(√

1− 4K0rg(µ)− 1
)+

1

(s− s3)
(√

1− 4K0rg(µ) + 1
)


(20)

Taking the Laplace transform of Eq. (20) produces
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y(t) =1 +
2K0rg(µ)√
1− 4K0rg(µ)

 e

√
1−4K0rg(µ)−1

2g(µ)
t√

1− 4K0rg(µ)− 1

+
e

−
√

1−4K0rg(µ)−1

2g(µ)
t√

1− 4K0rg(µ) + 1


(21)

where 1 comes from system inputs. This property ensures
the stability of model parameter updates during deep
learning training and helps to reduce large fluctuations.
The slower but more stable response of the overdamped
system is reflected in the training by ensuring that the
model converges to the optimal solution faster by reducing
fluctuations and instability during parameter updates. And

the 2K0rg(µ)√
1−4K0rg(µ)

[ e

√
1−4K0rg(µ)−1

2g(µ)
t

√
1−4K0rg(µ)−1

+ e
−
√

1−4K0rg(µ)−1

2g(µ)
t

√
1−4K0rg(µ)+1

] of
Eq. (21) is the sum of two monotonically decaying and
zero-converging curves, which ensures that each parameter
update is made towards the optimal solution and reduces
iterative adjustments, thus improving training efficiency.
The coefficients of the characteristic equation, which is

a sufficient condition for the stability of the second-order
system, are all positive. Therefore, K0 > 0, r > 0, and
0 < g(µ) < 1. Corollaries 1 and 2 do not consider the cases
K0rg(µ) = 0 andK0rg(µ) < 0, because the SGD-M system
will be unstable.

3.2 Time domain response analysis of the NAG

This subsection aims to identify the key parameters affecting
the convergence characteristics and stability of NAG, and
analyze its dynamic properties (e.g., convergence, stability,
etc.) using damping from classical control theory to guide the
problem of applying in engineering.

Definition 4. When the numerator of the transfer
function of Eq. (2) is not equal to a constant, the system
is a second-order system with zeros [29], i.e., φ(s) =

ω2
n(τs+1)

s2+2ξωn·s+ω2
n
=

ω2
n(s+z)

z(s2+2ξωn·s+ω2
n)

=
Kg(s+z)

(s+p1)(s+p2)
. Among

them, s = −z = 1
τ , andKg =

ω2
n

z = p1p2
z .

Recurring expression is [28] θ̂t+1 = θ̂t −
r(1 + α)∇L

(
θ̂t
)
− rα

∑t−1
i=1 α

t−i∇L
(
θ̂i
)
. The

closed-loop transfer function is [13] φNAG(s) =
K0rg(µ)s+K0αr

g(µ)s2+s+K0rg(µ)s+K0αr
, where α is the leading

correction factor. The denominator is of order 2,
making NAG a second-order control model with
specific dynamics governed by [13] ωn =

√
K0αr
g(µ)

and ξ = K0rg(µ)+1

2
√
K0αrg(µ)

. The convergence speed and

smoothness are influenced by K0, r, g(µ), and α. Fig. 2(b)

shows the relationship isK0 = −(1 + α)r, g(µ) = n

√
1
n!α t,

and K0rg(µ)+1

2
√
K0αrg(µ)

=
[r2(1+α)t] n

√
1
n!α+1

2r

√[
(1+α)αt n

√
1
n!α

.

Subsequently, the effects of different parameter values on
the damping characteristics, convergence rate and stability
of the NAG system are qualitatively analyzed using a
phase-trajectory approach.
Corollary 3. NAG exhibits greater stability than the
SGD-M system when it incorporates a zero point. For 0 <
K0rg(µ)+1

2
√
K0αrg(µ)

< 1, NAG operates as an underdamped system,
characterized by oscillations and significant fluctuations
in model parameter updates, ultimately stabilizing. When
K0rg(µ)+1

2
√
K0αrg(µ)

= 1, it becomes critically damped, resulting in
rapid convergence and stability in model parameter updates.
For K0rg(µ)+1

2
√
K0αrg(µ)

> 1, NAG is overdamped, leading to a slow
but stable system response.
Proof. NAG demonstrates greater stability than SGD-M when
zeros are added, as this optimizes the system’s frequency
response and enhances phase margin. This means smoother
andmore controllable parameter updates during deep learning
training. These improvements ensure that the NAG performs
more consistently on complex loss surfaces, thereby increasing
the speed at which the model converges to an optimal solution.

(1)When 0< K0rg(µ)+1

2
√
K0αrg(µ)

<1, the system is underdamped,

described by g(µ)s2 + s+ K0rg(µ)s + K0αr = 0, then

s1 = −K0rg(µ)+1
2g(µ) +

j
√

4K0αrg(µ)−(K0rg(µ)+1)2

2g(µ) , s2 =

−K0rg(µ)+1
2g(µ) − j

√
4K0αrg(µ)−(K0rg(µ)+1)2

2g(µ) . s1 and s2 are
complex with a real part of 1, indicating stability through
oscillation and decay. The phase trajectory in Fig. 4(a)
converges to the stable focus (0, 0) in a helical manner, leading
to large fluctuations in parameter updates that ultimately
stabilize.

(2)When K0rg(µ)+1

2
√
K0αrg(µ)

= 1, the NAG is a critically damped

system, then s1 = s2 = −ξωn = −K0rg(µ)+1
2g(µ) . Since s1 and

s2 are two equal negative real numbers, the NAG is a stable
system whose phase trajectory converges to the stable node
(0, 0) in a non-positive oscillatory manner, as shown in
Fig. 4(b). This reflects that the model parameter updates
converge fastest, without oscillations and stable during the
deep learning training process compared to the underdamped
and overdamped cases.
(3) When K0rg(µ)+1

2
√
K0αrg(µ)

> 1, the NAG is an overdamped

system. Since ξ >
√
ξ2 − 1 > 0, s1 < 0, s2 < 0,

then s1 = −K0rg(µ)+1
2g(µ) +

√
(K0rg(µ)+1)2−4K0αrg(µ)

2g(µ) , s2 =

−K0rg(µ)+1
2g(µ) −

√
(K0rg(µ)+1)2−4K0αrg(µ)

2g(µ) . Since s1 and s2
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Fig. 4 NAG phase trajectory curves with different α values.

are both negative, and the NAG is a stable system whose
phase trajectory converges to the steady point node (0, 0)
in a non-positive oscillatory manner, as shown in Fig. 4(c).
This reflects that during the deep learning training process,
the model parameters are updated slowly but are able to
converge steadily to the optimal solution due to the absence
of oscillations.

The effect of α on the performance and stability of NAG is
analyzed using phase trajectory curves with fixed parameters
K0 = 100, g(µ) = 0.9, and r = 0.01. The differential
equation is derived from Fig. 4. When α=1.5 (Fig. 4(a)),
the phase trajectory shows converging logarithmic spirals,
indicating oscillation and stabilization at (0, 0). This verifies
that the model parameter updates for the underdamped system
in Corollary 3 are fluctuating but stable.Whenα=1 (Fig. 4(b)),
the trajectory appears as a parabola that quickly converges
to (0, 0), verifying fast and stable updates for the critically
damped system. When α=0.25, Fig. 4(c) shows that the phase
trajectory behaves as a parabola that slowly converges to the
stable node (0, 0). This verifies the slower but stable response
of the overdamped system in Corollary 3.
The control system is desired to be designed as an

underdamped system with a fast time response, then the
transfer function is used to quantitatively analyze the dynamic
properties exhibited by the unit step response of the NAG
system at time.
Corollary 4. When 0 < K0rg(µ)+1

2
√
K0αrg(µ)

< 1, the unit step
response of the NAG system is oscillating and decaying curve.
This indicates that with an underdamped system, the system
responds faster and eventually stabilizes despite experiencing
oscillations.
Proof. When the input to the NAG system is a unit step,
substituting U(s) = 1

s into the transfer function yields the
Laplace transform of its system time response as

Y(s) =
K0r

s2 + (K0r +
1

g(µ) )s+
K0αr
g(µ)

+

K0rα
g(µ)

s2 + (K0r +
1

g(µ) )s+
K0αr
g(µ)

1

s

= Y1(s) + Y2(s). (22)

Let ωd = ωn
√
1− ξ2. Since ξ = K0rg(µ)+1

2
√
K0αrg(µ)

and ωn =√
K0αr
g(µ) , then

Y1(s) =
K0r

(s+ ξωn − jωd) (s+ ξωn + jωd)
,

Y2(s) =
ω2
n

(s+ ξωn − jωd) (s+ ξωn + jωd)

1

s
. (23)

Assuming that the three coefficients to be determined
for Y2(s) are A1, A2 and A3, factorizing Y2(s) yields
Y2(s) = A1s+A2

(s+ξωn−jωd)(s+ξωn+jωd) + A3

s . Comparing the
numerators on both sides of the equation after dividing them
by a common denominator gives ω2

n = (A1 +A3) s
2 +

(A2 + 2ξωnA3) s+ ω2
nA3, so A1 = −1, A2 = −2ξωn, and

A3 = 1. Then, there is

Y2(s) =
1

s
− s+ 2ξωn

(s+ ξωn − jωd) · (s+ ξωn + jωd)

=
1

s
− s+ ξωn

(s+ ξωn)
2
+ ω2

d

−

ξωn
ωd
· ωd

(s+ ξωn)
2
+ ω2

d

. (24)

Since L (e−at sinωnt)= ω2
n

(s+a)2+ω2
n

and
L (e−at cosωnt)= s+a

(s+a)2+ω2
n
, by Laplace inverse transform

we get y2(t) = 1 − e−ξωnt cosωdt − ξωn
ωd
e−ξωnt sinωdt =

1− e−ξωnt√
1−ξ2

[√
1− ξ2 cosωdt+ ξ sinωdt

]
. Since 0 < ξ < 1,

let ξ = cosϕ, then sinϕ =
√
1− ξ2, tanϕ =

√
1−ξ2
ξ .
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Therefore,

y2(t) = 1− e−ξωnt√
1− ξ2

[sinϕ cosωdt+ cosϕ sinωdt]

= 1− e−ξωnt√
1− ξ2

sin

(
ωdt+ arctan

√
1− ξ2
ξ

)
.

(25)
The Laplace transform of the NAG system time response

y2(s) is

y2(s) =1− e−
K0rg(µ)t

2g(µ)

√
1− (K0rg(µ) + 1)

2

4K0αrg(µ)

· sin

 t
√

4K0αrg(µ)− (K0rg(µ) + 1)
2

2g(µ)

+ arctan

(
2
√
K0αrg(µ)

K0rg(µ) + 1
− 1

)]
(26)

Eq. (26) indicates that the unit step response input is
1, with the term e−

K0rg(µ)t

2g(µ)

√
1− (K0rg(µ)+1)2

4K0αrg(µ)
decreasing

towards 0 over time, signaling the system’s gradual
convergence to a steady state. This characteristic indicates
that the fluctuation of parameter updates will gradually
decrease during the deep learning training process and
eventually reach stability. In addition, the response function
sin[

t
√

4K0αrg(µ)−(K0rg(µ)+1)2

2g(µ) +arctan(
2
√
K0αrg(µ)

K0rg(µ)+1 − 1)]

is a trigonometric function, and the multiplication of these
two parts forms an oscillating and decreasing curve. This
oscillating and decreasing indicates that NAG parameter
updates will experience significant initial fluctuations, which
will gradually diminish over time, leading to stabilization.
Assuming that the two coefficients to be determined

for Y1(s) are A4 and A5, factorizing Y1(s) yields
Y1(s) = K0r

s2+(K0r+
1

g(µ) )s+
K0αr

g(µ)

= K0r
ωn

ωn
s2+2ξωn+ω2

n
.

Since L

(
ωne

−ξωnt√
1−ξ2

sinωnt
√
1− ξ2

)
= ωn

s2+2ξωn+ω2
n
,

the inverse Laplace transform gives y1(s) =
K0re

−ξωnt√
1−ξ2

sinωnt
√
1− ξ2. Thus, the Laplace transform of

system time response y1(s) is

y1(t) =K0r

√
1− (K0rg(µ) + 1)

2

4K0αrg(µ)
e−

K0rg(µ)t

2g(µ) ·

sin

 t
√
4K0αrg(µ)− (K0rg(µ) + 1)

2

2g(µ)

 . (27)

Eq. (27) shows that the response of the NAG system
consists of the multiplication of two terms: the term

K0r
√
1− (K0rg(µ)+1)2

4K0αrg(µ)
e−

K0rg(µ)t

2g(µ) decreases with time and

tends to 0, and sin[
t
√

4K0αrg(µ)−(K0rg(µ)+1)2

2g(µ) ] is a delta
function. Due to the multiplication of these two parts, the unit
step response of the NAG system shows an oscillating and
decreasing curve. The Laplace transform can be expressed
as the addition of two terms, i.e., y(s) = y1(s) + y2(s),
where y1(s) and y2(s) represent the different response
components of the system. the unit step response curve
of the NAG system has the characteristics of oscillating and
decaying, which indicates that the system responds faster in the
underdamped condition, and although there are oscillations
in the initial stage, these oscillations will gradually decrease
and eventually tend to stabilize. This means that during the
deep learning training process, although the parameter update
will experience large fluctuations at the initial stage, such
fluctuations will gradually decrease and eventually stabilize.
Next, the effect of different values of g(µ) in the SGD-M

system and different values of α in the NAG system on
the dynamic performance of the system is investigated by
numerical examples.

Fig. 5 Unit step response of the SGD-M and NAG system with
different parameters.

Fig. 5 shows the different values of g(µ) and α affect the
optimizer’s step response curve, influencing response speed
and oscillation. In Fig. 5(a), with g(µ)=0.8 and g(µ)=0.6,
bothK0=50 and r=0.01, the response exceeds 1, indicating an
oscillating and decaying curve, consistent withK0rg(µ) >

0.25. Conversely, with g(µ)=0.2 and g(µ)=0.01 (sameK0 and
r), the response is monotonic, aligning with 0 < K0rg(µ) <

0.25 and Corollary 2. In Fig. 5, NAG exhibits underdamping
with large oscillations, as predicted by Corollary 4.
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Table 2 Dynamic performance indices of the SGD-M and NAG.

Optimizer SGD-M NAG
Parameter K0=50, r=0.01 K0=50, r=0.01, g(µ)=0.6

g(µ)=0.8 g(µ)=0.6 g(µ)=0.2 g(µ)=0.01 α=15 α=10 α=8 α=3
Maximum overshoot (%) 1.73 0.09 0 0 36.8 28.5 23.9 5.56

Rise time (s) 3.08 3.22 3.95 4.37 0.371 0.483 0.563 1.24
Settling time (s) 4.66 5.3 7.18 7.79 3.13 3.18 3.59 3.63

The step response metrics for SGD-M and NAG, shown in
Fig. 5 and Table 2, indicate that varying g(µ) (0.6, 0.2, and
0.01) with fixedK0 and r affects performance significantly.
A comparison of parameter values reveals that g(µ) and α
significantly impact the optimizer’s dynamic performance,
affecting response speed and oscillation. In the SGD-M
system, higher g(µ) values result in faster responses but
reduced stability. In the NAG system, increasing α speeds up
the response but reduces smoothness.

4 Analysis of modulation coefficients
The experiment tests the validity of Corollaries 1 to 4 from
Section 3. By comparing the effects of different g(µ) values
(e.g., g(µ)=0.5, 0.7, and 0.9) and α values (e.g., α=0.5, 0.7,
and 0.9) on the recognition of the MNIST and CIFAR-10
datasets. The analysis evaluates their effects on convergence
speed and stability, using metrics such as training loss,
validation loss, testing loss, training accuracy, validation
accuracy, testing accuracy, and convergence time.

4.1 Experimental design

The experiment used the grayscale image dataset (MNIST)
[31] and the color image dataset (CIFAR-10) [32], as shown
in Table 3. Each sample of the MNIST dataset is a 28× 28

pixel greyscale handwritten digit picture. It recognizes the
digit picture as the corresponding digit, with digits ranging
from 0 to 9. Each sample of the CIFAR-10 dataset is a 32×32

pixel color image, which identifies the color image into
the corresponding categories, which are: aircraft, car, bird,
cat, deer, dog, frog, horse, boat, and truck. The experiment
utilized a fully connected neural network structure in Fig.
6. The network structures for both MNIST and CIFAR-10
dataset experiments have 2 fully connected layers, with the
fc1 layer having inputs of (28× 28× 1) and (32× 32× 3),
respectively, and the outputs of 1000 feature maps; and the
fc2 layer having inputs of 1000, outputs of 10, and a total of
1000× 10 parameters across both layers.

4.2 Experimental platforms

All the algorithms are implemented in Python 3.6 and
MATLAB on the Supermicro 7048GR-TR deep learning

Table 3 Introduction to the dataset.

Dataset MNIST CIFAR-10
Total samples 60000 50000

Training samples 55000 45000
Validation samples 5000 5000

Test samples 10000 10000

(a) MNIST

(b) CIFAR-10

Fig. 6 Network structure diagram for experiments on the MNIST
and CIFAR-10 dataset.

server. The server processor is intel Xeon E5 2680V4*2

(28 cores and 56 threads, main frequency 2.4G, maximum

frequency 3.3G), Supermicro comes with original air-cooled

heat dissipation. Samsung RECCDDR4 32G 266 server

memory, Samsung 500G high-speed solid-state drive, and

supermicroX10DRG-Qworkstationmotherboard (supporting

four GPUs).

Ju
st

 A
cc

ep
te

d



12

Table 4 Classification results of datasets with different g(µ) values.

Datasets: MNIST CIFAR-10
Number of steps: 100 50

Parameter: g(µ) = 0.5 g(µ) = 0.7 g(µ) = 0.9 g(µ) = 0.5 g(µ) = 0.7 g(µ) = 0.9

Training accuracy 98.40% 98.71% 98.90% 85.38% 93.49% 93.89%
Training loss 0.07 0.062 0.056 0.448 0.207 0.185

Validation accuracy 98.10% 98.32% 98.46% 68% 72.46% 76.34%
Validation loss 0.078 0.073 0.069 0.916 0.73 0.502
Test accuracy 97.69% 97.91% 98.07% 82.35% 73.92% 74.44%
Test loss 0.086 0.08 0.075 0.766 0.72 0.519
Time 1.51 h 1.14 h 1.01 h 2.17 h 1.82 h 1.65 h

(a) MNIST

(b) CIFAR-10

Fig. 7 Effects of different g(µ) values on MNIST and CIFAR10 classification.

4.3 Experimental results and analysis

4.3.1 Effect of different g(µ) values on image recognition
performance

In the SGD-M method, experiments are performed using
different values of g(µ) under the fully connected neural
network structure and analyzed on MNIST and CIFAR-10
datasets for classification accuracy, speed of convergence and
stability, the results are shown in Table 4 and Fig. 7.

In the SGD-M method, withK0=1 and r=0.01, the chosen
g(µ) values of 0.5, 0.7, and 0.9 result inK0rg(µ) values of
0.005, 0.007, and 0.009, indicating an overdamped system per
Corollary 1. The step response is monotonically increasing
with no overshooting, characterized by regulation times. For
g(µ) taken as 0.5, 0.7, and 0.9, the corresponding values
of ξ are 7.07, 5.98, and 5.27, respectively. As the value of
g(µ) increases, the regulation time of the SGD-M system

decreases, which indicates a better rapidity of the system,
which is consistent with Corollary 1. In addition, when g(µ)
is taken as 0.5, 0.7 and 0.9, the solutions of its corresponding
characteristic equations are s1 = −0.01 and s2 = −1.99,
–0.01 and –1.41, –0.01 and –1.11. The characteristic roots of
the system are negative real numbers for g(µ) values of 0.5,
0.7, and 0.9, confirming themonotonic stability of system. The
unit step response remains stable and oscillation-free. This
demonstrates consistent stability in the system’s dynamic
response across different values of g(µ), consistent with
Corollary 2.

Table 4 shows that the shortest training times for theMNIST
and CIFAR-10 datasets are 1.01 h and 1.65 h, respectively,
when g(µ)=0.9. This indicates that a larger value of g(µ)
in the range of 0 < K0rg(µ) < 0.25 significantly improves
the rapidity of the system, while maintaining a high stability.
According to Corollary 1, the SGD-M system behaves as an
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Table 5 Classification results of datasets with different α values.

Datasets: MNIST CIFAR-10
Number of steps: 100 50

Parameter: α = 0.5 α = 0.7 α = 0.9 α = 0.5 α = 0.7 α = 0.9

Training accuracy 98.04% 98.71% 99.83% 86.58% 93.73% 93.85%
Training loss 0.076 0.052 0.015 0.413 0.201 0.182

Validation accuracy 97.90% 98.10% 98.44% 67.82% 73.22% 76.56%
Validation loss 0.082 0.072 0.06 1.158 0.932 0.717
Test accuracy 97.41% 97.73% 98.20% 66.78% 72.35% 75.31%
Test loss 0.092 0.077 0.059 1.206 0.943 0.747
Time 2.26 h 1.74 h 1.51 h 3.91 h 2.26 h 1.82 h

(a) MNIST

(b) CIFAR-10

Fig. 8 Effects of different α values on MNIST and CIFAR10 classification.

overdamped system with high stability when 0 < K0rg(µ) <

0.25. Experimental results support that larger g(µ) values
improve speed and stability, corroborated by Fig. 7, which
illustrates lower losses and higher accuracy. Corollary 2
further clarifies that the SGD-M system’s unit step response
in an overdamped state is a stable, monotonic curve. For
the same values ofK0 and r, losses are lower and accuracy
higher for g(µ)=0.9 compared to g(µ)=0.5 and g(µ)=0.7.
Thus, increasing g(µ) accelerates the system, reduces losses,
and improves accuracy, leading to faster convergence without
sacrificing stability, align with the theoretical predictions of
Corollaries 1 and 2.

4.4 Effect of different α-values on image recognition
performance

This experiment investigates the damping features of the NAG
system with varying values of α (0.5, 0.7, and 0.9) and their

effects on response. With fixed parameters (K0=1, r=0.01,
g(µ)=0.9), the damping ratio ξ is calculated, showing that
higher ξ values result in shorter regulation times and improved
system responsiveness. The system behaves as overdamped
(ξ > 1), leading to slower yet stable responses, confirmed by
negative characteristic roots, ensuring monotonic stability.
The impact of different parameters α on dataset classification
recognition is further analyzed in Table 5 and Fig. 8. Corollary
3 indicates that the NAG system’s stability and response
vary with damping states. Table 5 shows that α=0.9 results
in the shortest training times for the MNIST (1.51 h) and
CIFAR-10 (1.82 h) datasets, suggesting that higher α values
reduce conditioning time and enhance response speed while
maintaining stability. This aligns with Corollary 3, where a
larger α value improves the response speed while keeping the
system stable.

Fig. 8 shows that for the NAG-processed dataset, the model
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with α=0.9 outperforms those with α=0.5 and α=0.7 in
both accuracy and speed of convergence, suggesting that
increasing the value of α improves the accuracy and speed
of the model identification, while keeping K0, r, and g(µ)
constant. According to Corollary 4, the unit step response
is an oscillating and decaying in the underdamped state,
whereas in the overdamped state, the unit step response is
a monotonically increasing curve. This indicates that in the
overdamped state, the system response is stable and without
oscillation. Thus, as the value of α increases, the NAG system
shows better fastness and stability in the overdamped state,
with reduced loss during training and validation, improved
accuracy, and faster convergence, consistent with Corollaries
3 and 4.

5 Conclusion
This paper addresses the weak interpretability and limited
generalization of optimizer parameter settings. It proposes
critical conditions for SGD-M and NAG parameters,
combining transfer function and phase trajectory analysis.
By mapping optimizer differential equations to phase
plane projections and analyzing the initial response, the
interpretability of parameter selection is improved. Transfer
function modeling highlights the impact of parameter
combinations on optimizer dynamics. Through experiments
on MNIST/CIFAR-10, we show that the values of g(µ) and
α significantly affect the optimizer’s performance, stability,
and time-domain characteristics. A univariate explanation
method for parameter handling yields results consistent
with multivariate analysis, offering new theoretical insights
for optimization algorithms and practical applications like
image analysis. However, the univariate method needs
further development in multivariate collaborative regulation.
Future work will focus on multi-objective optimization and
exploring dynamic coupling effects in various optimizers
using meta-learning strategies.
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