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GENERALIZED FIBONACCI ZONE PLATE

LI Baoping' CHEN Jian° WANG Jing'

(! Tianjin Science and Technology Museum, Tianjin 3002105 ? Tianjin Yaohua High School, Tianjin 300000)
Abstract Zone plates play an important role in X-ray and optics fileds. In this work, we pro-
posed a generalized Fibonacci zone plates (GFiZP) is proposed, which enables the manipula-
tion of focusing properties for X-ray and light. Compared to conventional Fibonacci zone plates
(FiZPs) and Cantor-type fractal zone plates (FraZPs), this device offers additional degrees of
freedom for engineering focusing performance. In comparison with FraZPs, GFiZPs are con-
structed with inflation rule instead of extraction rule, thus avoiding sparse structures at high
recursion orders, the sparse structures would lead to issues in fabrication. Notably, numerical
simulations demonstrate that, similar to FraZPs, GFiZPs retain two critical functionalities:
multi-focal capability and self-similar intensity distribution. Furthermore, we conducted a de-
tailed investigation into the axial irradiance profiles of GFiZPs with varying structural parame-
ters. Given these favorable properties, this novel zone plate design holds great potential for
expanded applications in areas such as optical manufacturing and optical manipulation of mi-
croparticles.
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The interest in zone plates has been re-in-
spired recently due to their imaging and focusing
capabilities in THz and soft X-ray regimes'™*'.
Unlike conventional refractive optics, which suf-
fer from severe absorption issues in these spec-
tral ranges, zone plates—operating on the princi-
ple of diffraction—effectively address this techni-
cal bottleneck. To optimize the focusing and im-
aging performance of zone plates, numerous in-
novative designs have been reported, such as
modified Fresnel zone plates™ and Cantor-type

)" Among these

fractal zone plates (FraZPs
designs, FraZPs have garnered significant atten-
tion due to their unique on-axis self-similar inten-
sity distribution. Distinct from conventional
Fresnel zone plates (FZPs)—which consist of al-
ternating transparent and opaque circular rings
with uniform width along the squared radial co-
ordinate—FraZPs are characterized by a fractal
profile along the squared radial coordinate. To
theoretical and experimental

date, extensive

studies have been conducted to explore the fun-

damental properties of FraZPs"*""*

, while their
practical applications have also been successfully
demonstrated . Among them, Cantor-type
ones are the most common fractal structures to
construct the fractal diffractive optical elements,
and amazing properties of Cantor-like FraZPs,

s[14]

such as finely tunable foci~", reduced chromatic

aberration in white imaging""',

etc. have been
observed. However, due to the intrinsic features
of the Cantor-sets, sparse structures will be in-
evitably generated at a large number of itera-
tions, hence leading to issues of fabricating and
limiting their applications for high-resolution im-
aging or focusing. To avoid the sparse structures
without losing the fractal properties, alternative
solutions are highly desired. Fibonacci inflation
rule could be one of excellent candidate for this
issue. This rule has been used to study the quasi-
periodic systems comprehensively '™,

We have reported the Fibonacci zone plates

(FiZPs)"™' by squeezing the circular Fibonacci

90 into the squared radial coordinate. Ex-

grating
perimental and numerical results showed that
similar to FZPs and FraZPs, FiZPs could form
multiple foci on the optical axis. In this letter,
we further present generalized Fibonacci zone
plates (GFiZPs) as a new family of diffractive
lenses, whose structure is basically a generalized

1 within the framework of

Fibonacci sequence
square radial coordinate. Generally, GFiZPs own
more construction parameters to engineer the ax-
ial response in comparison with the conventional
FiZPs (only a particular case of GFiZPs). Theo-
retical analysis shows GFiZPs possess multiple
foci along the optical axis and internal fractal
properties in the on-axis intensity distribution.
Meanwhile, the structures with higher recursion
can be easily constructed by just extending the
external belts according to the Fibonacci inflation
rule, thus avoiding the sparse structures genera-
ted by the extracting rules for Cantor-sets. Mo-
reover, we have additional freedom to engineer
GFiZPs so as to optimize the focusing properties
by controlling the ratio of widths (RW) between
the two elementary bars.

The generation rule of generalized Fibonacci
lattices is introduced first. Let’s define A as the
initiator (stage S=0). Then at successive opera-
tions, the following substitution rules are ap-
plied, A—>B, B—>B"A", here n and m are posi-
tive integers and A" represents a string of m
A’s. Another definition can be provided by the
=S"S” |, where S, is the /®

generational sequence. Higher recursions can be

inflation rule S,.,
obtained by repeated inflation. The generalized
Fibonacci series characterized by value of (n,m)
for (n,m>=(1,1),(2,1),(3,1),(1,2),(1,3)
and (2,2) are conventionally called golden, sil-
ver, bronze, copper, nickel, and mixed mean,
respectively' "', It is obvious that the convention-
here correspond to the

al Fibonacci lattices

golden mean lattice with RW= (/5 —1)/2. After
introducing the n and m , more parameters can be

tuned to generate the fractal zone plate, which
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can enable diverse applications. And with this
rule, the zone plate can be constructed with a in-
flation method instead of extraction rules. As an
example, Fig. 1(a) shows the first four stages of
the silver mean Fibonacci lattice with n =2, m =
1. Here, A and B are the elementary bars with
given lengths of L, and L, respectively. For
comparison, Fig. 1 (b) shows the Cantor-sets
generated by the extraction rule. We can clearly
see that Fibonacci lattices generated by the infla-
tion rule can effectively avoid the sparse struc-
tures in Cantor-sets generated by the extraction

rule, especially for higher recursions.

Generalized Fibonacci Lattices triadic Cantor set

S=0 ]

-1 B [ ] I

S=2 H H u

S=3 i 1l il n
(@ (b)

Fig. 1 (Color online) Schemetics for silver Fibonacci lat-
tices (a) and the Cantor-sets (b) generated by the inflation

and extraction rules, respectively

GFiZPs are therefore generated by rotating
the generalized Fibonacci lattices as in Fig. 1(a)
around one extreme and then transforming from
the squared radial coordinate to the radial coordi-
nate. Figures 2(a)~ ({) show six GFiZPs corre-
sponding to six generalized Fibonacci lattices
with the recursion order S=5.

To explore the on-axis intensity distribution
of GFiZPs, Fresnel approximation is adopted
similar to Ref. [4], the intensity along the axis

can be expressed as
2

2 ST,
J TGy exp<* i fr5> rodr,
0

1€0,0.2) — (2—“) =

Az

Q)
where a is the maximum extent of the pupil
function and [ is the wavelength of the incident
light. A new variable was defined to transform

the coordinate into square radial framework, as

¢=ri. Thus g(&)=T(r,), here q({) is just the

(d)
Fig. 2 The GFiZPs generated from (a) golden, (b) sil-

ver. (c¢) bronze, (d) copper, (e) nickel, and (f) mixed
mean lattices, respectively. In all cases S=5 and RW=1.
The patterns have been rescaled individually to match

the publishing

transmittance function of generalized Fibonacci
lattices. To simplify the formula further, re-
duced axial coordinate was used as u = 1/Az.
Therefore, the irradiance along the optical axis

can be expressed as:

a

q (O exp(—i2nul) de|

I, (w)=4r7"u’ UU

(2)

Considering the zero transmittance outside

the pupil, the on-axis intensity distribution of

GFiZPs can be expressed as the Fourier trans-
form of the structure formed in Fig. 1,

I, w)=4x"u"|Flq) } |* (3)
where F{q({)} represents the Fourier transform
of ¢ (). Inasmuch the axial irradiance is ex-
pressed in terms of Fourier transform of general-
ized Fibonacci sequence, it is straightforward to
conclude that the on-axis intensity would show
the fractal features, which inherits from the Fi-
bonacci sequences.

As aforementioned, the Fourier amplitudes
of Fibonacci lattices render the axis behavior of

the GFiZPs and thus can be evaluated by the re-

cursion relation as
n—1 omiinF
. omijuF,
G )= "G, () +
j=0

m—1

Zezmom/ﬁﬂfl) G, () 1)

j=0
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where 7 is imaginary unit, / is the recursion or-
der and G, () denotes the Fourier transform of

l .
% Fibonac-

q (&), F, represents the width of the [
ci lattice. Figures 3(a)~(h) show the axial irra-
diances of the bronze mean lattices (n =3, m =
1, RW=1) and nickel mean lattices (n=1, m =
3, RW=1) with increasing recursion order from
5 to 8. It can be seen that the axial positions of
the main lobes of foci are invariant with different
recursion orders. And intensity profiles of higher
recursion orders are similar to those of the lower
recursion orders, i. e. the self-similarity property
inheriting from the Fibonacci lattices. Because
the construction rule of GFiZPs is inflation in-
stead of extraction or squeezing, the self-similar-
ity property of GFiZPs differs from that of the

Cantor-like FraZPs, whose axial coordinates have

l—

l———
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Fig. 3 The on-axis intensity distributions of GFiZPs with
four recursion orders for bronze mean lattice (n =3, m=
1, RW=1, left column) and nickel mean lattice (n =1,
m=3, RW=1, right column). The incident wavelength

is set as 532 nm in all figures

to be magnified to observe the self-similarity.

To explore the detailed axial irradiance prop-
erties of GFiZPs, twist plots are adopted, which
are achieved by sequentially stacking the on-axis
intensity profiles computed with various RW.
Figures 4(a) ~ (f) show the twist plots computed
with the RW ranging from 0. 4 to 2. One can see
that the multi-foci profile will become simple with
increasing n while m =1 (Refer to Figs. 4(a) ~(c)).
This tendency ascribes to the generated Fibonacci
lattices, which is similar to rectangular grating
with duty cycle larger than 1 as large n was
adopted. The behavior of GFiZP with large =
value is thus like a Fresnel zone plate (Refer to
Figs. 2(b) and (¢)), as the corresponding lattice
of FZPs in square radial coordinate is just the
rectangular grating. Contrary to the case of n >
1, when m >1 and n =1, the on-axis behaviors
of GFiZPs become complicated. As shown in
Figs.4(a), (d) and (e), the patterns of their
twist plots are very similar but squeezing more

lobes into the plots with increased m, because
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Fig. 4 (Color online) The axial irradiances given by
GFiZPs with golden (a), silver (b), bronze (c¢), copper
(d), nickel (e), and mixed (f) mean lattices, respective-
ly. Note the intensity is normalized individually in each

plot
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the large m value diminishes the duty cycle of
generalized Fibonacci lattices. This behavior can
also be concluded from Figs. 2(d) and (e), in
which their patterns are very similar but more
belts are added outside in Fig. 2 (e). Finally,
when n =2 and m =2, the twist plot is almost
the same as the case of golden mean lattice (n =1
and m = 1) except the decreased focal depths.
This is understood readily with the same recur-
sion rule but large gap width.

For the conventional Fibonacci lattice,
widths of A and B parts (refer to Fig. 1(a)) are
set as golden ratio, i.e. L,/L, = (/5—1)/2.
From the viewpoint of conventional FZPs, the
axial irradiance behavior of zone plates can be in-
terpreted as the interference between the successive
belts over the pupil. The RW, which relates to the
width of transparent rings, thus affects the focusing
properties of GFiZPs. From Figs. 4 (b) and (c¢),
one can see that the number of foci keeps con-
stant when 7>>1 and m =1 while locations of foci
change with various RWs. However, for the case
of m>1 and n=1, both the number and location
of foci vary with different RW values (see Figs. 4
(d) and (e)). For the case of m =n, the behav-
ior of GFiZPs falls in between the above two sit-
uations. For Figs. 4(a) and (f), the twist plot
can be split into two parts by the line of RW=1,
one (RW<C1) is like Figs. 4(b) and (¢), the oth-
er (RW>1) is like Figs. 4 (d) and (e). The
FWHM (Full Width at Half Maximum) is an
important property of focal points. However,
the FWHM can only be achieved with Fresnel
diffraction simulation-this is out of the method of
this paper, and we will discuss this feature fur-
ther.

In conclusion, a new family of zone plates,
so-called a generalized Fibonacci zone plate
(GFiZP), is proposed. In comparison with Can-
tor-type FraZPs, GFiZPs are constructed with an
inflation rule instead of an extraction rule, thus
avoiding sparse structures at higher recursion or-

ders. GFiZPs can be classified as three types,

Lem=n; m>1, n=1; and m=1, n>1. In
each type, the trend of axial irradiance with vari-
ous structural parameters can be readily tuned.
Moreover, the ratio of widths between the two
elementary bars in GFiZPs is considered as an ad-
ditional parameter to engineer GFiZPs and its
effect on axial irradiance was also studied using
the twist plots. The GFiZP is anticipated to find
more applications in focusing and imaging in soft-
x rays and the THz band with versatile tailoring

features.

References

[1] WANG S, ZHANG X. Terahertz tomographic imaging with a
Fresnel lens[J]. Chinese Optics Letters, 2003, 1(1): 53-55.

[2] WANG Y, YUN W, JACOBSEN C. Achromatic Fresnel
optics for wideband extreme-ultraviolet and X-ray imaging
[J]. Nature, 2003, 424(6944); 50-53.

[3] CAO Q. JAHNS J. Modified Fresnel zone plates that pro-
duce sharp Gaussian focal spots[J]. Journal of the Optical
Society of America A-Optics Image Science and Vision,
2003, 20(8): 1576-1581.

[4] SAAVEDRA G, FURLAN W D, MONSORIU J A. Frac-
tal zone plates[]]. Optics Letters, 2003, 28(12): 971-973.

[5] DAVISJ A, RAMIREZ L, MARTIN-ROMO J A R, et al.
Focusing properties of fractal zone plates: experimental im-
plementation with a liquid-crystal display[J]. Optics Let-
ters, 2004, 29(12). 1321-1323.

[6] MONSORIU J A, SAAVEDRA G, FURLAN W D. Frac-
tal zone plates with variable lacunarity[ J]. Optics Express.,
2004, 12(18): 4227-4234.

[7] DAI HT, WANG X, XU K S. Focusing properties of frac-
tal zone plates with variable lacunarity: experimental studies
based on liquid crystal on silicon[ J]. Chinese Physics Let-
ters, 2005, 22(11). 2851-2854.

[8] MUNOZ-PEREZO F M, FERRAND V, FURLAN W D, et
al. Optical multi-trapping by Kinoform m-Bonacci lenses
[J]. Optics Express, 2022, 30(19) . 34378-34384.

[9] CANDELAS P, PEREZ-LOPEZ S, FUSTER J M. On the
Design of Soret Zone Plates Based on Binary Sequences
Using Directional Transducers[]]. Sensors, 2021, 21(18):
6086.

[10] XIA T, CHENG S B, YU W X, et al. Extended bifocal
depth imaging with modified generalized composite kino-
form Fibonacci lenses[ J]. Optics and Laser Technology.
2022, 152. 108162.

CRHE55 318 T




[23]

[24]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

Y5 T Vol.35 No.4 2025

ARDILA L A P, POHL T. Ground-state properties of di-
polar Bose polarons[]J]. IOP Publishing, 2019(1).
GUENTHER N E, MASSIGNAN P, LEWENSTEIN M,
et al. Bose polarons at finite temperature and strong cou-
pling[J]. Physical Review Letters, 2018, 120(5): 050405,
ICHMOUKHAMEDOV T, TEMPERE J. Feynman path-
integral treatment of the Bose polaron beyond the Frohlich
model[J]. Physical Review A, 2019, 100(4): 043605.
FIELD B, LEVINSEN J, PARISH M M. Fate of the Bose
polaron at finite temperature [ J]. Physical Review A,
2020, 101(1) . 013623.

CHIN C, GRIMM R, JULIENNE P, et al. Feshbach res-
onances in ultracold gases[J]. Reviews of Modern Physics,
2008, 82(2): 1225-1286.

YUTAKA T. Self-Trapping of an Electron by the acous-
tical mode of lattice vibration. I[J]. Progress of Theoreti-
cal Physics, 1961(1) . 29-44,

SUMI A, TOYOZAWA Y. Discontinuity in the polaron
ground state[ J]. Journal of the Physical Society of Japan.,
1973, 35(1): 137-145.

GENNES P G D. Effects of double exchange in magnetic
crystals[J]. Physical Review, 1960, 118(1): 141-154.

LI X, ZHU B, HE X, et al. Coherent heteronuclear spin
dynamics in an ultracold spinor mixture[ J]. Physical Re-
view Letters, 2015, 114(25).: 255301-255301.
DEVREESE J T, ALEXANDROV A S. Froehlich Polaron
and Bipolaron: Recent developments[ ]J]. Reports on Pro-
gress in Physics, 2009, 72(6): 066501.

MITRA T K, CHATTERJEE A, MUKHOPADHYAY
S. Polarons[J]. Physics Reports, 1987, 153(2-3): 91-
207.

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

HO, Tin-Lun.
[J]. Physical Review Letters, 1998, 81(4) . 742-745.
XU Z F, WANG D J, YOU L. Quantum spin mixing in a

Spinor Bose condensates in optical traps

binary mixture of spin-1 atomic condensates[ J]. Physical
Review A, 2012, 86(1): 164-164.

BOGOLYUBOV N N. On the theory of superfluidity[ M].
1971.

KAWAGUCHI Y, UEDA M. Spinor Bose-Einstein con-
densates[ J]. Physics Reports, 2012, 520(5): 253-381.
FROHLICH H, PELZER H, ZIENAU S. XX. Properties
of slow electrons in polar materials[ J]. Philosophical Mag-
azine, 2009, 41(314) . 221-242.

FEYNMAN R P. Statistical mechanics: A set of lectures
[M]. 2018.

LEE T D, LOW F E, PINES D. The motion of slow elec-
trons in a polar crystal[J]. Physical Review, 1953, 90(2) :
297-302.

Van KEMPEN E G M, KOKKELMANS S ] J M F,
HEINZEN D J, et al. Interisotope determination of ultra-
cold rubidium interactions from three high-precision experi-
ments[ J]. Physical Review Letters, 2002, 88(9); 93201-
93201.

PROVIDENCIA ] D, RUIVO M D C, CELIA A de Sousa.
The Hartree-Fock and generator coordinate methods in
field theory. The polaron problem[]J]. Annals of Physics,
1975, 91(2) . 366-374.

PEETERS F M, DEVREESE J T. Acoustical polaron in
three dimensions: The ground-state energy and the self-
trapping transition [ J ]. Phys Rev B Condens Matter,
1985, 32(6): 3515-3521.

(B35S 309 T0)

[11]

[12]

[13]

[14]

[15]

XIA T, CHENG S B, TAO S H. A general n-fractal ape-
riodic zone plate[]J]. Journal of Modern Optics, 2019,
66(11): 1179-1189.

LIU S, LIU X J, XIONG Y, et al. Multi-helix beams gen-
erated with binary helico-conical phase patterns[J]. Jour-
nal of the Optical Society of America A-Optics Image Sci-
ence and Vision, 2023, 40(9) . 1706-1713.

LIU Y J, DATH T, SUN X W, et al. Electrically switch-
able phase-type fractal zone plates and fractal photon sieves
[J7]. Optics Expresss 2009, 17(15); 12418-12423 .
DATH T, LIU J H, SUN X C, et al. Programmable frac-
tal zone plates (FraZPs) with foci finely tuned[]J]. Optics
Communications, 2008(22), 281: 5515-5519.

FURLAN W D, SAAVEDRA G, MONSORIU ] A.
White light imaging with fractal zone plates[ J]. Optics
Letters 2007, 32(15): 2109-2111.

[16]

[17]

[18]

[19]

[20]

BRUNO-ALFONSO A, REYES-GOMEZ E, CAVALCA-
NTI S B, Oliveria L E. Band edge states of the {(n) =0 gap
of Fibonacci photonic lattices [ J ]. Physical Review A,
2008, 78(3): 035801.

GELLERMANN W, KOHMOTO M, SUTHERLAND B.
Localization of light waves in Fibonacci dielectric multilay-
ers[J]. Physical Review Letters,1994, 72(5); 633-636.
DATH T, LIU Y J, SUN X W. The focusing property of
the spiral Fibonacci zone plates[ J]. 2012, Proceedings
SPIE 8257, 82570T.

GAO N, ZHANG Y C, XIE C Q. Circular Fibonacci grat-
ings[ J]. Applied Optics, 2011, 50(31): G142-G148.

OH G Y, LEE M H. Band-structural and Fourier-spectral
properties of one-dimensional generalized Fibonacci lattices

[J]. Physical Review B, 1993, 48(17): 465-477.





